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ABSTRACT. We consider a model of stress relaxation approximating the
equations of elastodynamics. Necessary and sufficient conditions are de-
rived for the model to be equipped with a global free energy and to
have positive entropy production, and the resulting class allows for both
convex and non-convex equilibrium potentials. For convex equilibrium
potentials, we prove a strong dissipation estimate and two relative en-
ergy estimates: for the relative entropy of the relaxation process and for
the modulated relative energy. Both give convergence results to smooth
solutions. For polyconvex equilibrium potentials, an augmenting of the
system of polyconvex elastodynamics and the null-Lagrangian structure
suggest an appropriate notion of relative energy. We prove convergence
of viscosity approximations to polyconvex elastodynamics in the regime
the limit solution remains smooth. A modulated relative energy is also
obtained for the polyconvex case which shows stability of relaxation
approximations.
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1. INTRODUCTION

A continuous medium with nonlinear elastic response is described by the

System
8?3/@' = 0aTia(Vay), (1.1)

where y : R x Rt — R? d = 2,3, describes the motion and T is the Piola—
Kirchoff stress tensor. For hyperelastic materials T" is generated by a stored

energy function
OW (F)
ania Y (S)

an assumption which is motivated by considerations of thermodynamics.

Tia(F) =

The system of elastodynamics (1.1) is often recast as a system of conserva-
tion laws,
8tF1ia = aoﬂ)i
(1.2)
atvi = aa,Tia(F) 5
for the velocity v; = 0:y; and the deformation gradient Fj, = Jd,y;. The
equivalence of (1.1) and (1.2) holds for solutions (v, F') with F' a gradient,

F = Vy, a property equivalent to the set of differential constraints
0pFiq — OuFig =0. (1.3)

The constraints (1.3) are an involution [12]: if they are satisfied at t = 0
then (1.2); propagates (1.3) to hold for all times.
The first objective of this article is to study the mechanical and math-

ematical ramifications of the approximation of (1.2) by a theory of stress
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relaxation,
OtFia = Oqi
0w = 0aSia (1.4)
1

at(Sia - fza(F)) = _E(Sia - Tza(F))
This model may be visualized in the context of viscoelasticity with memory

S:f(F)+/t Lo tt-np(p (7)) dr

—00

with the equilibrium stress T'(F') decomposed into an elastic and viscoelastic
contribution, T(F') = f(F) + h(F), f = % and T' = %—I}/, and a kernel
exhibiting a single relaxation time % The approximation (1.4) is consistent
with the second law of thermodynamics, provided the potential of the in-
stantaneous elastic response W; dominates the potential of the equilibrium
response W. On the other hand, consistency with thermodynamics does not
require convexity of W and, accordingly, we study the relaxation limit ¢ — 0
in two distinctive cases: (i) when W is convex, (ii) when W is polyconvex.
The second objective is to consider the viscosity approximation of (1.2)
OrFio = 0av;
Ov; = 0o Tia (F) + €00,04v;
for polyconvex equilibrium potentials, W(F) = g(F,cof F,det F)) with g

(1.5)

convex, and to prove convergence of (1.5) to (1.2) so long as the solutions of
(1.2) remain smooth. The notion of relative energy ([11], [13, Thm 5.2.1]) is
an efficient tool for proving convergence when W is convex. Using the null-
Lagrangian structure and an extension of polyconvex elastodynamics to a
symmetric hyperbolic system [15], we show how to devise the appropriate
notion of relative energy and prove convergence of (1.5) for W polyconvex.

A premiss of this work is to devise and compare various structural iden-
tities for relaxation systems, using (1.4) as a case study, and to pinpoint
the notions of relative energy and modulated relative energy as efficient tools
for proving convergence of relaxation approximations in the smooth regime.
This is an alternative to the usual approach based on analysis of the lin-
earized collision operator (e.g. [6], [23]).

We outline next the main results: The first task is to determine un-

der which conditions the model (1.4) is endowed with the analog of the
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H-theorem in kinetic theory of gases. This will yield the structure that in
the theory of relaxation systems [7] is called an “entropy function”. To
this end, the model is embedded within a theory of stress-relaxation with
thermal effects. This model is interpreted within the framework of thermo-
mechanical theories with internal state variables [9], and consistency with
thermodynamics is equivalent to the existence of a free energy function ¥
that exhibits entropy production. Conditions for the existence of the free
energy function are well understood for processes taking values in a neigh-
borhood of the equilibrium “Maxwellian” manifold [21, 24], but the issue
becomes complex when the free energy and consistency with the second law
is requested on the entire state space. In Section 2 we address this issue
for the stress relaxation theory (2.12) and show that, for an instantaneous
elastic response derived from a potential

W (F, )

f(Fve): oF )

a necessary and sufficient condition for the existence of a global free en-
ergy function is the function h describing the viscoelastic stresses to be a

dissipative map,
(h(Fy,0) — h(F1,0)) - (F, —F1) <0, VF,F, V0,

with inverse h~! derived from a potential (see Proposition 2.2 and [22] for
1-d stress relaxation).

In Section 3, we consider isothermal stress-relaxation processes. Isother-
mal processes are determined by (1.4). Under conditions of consistency with

the second law of thermodynamics,

r(r) = 20 e 4 i)
(H)
f(F):awg;}SF), h(F):—%, W, =W — W convex,

the mechanical energy of the stress-relaxation theory

£ = Sl + W(E,S  f(F)
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dissipates according to the H-theorem

o (3o + WS — 1(F) ) - (s

+ (B i (5 — F(F))(Sia — TialF)) = 0.

The last term stands for the dissipation of viscoelastic stresses and is positive
under (H).

Consistency with the second law of thermodynamics does not require con-
vexity of the equilibrium stored energy W, but rather that the instantaneous
elastic potential dominates the equilibrium potential, that is W; — W con-
vex. (This is noted for the one-dimensional isothermal model in [16], and
for relaxation theories in gas dynamics in [21].) The convexity of W; — W
can be motivated by the Chapman-Enskog expansion of kinetic theory (see
Section 3.1). Accordingly, we study the behavior of (1.4) as ¢ — 0 in two
distinctive cases: (i) W convex and (ii) W polyconvex.

When the equilibrium potential W is convex the nonequilibrium free en-
ergy ¥ = U(F, A) is also convex (Proposition 3.1). In order to compare a
smooth solution (v, F, S — f(F')) of the relaxation system (1.4) to a smooth
solution (v, F ) of the equilibrium system (1.2), we consider the relative en-
ergy between the relaxing and the “equilibrium” solution,

& = glv — 0 + W(E,S — f(F)) — W(F,h(F)
ov ov

= SEF ) - (F = F) = S (B h(F)) - (S = F(F) = h(F))

For ¥ uniformly convex, & is equivalent to the L?-norm of the solution
difference and satisfies the identity
& — Oa ((Ui —9)(Sia = Ti (F)))

+%(Fi — hi (S = F(F))(Sia — Tia(F))

= (00 (Sia — Tual ) — 0 (F)(Fyy )
9Fia0Fjs

This relative energy identity serves for proving stability and convergence of
smooth solutions of the nonlinear viscoelastic model (1.4) towards smooth
solutions of the elasticity equations (1.2) for convex equilibrium potentials

(see Theorem 3.3 in Section 3.2).
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In Section 4 we consider (1.4) with linear instantaneous elastic response,
f(F) = EF, E constant. The resulting model is equivalent to regularization
of (1.2) by a wave operator

W Fiy — 0qv; =0
i — 0aTio(F) = €E0000v; — €dPv; .
The mechanical energy of (1.2) reads

(1.6)

1
500 = 5‘?]‘2 + W(U) )

and it is easily seen that it does not dissipate along the relaxation dynamics.
(€ should not be confused with &, it corresponds to the limit values of £
along equilibria of the relaxation dynamics.) However, one may define the

modulated energy
1 Eg
En = v+ evr* + W(F) + edaviTin(F) + €5 Y |0av]
2 2 a=1

amounting to a correction of £ by higher order contributions of acoustic

waves. Under the subcharacteristic condition
E>ViW (sc)

the modulated energy is positive definite and dissipates according to (4.5).
The latter provides a stronger dissipation estimate than the H-theorem and
generalizes in multi-d the analysis pursued in [22]. We also define the modu-
lated relative energy between two smooth solutions (v, F) of (1.6) and (9, F')
of (1.2) by

oW~ ~

Eo ::%w 5+ (v — D)+ W(F) — W(F)

3
" §2E21 90— D)2 + B (s — 50) (Tial ) — Tra(F))
a=

Under conditions of uniform convexity and (sc), the quantity &,,q satisfies
the identity (4.11) in Lemma 4.3, and gives rise to a second stability and
convergence framework for smooth solutions (see Theorem 4.4). The reader
is referred to [22, 5, 1] for similar identities in other contexts.

Convexity of the elastic stored energy W (F) is, in general, incompatible

with the requirement of material frame indifference for the equations (1.2)

(e.g. [8]), and various weaker notions have been proposed as replacements
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of convexity in the theory of elastostatics (see [3] for an updated survey).
One such notion is that of polyconvexity [2], namely that W is written as a

convex function of its minors,
W(F) = g(@(F)), ®(F):= (F,cof F,det F), (b)

with ¢ = g(F, Z,w) = g(Z) a convex function of = € R'?. Due to some
recently discovered [17] kinematic identities on the null-Lagrangians ®(F),
994
DN F) = 0n | 2 (F)v;
A(E) =0 (G5 (P )
the system of polyconvex elastodynamics has the striking property that, for

F satisfying (1.3) it can be embedded into the enlarged system [15]

A
E?tEA = (‘?a <OCI) (F) ’l),')

Fia

0 ; (1.7)
oo (09(2) 0BA(E)
=0\ P58 R, )

The precise sense of the embedding is that for data (v, Z), with 29 = ®(Fp)
and Fy = Vy(-,0), the resulting solution (v, Z) has the properties E = ®(F),
with F' = Vy, and (v, F') solves (1.2). Moreover, system (1.7), (1.3) admits
the entropy pair
L2 = 09(E) 094 (F)
o5l +0®) — (L nTer ) =0

i

and is thus symmetrizable. Similarly, solutions (v, F') of the viscosity ap-
proximation (1.5), (1.3) can be embedded to the enlarged system (5.10),
while solutions of relaxation approximations by linear wave operator (1.6),
(1.3) are embedded to the system (6.2). Besides the embedding to a hy-
perbolic system with a convex entropy, the extension of polyconvex elasto-
dynamics has more appealing properties: (i) it is connected with a convex
minimization algorithm with the kinematic constraints inducing constrained
minimization problems [15], and (ii) it is respected by the natural approxi-
mations of viscosity or relaxation by wave operator.

In Section 5.2 we exploit the extended systems in order to prove a relative
energy identity: If (v, F') is a solution of the viscosity approximation (1.5)

and (3, F) a smooth solution of (1.2) then we show the relative energy



8 CORRADO LATTANZIO AND ATHANASIOS E. TZAVARAS

calculation (5.11). The relative energy
T -
Hy = glv =07 + g(®(F)) - 9(2(F)) — 5=

and the associated flux

@3 = (52r (0(F) - 52 (#(F)

are the basis for proving convergence of zero-viscosity limits for polyconvex
energies (Theorem 5.3) at least as long as the limit solution remains smooth.
The relative energy computation (Lemma 5.2) uses in an essential way the
null-Lagrangian structure (5.5) of ®(F') and the extensions (1.7) and (5.10).
Other examples of systems that can be augmented to a symmetrizable
system are the Born-Infeld system [4] and certain nonlinear models in elec-
tromagnetism [20]. C.M. Dafermos informed us that a connection of invo-
lutions in relative energy calculations is observed in [20], and that relative
energy calculations can be performed without prior knowledge of the ex-
tended system under the framework of contingent conservation laws [14].
As already noted, the relaxation model can be a thermodynamically ad-
missible without the equilibrium stored energy being necessarily convex (see
[16], [21] and Section 2). In Section 6 we show that the relaxation model
(1.4) provides a stable approximation for (1.2) for polyconvex stored ener-
gies (at least for smooth solutions). The notions of modulated energy and
modulated relative energy are extended for polyconvex equilibrium poten-
tials and we show that as long as a subcharacteristic condition is fulfilled
the relaxation approximation is stable (Theorem 6.2) and converges to poly-
convex elastodynamics in the smooth regime (Theorem 6.4). Finally, in the
appendix we compare the dissipation structure provided by the H-theorem
with the dissipation structure provided by the modulated energy. The two
structures differ away from the equilibrium manifold, their Chapman-Enskog
expansions agree near the equilibrium manifold up to order O(e), and differ

already at the order O(¢?).
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2. FREE ENERGY FUNCTION

In this section we determine necessary and sufficient conditions for a
model of viscoelastic stress-relaxation to be equipped with a global free
energy. To this end, the relaxation model will be embedded in a framework
of thermomechanical theories with internal state variables. The free energy
provides a global entropy dissipation structure valid on the whole state-space

and yields an entropy function for the stress relaxation process.

2.1. Thermomechanical theories with internal variables. Thermo-
mechanical theories with internal state variables are applicable in contexts
where some physical quantities, which from a phenomenological standpoint
determine the composition of the material, undergo relaxation towards equi-
librium. They are used in diverse modeling contexts, including relaxation
of internal energy, viscoelasticity, or models in plasticity. The consistency
of internal variables’ theories with the Clausius-Duhem inequality [9] pro-
vides conditions on constitutive relations so that the theory exhibits entropy
dissipation. The resulting entropy dissipation inequality yields for these phe-
nomenological theories the analog of the H-theorem.

In the context of internal variable theories the thermomechanical process
is described by (x(z,t),0(z,t), A(x,t)), where

Y:RExRy —R3, 0:R3xRy —-R, A:R’xR, —RY

stand respectively for the mechanical motion, the temperature and the (pos-
sibly vector or tensor) field of internal state variables. As usual we intro-
duce the velocity v = 0y and the deformation gradient F' = V,x connected

through the kinematic compatibility relation
agF =Vu.

The internal variables A are assumed to evolve according to a differential

law
A =D(F,0,A) (2.1)

generated by a “dissipative” vector field D, which is such that as t — oo

the dynamics of A stabilizes to an equilibrium response A := h(F,0).
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Naturally, A(F,0) is an equilibrium for the dynamics in (2.1)
D(F,0,h(F,0)) =0.

The thermomechanical process satisfies the balance laws of mass momen-

tum and energy, which in Lagrangian coordinates take the form
O¢po =0
po0rv = Div S + pob

1
P00k (e + 5\@\2> = Div(v- S+ Q)+ pov - b+ por.

The balance of angular momentum reduces to the relation SFT = FST
which is usually viewed as a constraint on constitutive relations. As usual,
po is the referential density, S is the Piola—Kirchoff stress tensor, b the
body force per unit mass, e the internal energy, @ the (referential) heat flux
vector and r the radiating heat density per unit mass. Also, n will denote the
specific entropy and ¢ := e—60n the Helmholtz free energy. For homogeneous
materials pg is constant and the balance of mass is automatically satisfied.

It is a premiss of continuum thermomechanics that the process should
comply with the second law of thermodynamics, in the form of the Clausius—

Duhem inequality
r
7

For smooth processes (2.2) is viewed as constraining the format of the con-

podin > Div% + po (2.2)

stitutive relations and through a standard procedure (see [9] or [22]) restricts
the form of constitutive functions.

In the case of theories with internal variables the outline is as follows: one
starts with general functional dependences relating the dependent variables
1, S, n and @ to the prime variables I, 0, A and g := V0, the temperature
gradient. The fields b, r are viewed as externally supplied and the require-
ment of compatibility with the Clausius-Duhem inequality is re-expressed in
the format: any smooth thermomechanical process (x, 6, A) consistent with

(2.1) must satisfy the energy dissipation inequality

po@ﬂﬂ + pon&ﬁ —tr S@tFT - %Q -VO <0.
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Using appropriate test processes it turns out the constitutive functions are

of the form

Y =V(F0,A)

S = poa_\I,(F797A)
oF 2.3
ov F,0,A 2

n= _%( s U )

Q = Q(F707Avg)

and should comply with the inequality
R (F0,4) - DF,0,4) + JQ(F60,4,9) 920, YF.0,A. (2.4)

To proceed further one needs to identify the free energy ¥ by solving a
system of a differential equation and a differential inequality. Typically, this
system can be integrated in a neighborhood of the equilibrium manifold, and
this issue is systematically analyzed in [21]. The identification of the free
energy becomes a complex problem when we request that the free energy
is defined on the whole state space. This is achieved in various specific
models of relaxation of internal energy [10, 22, 24] or for certain (mostly
one-dimensional) models of stress relaxation in viscoelasticity [16, 22] or in
relaxation for gas dynamics [18]. In the following section we derive necessary
and sufficient conditions for a theory of stress-relaxation with thermal effects

to admit a globally defined free energy.

2.2. A theory of stress relaxation with thermal effects. We next
consider a theory with internal variables where A is a tensor describing

viscoelastic stresses, and S, A satisfy
S=f(F,0)+A
1 (2.5)
OtA = _E(A — h(F,0)).
In addition, the heat flux is postulated to be Fourier heat conduction

Q(F,0,9,A) = k(F,0,A)g

with conductivity & > 0.
In this theory, an additive decomposition of the stress tensor S is pos-

tulated into an instantaneous elastic part f(F,#) and a viscoelastic part A
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undergoing stress relaxation with relaxation time %, € > 0. The long-time re-
sponse of the material is determined by the equilibrium stress T'(F, §) which

is accordingly decomposed,
T(F,0) = f(F,0)+ h(F,0).

into the elastic and the viscoelastic stress contribution. Alternatively, the

constitutive theory for the stress (2.5) can also be expressed in the form,

S:ﬂEm+/t1€W”mw@ﬂﬁ@ﬂMm

—oo €

o=

% comprising of only

of a theory with fading memory with kernel k = %e‘
one relaxation time.

In view of (2.3), (2.4), the theory of stress relaxation is compatible with
the Clausius-Duhem inequality, if there is a globally defined free energy
solving the problem:

OV(F, 0, A)

o0 L0 t(rg) 4 4 (2.6)
A N R (2.7)

(Given two tensors F', G we use the notation F - G = F;,Gio = tr(FGT)
with summation convention over repeated indices.)
Henceforth, we assume that f(0,0) = h(0,0) = 0 and that the instanta-

neous elastic response derives from a potential

_ OW[(F,0)
Integration of (2.6) yields
poU(F,0,A) = poWi(F,0)+A-F+ G(A,0), (2.8)

and to fulfill (2.7) the integrating factor G(A,#) has to be selected so that
J(A,0) = =V 4G(A, ) satisfies

(F —j(A,0) (A—h(F,0)) >0, VF0 A. (2.9)

Note that 6 is a parameter in the above inequality. We establish necessary
and sufficient conditions for the solution of (2.9). The solvability is related

to the theory of monotone maps (e.g. [19]).
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Lemma 2.1. Let h, j be continuous maps. The maps h, j satisfy

(F—j(A) - (A—h(F)) >0, VA,F, (2.10)

1

if and only if h is invertible, j is invertible, h = j~ and h, j are both

dissipative.

Proof. Fix A= h(F) and consider A = A + te;, where t € R and e;, =

e; ® F, the standard basis in the space of tensors. Then,
(F — j(A+ten)) - (A+tejq — h(F)) >0, VteR.

We conclude (F — j(A)) - ejo = 0 and thus F' = j(A). In a similar fashion,
if F'= j(A) then we apply (2.10) to the test function F = F + tejq, t € R
and conclude A = h(F).

In summary, A = h(F) if and only if F' = j(A), and thus h, j are invertible
with 5 = h~!. Applying once more (2.10) between the pairs F» and F| =
j(A1) we deduce that

(h(Fy) — h(Fy)) - (F, — Fy) <0, VF,F,

that is h is a dissipative map. The same statement shows that j is a dissi-

pative map as well. The converse is obvious. O

Lemma 2.1 provides a characterization of stress relaxation models that

are (globally) compatible with the Clausius-Duhem inequality.

Proposition 2.2. Let f, h be smooth maps satisfying f(0,6) = h(0,0) =0
and hypothesis (hy). There exists a global free energy W (F,0, A) satisfying
(2.6) and (2.7) if and only if h(-,0) is a dissipative map with its inverse
j =h' a gradient. If h in addition satisfies that V ph is invertible then h

is the negative gradient of a convex function W,(F,0),

W(E,0) = —po A0 (hy)

The free energy is defined by (2.8) with G(-,0) a convex function such that
VG = —h~L

Proof. Suppose there is a free energy ¥ solution of (2.6), (2.7). Then ¥
has the form (2.8) and j = —V 4G satisfies (2.9). Lemma 2.1 then implies
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that h = j~! is a dissipative map. The converse also follows from the same
lemma.

The maps h and h~! are connected by ho h™' = id. If Vph is invertible
then

Vah™) = (Vph)™t.

Since h~! is the gradient of a concave function then V 4(h™!) is symmetric.
Therefore Vph is also symmetric and there is a convex function W, (F,6)

generating h via (hg). O

Remark 2.3. It is instructive to summarize the results in terms of stored
energy functions. When f is generated by a stored energy via (hy) and h is

generated by a stored energy via (hy), the equilibrium stress is

F
T(F;0) = f(F;0) + h(F;0) :pow, with W =W; —W,.
The compatibility of the model with the Clausius-Duhem inequality requires

that W,, = Wy — W is convex,

—Vrh(F;0) = poVEW,(F,0) = poVE(W1(F,0) — W(F,0)) > 0. (2.11)

In summary, we have considered a model of viscoelastic stress relaxation

(with thermal effects)

8tF1ia = aoﬂ)i

poOtv; = 0aSia + pobi

pod; (€ + §[v[?) = 0a(viSia + k0ab) + povibi + por
8t(sia - fia(Fa 9)) = _%(Si - Tia(Fa 9))

(2.12)

and derived in Proposition 2.2 conditions for global compatibility with the
Clausius-Duhem inequality. Under such conditions the model is equipped

with the entropy dissipation identity

Podun — Oa <k18a9>

1 1 0\1? V> (213)
r
= Epogm(x‘lm—hm(Fﬁ))—Fk‘ 0 +005-

Under the framework of Proposition 2.2 the first term on the right of (2.13)

captures the dissipation due to the viscoelastic stresses and is positive.



VISCOELASTICITY TO ELASTODYNAMICS 15
3. ISOTHERMAL STRESS RELAXATION AND THE H-THEOREM

Next, the case of isothermal stress relaxation is considered. From a me-
chanics viewpoint, isothermal conditions are achieved by regulating the ra-
diation heat supply r so as to keep the temperature constant, 8 = 6y, and
accordingly the heat flux () = 0. The energy equation is automatically sat-
isfied and the equations determining the isothermal process account solely

for mechanical effects:

at—Fitx = 8017]2'
O = 04Sia (31)
1

0t(Sia — fia(F)) = —E(Sz' — Tia(F))

where for simplicity we took pg =1 and b = 0.

3.1. H-theorem. Henceforth, we work under the framework

r(ry = 2 _ iy e,
9w (F) OWy(F) (a)
where f(F)_T’ h(F)—_aTa

and W, = Wiy — W is convex.

The implications of (a) are outlined in Proposition 2.2 and Remark 2.3. The
isothermal model is compatible with the Clausius-Duhem inequality, and
the entropy dissipation inequality (2.13) together with the energy balance
law (2.12)3 give (by eliminating r) an equation for the dissipation of the

mechanical energy. This reads:

1
00 (Hl2 + BES  F()) - On(oiS)
1 _

+ ~(Fia = hig (S = f()))(Sia — Tia(F)) = 0. (3:2)
Note that, under (a), the last term expresses the dissipation arising from
the viscoelastic stresses and is positive.

Equation (3.2) provides for the relaxation model (3.1) an analog of the
H-theorem, and yields what is called in the literature of relaxation systems
an “entropy” function [7]. It is worth emphasizing that the existence of the

free-energy functional W(F, A) does not require any convexity assumption on
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the equilibrium potential W (F'), but rather that the equilibrium potential
is dominated by the instantaneous potential (see (2.11)).

Condition (a) should be compared to the classical subcharacteristic con-
dition which is typically needed to control hyperbolic-hyperbolic relaxation
limits (e.g. [7]). Another perspective to (a) is provided by the classical
Chapman—Enskog expansion for the relaxation limit of (3.1). Indeed, if we
set

Sia = S5, + €S}, + O(e?)
in (3.1), the Chapman—Enskog procedure leads to the expression for Sj:
PW(F)  PWi(F
Sia = Tia(F) — € <5Fia3(Fj)g - Z?Fia(g(Fj;> dgvj + O(e?).

Thus, the first order correction of system (3.1) is given by

{8tF1ia = aoﬂ)i
PWy(F O2W (F
Oyvi = 0aTia(F) + €0a <<6Fmé§vj; - aFma(Fj)ﬁ) aﬁ”y’) ’

which is a dissipative approximation if and only if (a) holds.

Next, conditions for convexity of the free energy function are derived (cf.

[16], [22] for 1-d cases).

Proposition 3.1. (i) If a function V(F, A) of the form
U(F,A) =W (F)+ AinFia + G(A) (3.3)
is convex V(F, A), then the functions Wi(F) and G(A) are uniformly convez.

(ii) Let h(F) be globally invertible. Assume that, for some constants 1, oo >
0, we have
Vef(F)=VaW(F) > 61 >0 (3.4)
and
6ol > —Vph(F) = V3(W; —W)(F) > 0. (3.5)
If 61 > 02 then the function U(F,A) defined in (3.3), with G(A) given
by VaG(A) = —h~Y(A), is conver in (F,A). If 61 > o then U(F,A) is

uniformly convex.

Remark 3.2. The conditions in Proposition 3.1 involve the convexity of Wp

and (in an indirect way) the convexity of W. Indeed, observe that §; >
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09 implies that V%W] > —Vph = V%(WI — W), that is the equilibrium
potential W is convex, VLW > 0.

Proof of Proposition 3.1. We use the notation Hy (F, A)[(H, K), (H, K)] for
the quadratic form associated with the Hessian of ¥ at the point (F, A)
evaluated along (H, K); similarly Hy, (F')[H, H] is the quadratic form asso-
ciated with Hessian of W at F' along H. We then have

Hy(F,A)|(H,K),(H,K)| = Hw,(F)[H,H|+2H - K+ Hg(A)[K, K].

To show (i) we proceed by contradiction. Assume there exist sequences
F,, and H, with |H,| =1 such that

Hwy,(F,)[Hn, Hy) — 0, as n — +00,
Then, for a fixed /1,
H‘I/(Fm A)[(AHH’ Hn)’ ()‘Hm Hn)]

= N Hy, (Fy)[Hy, Hy) + 20 H, | + He(A)[H,, Hy)

< N Hw, (Fy)[Hy, Hy] + (2X + M)|H,|?, (3.6)
where M > 0 is a fixed constant depending on A, and by choosing 2\ < —M
and n sufficiently large in (3.6), we have Hy (F,, A)[(AH,, H,), (\H,,, H,))] <
0, which is in contradiction with the convexity of U(F, A). Clearly the same

argument applies to the function G(A).
Let now (3.4), (3.5) hold with § > 1. Then

1
VA4G(A) > =1
02

and thus, for all § > 0,

Hy (F, A){(H, K), (H,K)] > 6| HP +2H - K + | K]
2

> (0= )P+ (5 - 0) K.
2

If g—; > 1, we select d such that % >0 > i and deduce uniform convexity.

In the limit case g—; = 1 we only deduce convexity. O

Under (3.4) and (3.5) the function ¥ is uniformly convex, and we may

assume without loss of generality ¥(0,0) = V(5 4)¥(0,0) = 0. Then (3.2)
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provides an L? estimate and control of the distance from the equilibrium

manifold, namely

1 [t
/ ([0 + |F)> + S = f(F)]}) dz + —/ |S — T(F)|*dxdt
R3 € Jo R3

<c [ (uP+IFP+15 - F0)R) | _da. (37
3.2. Relative energy. Let (v, F, S) be a smooth solution of (3.1) and (¢, F)

be a smooth solution of the elasticity system

0 Fio = 9a;
. (3.8)
Ov; = 0o Tia(F) .
The notion of relative energy [11] is used in order to establish stability of
classical solutions in systems of conservation laws or convergence of viscosity
approximations.

We show here that guided by the appropriate thermodynamics framework,
this idea can be adapted in the context of relaxation approximations. For
the relaxation system (3.1), define the relative energy & (v, F, A; 0, F, h(F'))

generated by the mechanical energy (of the isothermal relaxation model)

relative to an equilibrium,

& = gl — 0P + W(E,S - f(F)) — W(E, h(E))

ov - - ov | ~ ~ .
— gp I h(E) - (F = F) = = (F, h(F)) - (S = f(F) = h(F)).
From the thermodynamic relations in Section 2 we have
ov oW _ow
op M) = 5= +h(F) = o,
ov
CLEL(F)) = F + VAG((F)) =0

and (by selecting an appropriate normalization) W (F, h(F)) = W(F). The
relative entropy then reads
ow -

& = 5lv— 0P + W(ES — [(F) = W(F) ~ T () - (F—F),  (39)
while the associated relative fluxes turn out of the form
Frt = (0 = 0)(Sia — Tia(F)).
The relative energy computation is performed as follows: observe that

(v, F,S) satisfies (3.2) and that (9, F) being smooth satisfies the energy
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identity
1 . .

O <|f)|2 + W(F)) Y (UT (F)) —0. (3.10)

From
O (Fia — Fia) = Oa(vi — ;)
Oh(vi = 1) = Oa(Sia — Tia(F))

and (3.8) we derive the identity

(I (B) (o — Fro) + 05— )

— B (Tia F)(wr — 50) + 0(Sie ~ Tial F)))

= 8t< oW (F)) (Fia — Fia) + (840;) (v; — )

8Fia
- (aaTia(F))(vi — 0;) = (0a0i)(Sia — Tza(ﬁ’))
) . PW . .
= —(00)(Sta = TalF) = g (F)(Fyg = Fyp)) . (3.1)

Then combining (3.2), (3.10) and (3.11) we deduce

hEyr — O <(Uz‘ — 0;)(Sia — Tm(F)))

+ 2 (Fa — i (8 — F(F))(Sia — TialF)) (3.12)

(006) (Sia — TalF) — -0 (B)(Fy — Fy)
— (0.0 S — T - ).
ali i % 8Ea aﬂg j iB
The relative energy identity can be used to obtain stability and conver-
gence of the relaxation system (3.1) as long as the solution of (1.2) remains

smooth.

Theorem 3.3. Assume that Wi, W satisfy for some vr > v, > 0 and
M > 0 hypotheses (a),

VEW(F) >y > I > VE(W — W) (F) >0, (b)
VEW(F)| <M. |V3W(F)| <M, VF. (c)

Let (v€, F©,S) be smooth solutions of (3.1) and (7, ﬁ) be a smooth solution
of (1.2) defined on R3 x [0,T] and emanating from smooth data (v§, F§, S§)
and (T, Fy). Then the relative energy &, defined in (3.9) satisfies (5.12),
and for R > 0 there exist constants s and C = C(R,T,~v1, vy, M,VV) > 0
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independent of € such that

/ Er(z,t)dx < C / Er(z,0)dr + €| .
lz|<R |z| < R+st
In particular, if the data satisfy
/ Er(x,0)de — 0, ase |0,
|z|<R+sT
then

sup / (1o =8 + |F* — B+ |4~ h(P)?) dz — 0.
te[0,T) J|z|<R

Proof. Fix R >0, t € [0,T) and consider the cone
C={(x,7):0<7<t, |z|<R+s(t—7)}
where s is a constant to be selected. The aim is to monitor the quantity

90(7'):/ Er(x,m)dr, 0<71<t.
|z|<R+s(t—T)

Proposition 3.1 and (b) imply that W(F, A) is uniformly convex and thus
for some ¢ = ¢(y7,7) >0

E > c(lv =92 +|F - F> +|A—h(F)J?).

Proposition 2.2, together with (a) and (b), imply VoG = —h~ 1,

VEG(A) = (— Vph) ' = (VEWr - W)t > %1
and
D= (F—h™'(S— f(F))-(S—T(F))
= (VaG(A) = VAG(h(F))) - (A = h(F))
> %]A — h(F)? (3.13)
_ 1o 2
= IS~ T(R)P.

Observe next that by (a) and (c)
SN = 30| D 0)(Sie — TialF))
) < r: - @\315 —T(F)|”
< o =BP(|A = h(E)| + |f(F) — f(F)])”
< Ojv— o> + |[F — F]> + |A = h(F)]?)?

2
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and thus we can select s so that

(Z \ff‘!2>1/2 < s&,. (3.14)

Consider now the identity (3.12),

atgr_aafg+%D:Q>

) A O*W . A
Q= (@xvz’)(sm — Tia(F) — W(F)(Fjﬁ - Fjﬁ)) ;
in the weak form

- / / (aatqs — FO0u — %¢D> dxdr

(3.15)
—/Er(x,O)(b(a:,O)dx :/ ¢Qdxdr

with ¢ Lipschitz continuous with compact support in R? x [0,7"). Following
[13, Thm 5.2.1], with R, ¢t € [0,T), s fixed as precised above, and § > 0 such
that ¢t +0 < T', we select the test function ¢(z,7) = 0(7)1(x, T) where

1 0<r<t
O(r) =< 1—%(r—1t) t<7<t+90
0 t+0< T,
1 7>0,|z|]—R—s(t—7) <0
Y, 7)=<1—3(lz| —R—s(t—7)) 7>0,0<|z|-st—7)—R<$
0 7>0,0<|z|-R—s(t—7).

Then ) gives

en
Erdxdr + = / / S F®Ydxdr
5/ /|m|<R 0 0<|z|—R—s(t—) Z
+—/ / Ddzdr 4+ O(9)
€Jo Jiz|<R+s(t—7)

t

:/ Er(x,O)da:—k/ / Qdxdr . (3.16)
|z|< R+st 0 J|z|<R+s(t—T)

By (3.14) the second term in (3.16) is positive. Letting 6 — 0 and using

(3.13), we have

/ & (a, t)de + € // S — T(F)[2dzdr
|z|<R € Ct

§/ Sr(a:,O)dx—l—/ |Q|dzdT . (3.17)
|z| <R+st Ct
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In order to handle the right hand side of (3.17) we use the bounds

N e 8Tza(ﬁ) - o
|000; (Tja (F) — Tia(F) — 55— (Fis = Fig))|dz < C | |F—Fdz,
Ct JB Ct

0001 (Sia — TealFDlds < [ |5 = T(F) P+ Ce,
Ct € Ct
where C' is a positive constant depending on the (LOO N L2) (C¢)-norm of Vo
on the cone C; = {0 < 7 < t,|z| < |zr| < R+ s(t —7)}, the bound M and T.

We obtain .
o) <0+ (e+ [ o)

and conclude via the Gronwall lemma. O
4. STRONG DISSIPATION AND MODULATED RELATIVE ENERGY FOR
CONVEX EQUILIBRIUM POTENTIALS

In this section we analyze the case of a viscoelastic material with linear in-

stantaneous response and uniformly convex equilibrium potential. Consider

the system
O Fia = O0av;
O0vi = 0aSia (4.1)
1

0t(Sia — EF) = —E(SZ- —Tia(F)),
under the hypotheses

OW (F)
Tia(F) =
(F)=— o
where the stored energy satisfies
NI < VEW(F) <TI (4.2)

for some constants v, I', with I' < E, and VF. We shall assume, without
loss of generality, W (0) = VW (0) = 0, and note that the instantaneous
potential $E|F|? dominates the equilibrium potential W (F) and thus a
global free energy exists for this model.
The system (4.1) can be rewritten as a regularization of the equilibrium
system by a wave operator,
O0tFio, — 0qu; =0

) (4.3)
Ov; — 00 Ti0(F) = €eE0,00v; — €05 0; .
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This reformulation of (4.1) allows to uncover the dissipative nature of the
relaxation process. It is possible to correct the mechanical energy, by in-
corporating higher order corrections associated with acoustic waves, so that

the resulting modulated energy

Em = %]vlz + ev; Opv; + %ez)\]&gvlz

1 3 (4.4)

+W(F) + 562/\E > 10av]? + eADaviTia(F)
a=1
is positive definite and dissipates. This idea is introduced in [22] for the
one-dimensional variant of (4.1) and was effective in connection with a re-
laxation approximation of the Euler equations [5]. It provides an estimate
that captures the dissipative nature of the relaxation process, under the
condition
E > ViW(F).

We call it “strong dissipation estimate” to contrast it to the weaker dissipa-

tion captured by the H-theorem in (3.2).

Lemma 4.1. Any smooth solution of (4.3) verifies

0l — Op (viTm(F) + €Ev;0,v; + EXEO0;00v; + EAﬁtviTiQ(F))

3
OPW (F
a (EZ 0avf’ = A0as va; %) FeA-DIgwE =0, (45)

a=1

where A\ is an arbitrary constant.

Proof. We start with the usual energy of the equilibrium system. We mul-

tiply (4.3)1 by T;a(F') and (4.3)2 by v; and integrate by parts to get

O E|v|2 + ev;0pv; + W(F)} — 0u[ViTia(F) + e Ev;0qv;]

3
+eE > 10av]* — eldp]* = 0. (4.6)
a=1
We next add corrections to (4.6) in order to obtain a coercive and dissipa-

tive energy, under appropriate conditions on the constant E. To this end,

multiply (4.3)2 by eAdyv; to obtain

e/\|8tv|2 = eAOW; 00T (F) — Oy [%E2A|8tv|2}
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+ 8a [62)\Eat’l)iaa’l)i] — 8t

3
L, 2
5€ AE;@QU\ ] : (4.7)
Next, using the identity

010i00Ti0(F) = 0q0i0¢Tio(F) — 0¢[0a00iTia(F)] + O0a|0wiTia (F)]
O*W (F)

= avimaﬁvj — at [8QUZEQ(F)] + (%C [8tUZEQ(F)]

we rearrange terms in (4.7) to get

3
1 2 2 1 2 § : 2
E?t 56 )\]Z?tv] + 56 )\Ea_l‘aa'l]‘ +6)\aa’l)iﬂa(F)

— Oq [62/\E8tvi8avi + eNOw; T (F)]

O’W (F)
+ GA‘atU‘z — eAaanmaﬁ’Uj =0.
Finally, adding the above equality to (4.6) we get (4.5). O

If E > 0 is sufficiently large the quantity &,, in (4.4) is positive definite
and decays along smooth solutions of (4.3). More precisely, we assume an

enforced version of the subcharacteristic condition (2.11):

F2
E>T, E>—, (4.8)
Y
where v and I' are defined in (4.2), and prove a stability estimate in the

L2-norm

W(t) = /RB (\v(m,t)]Q FF(z ) + 62(yatv(g;,t)\2 + 23: \8av(x,t)]2))da:.

a=1
Theorem 4.2. Assume that (4.2) and (4.8) hold and let (v(x,t), F(xz,t)) be
a smooth solution of (4.3), with data (vo, Fy), which decay sufficiently fast

to zero as |x| — +o00. Then
OM)p(t) < | Em(z,t)dr < | En(w,0)dz < O(1)9(0).
R3 R3

Proof. Thanks to (4.8), there exists a constant A > 1 such that

F2
E >\, E > —,
v
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and let us consider relation (4.5) for this fixed A. We first prove that the

energy &, defined in (4.4) is coercive. To this end, we have
ev;0pv; > ——]fu]2 — 562(51]@@\2
for a fixed constant 1 < d; < A and

3
L 2 52>\
A0V Tio (F) > —E)\e E gz |Oqv]” — mg 1|Tm
O?W (F)

52\
N P 2_2_7
- AEEZWO‘ | OFia0F;5

2K

__>\€2EZ|8Q |2 52/\F2|F|2

v

where 09 is a fixed constant such that

E~
A2

Hence, since W (F) > Z|F|?, the above estimates imply there exists a posi-

tive constant C' = C(E,T',~) such that

3
1
En > & <Iv|2 +|F)P+ € <8t|v|2 +) laavl2)> :

a=1

1<dy <

Moreover, since E > A,

3
W (F)
2 .
€ <E g_ |00 0|7 — N0 Z(‘)F Fmﬁgvj) >0

and €(\ — 1)|0yv|? > 0, because A > 1. Integrating (4.5) in = and ¢, we end
up with
Em(z,t)de < Em(z,0)dx,
R3 R3

which provides the result. O

Let now (v, F) be a smooth solution of (4.3) and (7, F) be a smooth
solution of the limit system
{8@“ =0 (4.9)
00; = 03T (F) .
The objective is to control the L?-norm of the difference thus proving rigor-
ously the relaxation limit from (4.3) towards smooth solutions of (4.9). To

this end, a variant of the relative energy is introduced accounting for higher
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order corrections introduced by a modulated energy, in the spirit of [5, 1].

We define the modulated relative energy

1 . N =N 1 ~
Emd ::§|v - v|2 + +e(v; — 0;)0(v; — ;) + 562)\|8t(’0 - v)|2

+W(F)—W(F) - gg; (F) (Fio = Fia) (4.10)

3
4 %&E S 10a (v = B)[2 + Al — 50) (Tia (F) — Tial )

a=1
and the associated flux
fa,md ::('Ui - i)\l)(lea(F) - lea(ﬁ))
+ EE(UZ' — @-)8,1(1)@- — i}\z) + 62)\E8t(vi — @-)aa(vi — i)\z)
+ X0 (v — ) (Tia(F) — Tia(F))

and establish the following remarkable identity.

Lemma 4.3. Let (v, F) and (3, F) be smooth solutions of (4.3) and (4.9)

respectively. Then we have

8tgmd - 8o;-Foz,md

3
O*W (F)
+e <EO?:1 |00 (v — D) — Ao (v v,)a o jﬁ@g(vj U])>

+e(A—1)]0s (v —D))?

= O ¥j (Ti (F) — Tja(F) — %(ﬂﬁ - ﬁjﬁ))

+ E(Ui — @-)(E&l@a@ — 8t i)\z) + 62)\8,5(112- — @-)(E@aaﬁi — at i}\l)

+ e/\&l(vi — i)\z) (aTm(F) — 8TZQ(F)) atﬁjﬁ, (4.11)

OF;3 OF;s

where X\ is an arbitrary constant.

Proof. The argument to derive (4.11) combines a relative energy argument
with a (higher order) modulated energy correction of the relative energy in
the spirit of (4.5). We mention only the main differences relative to the

previous case.
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The energy estimates for the relaxing system (4.3) and the equilibrium

system (4.9) are given by

o, B@P 4 W(F)} — 0a[0iTjo(F)] = €Bv;0000v; — €v;07v; (4.12)
o, Bm? n W(ﬁ)] — [0 Tia(F)] = 0. (4.13)

The differences v — 9 and F — F verify the equations
0(Fia = Fia) = 0a(v; = 00),

~

E?t(vi — /?77,) = Z?a(ﬂ (F) — EQ(F)) + eE@a&x(vi — /?77,) — e(‘)f(fui — ’l/)\z)

+ G(Eaaaa’l/)\i — E?t ’l/)\z) . (4.14)
Using the symmetry of 6?;]_(5) = 8{?2/8(1?5’ we obtain

O (T (F)(Fia = Fia) + B30 — )

- 801 (Ea(ﬁ)(vz - 7/)\1) "‘@,(Ea(F) - ,Tza(ﬁ)))

~ - aﬂa ﬁ -
:—ao/Ui <E (F)_,Tia(F)_ 8F< )(Fjﬁ_Fjﬁ))
iB
+ eE0;0,0,,v; — e@-@fvi . (4.15)

Subtracting (4.13) and (4.15) from (4.12) and rearranging the derivatives as
in the proof of Lemma 4.1, we end up with
0 |3lo = T + W(E) = W(E) = ToaF) o — Fi) + s = 8)01(03 ~ )
= Oa[viTia(F) = 0iTia(F) = Tia(F) (v; = ;) = 0:(Tia(F) = Tia(F)
+ eE(v; — 1) 04 (v; — U;)]

3
+€E > [0a(v—0)* — eldy(v — D)
a=1

~ - aﬂa ﬁ -
= 0o i <Tz (F) = Tia(F) — ( )(Fjﬁ - Fjﬁ))
+ 6(’[)@' — @-)(E&l@a@ — at i)\z) . (4.16)

The above estimate is corrected by adding the relation

3
l 2 2 l 2 2
) [26 Aos(v = D)|* + e )\E;Wa(v ?)|
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— 80{[62)\E8t(’0i — 6i)8a(vi — i)\z)]
+ X0, (v — D) — N (vi — 1) Ba(Tia(F) — Ty (F))
= X0 (v; — ;) (FDa040; — 027;) (4.17)
obtained by multiplying (4.14) by eAd;(v; — v;) and rearranging derivatives.
The last term in the left of (4.17) can be recast in the form (by inter-
changing the = and ¢ derivatives)
— 04(vi — 0)9a(Tia(F) = Tia(F)) = ~0a(v; = 0:)0(Tia(F) — Tia F))
+ 040 (vi = 0)(Tia(F) = Tia(F)] = 0alde(vi = 0) (Tia(F) — Tia(F)]

= —0Oa(v; — Ui)maﬁ(% ;)
~ Tzoe(F) Tz’oe(F) 2l
Oavi =) OFjs  OFjg i

+ 040 (v = 0)(Tia(F) = Tia( )] = 0a[0: (vi = 0)(Tia (F) — Tia(F)].
Using that identity, (4.17) and (4.16) yield (4.11). O

The relative energy is estimated by using condition (4.8) and the uniform
convexity of the potential W (F). Introduce the L?-norm of the difference

of two solutions

valt) = /R (lo =3P +1F = PP+ (joitw - )P + 3 lon(o - 0)P))da.

a=1
Theorem 4.4. Assume (4.2), (4.8) and VLW (F)| < M for some M > 0.
Let (v, F) and (0, F) be smooth solutions of (4.3) and (4.9) respectively,
defined on R3 x [0,T], decaying sufficiently fast to zero as |x| — +oo and
emanating from smooth data (v§, F§) and (To, Fy). Then, there exists a

constant C = C(T, E,~,T', M, v, ﬁ) > 0 independent of € such that

Ya(t) < C (a(0) + €2) . (4.18)
If moreover ¢¥5(0) — 0 as € | 0, then
2 (1960 =36 Dl + 1P 0 = F llgen) — 0.

as € | 0.
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Proof. Let us denote by ¢(t) the quantity

o(t) = / Emal(v, F;0, F)dx
R3

where &,,,4 is defined in (4.10). Then, following the proof of Theorem 4.2,
conditions (4.2) and (4.8) imply

1

ctalt) < @lt) < Cya(t)
and .

(1) < o(0) + / / RE|dads (4.19)
0 JR3

where C' = C(E,~,T,t,7, F ) > 0 is a given positive constant and R¢ stands
for the right hand side of (4.11) which we shall estimate term by term. Let
C be a positive constant depending on F, v, ', M and on the equilibrium

~

solution (v, F') and its derivatives. Then

/ S OT(F)
R3

9a0i (Tia(F) — Tia(F) TOF,
|6('UZ' - 17,-)(E8aaa’z?i - Of@ﬂ dx < 0(62 + / "U - 1/)\’2d$) s
R3 R3

(Fjg — ﬁjﬁ))‘dﬂﬁ <C - |F — F|dz,

(A0 (v; — 5 (0005, — 375) | de < O + / (oo — D))
R3

R3
.

OTo(F)  0T;a(F)
OFjg OFjs

€Ay (v; —@)< )atﬁjg‘dx

3
2 N2 D2
<o (e a§:1:yaa(v D2+ |F - F )dx.

Thus relation (4.19) becomes

o(t) < 9(0) + Ceé’t + C/O ©(s)ds

which implies (4.18) in view of the aforementioned coercive nature of p(t)
and thanks to the Gronwall lemma. As a consequence, we obtain con-
vergence of the relaxation system as long as the limit solution remains

smooth. O

Remark 4.5. 1. The essential hypotheses of Theorem 4.4 are that W (F') is
convex and satisfies the condition £ > V2W. The rest of the hypotheses are
there to account for the lack of a-priori L°°-bounds, and could be removed

if a-priori L estimates were available.
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2. The same stability argument applies to the approximation of elasto-
dynamics by viscoelasticity of the rate type,

{8tF1ia = aoﬂ)i

4.20
8tv2- = 8aT’ia(F) + 68a8avi . ( )

In (4.20), the viscoelastic stress of the rate type is
OW (F)
OF;q

This result is a direct consequence of the general result in [13, Thm 5.2.1].

Sia = + €0yv; .

By contrast, for the case of relaxation one needs the corrections resulting in
the modulated relative energy, or the approach of relative energy employed
in Theorem 3.3.

5. POLYCONVEX ELASTODYNAMICS

Consider now the system of elastodynamics

0ty = 0aTia(Vay) (5.1)
for y € R3. Equation (5.1) can be rewritten as a system of conservation
laws for the velocity v; = dyy; and the deformation gradient Fj, = O,y; as
follows

8tF1ia - aoﬂ)i

(5.2)

E?tv,- = aaTia(F) .
The equivalence of the two formulations holds for functions F' that are gra-

dients. Note that F' = Vy if and only if it satisfies
O3 Fio — DaFip = 0 (5.3)

and, technically, the system (5.1) is equivalent to (5.2) subject to the dif-
ferential constraint (5.3). The latter relation is an involution [12]: if it is
satisfied for the initial data then (5.2); propagates (5.3) to hold for all times.
Therefore, for the equivalence of the two formulations, it suffices that (5.3)

is satisfied for the initial data.

5.1. The symmetrizable extension of polyconvex elastodynamics.

Consider next the uniformly polyconvex case, when
_ow(p)
- OF

T(F)
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and the stored energy W : Mat3*3 — [0, 00) factorizes as a uniformly convex

function of the minors of F"
W(F) = go®(F),
with ¢ : Mat3*3 x Mat3*3 x R — R uniformly convex and
O(F) = (F,cof F,det F) . (5.4)
Here the cofactor matrix cof F' and the determinant det F' are
(cof F)in = %eijkeamﬂgFm,
det F = %eijkeamFijgFm = %(cof FioFiq -

We review a symmetrizable extension of polyconvex elastodynamics [15],
based on certain kinematic identities on det F' and cof F' from [17]. The
components of ®4(F) in (5.4), for A =1,...,19, are null Lagrangians and
satisfy for any smooth map y(z,t) the identities
o (094

\Y% =0
<aﬂa( y)>

Oz
or equivalently
094 .
Oa aT(F) =0, VF with d3Fjq — 0,Fig =0. (5.5)
The kinematic compatibility equation (5.2); implies
004 (F)
A e — .
atq> (F) = aE aavz
04 HPA
= Oa <—8Fia (F)U;) — 00, <—3Fm (F)>
0P ,
= 0o aT(F)UZ ,  VF with aﬁﬂa — aOéFiﬁ =0.

This motivates to embed (5.2) into the system of conservation laws

dg _. 004
Ov; = aa<%(‘:‘) OF: (F)>

A
9B = aa<8q> (F)vi> :

(5.6)
OFiq
Note that = = (F, Z,w) takes values in Mat?*3 x Mat3*3 x R ~ R and is

treated as a new dependent variable. (Since the components of F' constitute
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the first nine components of =, equation (5.2); is included as the first part
of (5.6)2.)
The extension has the following properties:
(i) If F'(-,0) is a gradient then F'(-,t) remains a gradient V¢.
(ii) If F(-,0) is a gradient and Z(-,0) = ®(F(-,0)) then F(-,t) remains
a gradient and Z(-,t) = ®(F(+,t)), Vt. In other words, the system of
elastodynamics can be visualized as constrained evolution of (5.6).

(iii) The enlarged system admits a strictly convex entropy

n(v,2) = |v|2+9( )

and is thus symmetrizable (along solutions that are gradients).

Remark 5.1. 1. The relations

O PNF) = 8, (%(F)w)

do not form what is usually called entropy-entropy flux pairs in the theory
of hyperbolic conservation laws, because they hold under the differential
structure (5.3).

2. Property (iii) is again based on the null-Lagrangian structure and 7 is
not an entropy in the usual sense of the theory of conservation laws. To see

that, let us rewrite system (5.6) as

— 0, A%(U) =0, (5.7)
where
v 9g(Z) 94 (F)
_ ) « _ =A ) o
U= (EA> ) A (U) <68<I>A(F§7,U' )
6Fia ¢
Then (n(U),q*(U)) is an entropy pair for (5.7) if it satisfies
22
) 0A*(U)r _ 9¢*(U) :
= f =1,2 =1,...,22.
Z U, U, o, or any « ,2,3 and j ey

Now, our pair (n,q®) does not verify the above definition, because

S o0 (PAE)0VNE)) | SR 00E) b (00(E)
 '9U; \ 9=4  OF; £ 94 9U; \ OFi,

r—
—

) 09(2) 994(F) (2) 9 0DA(F)
~ U, Z;”Z EA OF, +Z a”A oU; OFi (5:8)
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and the last term of the above equality is different from zero when we differ-
entiate the terms cof F' or det F' of ®(F') with respect to U; = Fj,. However,

7 verifies

8<I>A( )
2 @) - _
o gt o] - | S u BRI o

along F' that are gradients as is easily verified using (5.5). The extra term
in (5.8) vanishes, when we multiply this equation by 0,U; and sum with

respect to j and «, because

9g9(Z) , 0AMF
Zvi giA)aoc ( ):07
- 0= O0Fq
i, A
by (5.5). This particular nature of 7 is crucial in the relative energy estimate

of the following section.

5.2. Relative energy for polyconvex elastodynamics: Viscosity ap-

proximation. Let (3,Z) € R? be a smooth solution of

024 = 0a (%5ri)))

) (5.9)
a1 — 0, (2428040
and let (v, E) be a solution of the viscosity approximation of (5.6)
A
8= = 0, (LT,
< OFia (5.10)

Orvi = Do (L2 L57EL) + eBadavi

(System (5.10) bears the same relation to the viscosity approximation (5.17)
as (5.9) bears to (5.2).) For both solutions we assume that F satisfies (5.3),
or equivalently for the initial data F(z,0) = Vy(z,0).

The goal is to obtain a relative energy estimate among the two solutions.

To this end, we define the relative entropy

S 1 ~ - = Z?g( ) =
(v, 557, ) = S fo —9*+9(2) —g(E) - DA (4 -24)

and note that the associated (relative) flux will turn out to be

dg(E)  9g(E) _ L 99A(P)
>—< =2 o= ) W R

[I]>

g (v, 8;7,

a=1,2,3.
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Lemma 5.2. Let (v,Z) and (3,Z) be smooth solutions of (5.10) and (5.9)
respectively. Then
3
O — Oaqy + € (v — D)2
1= 0+ €3 a0 =) o)
== Q + 8a (6(1)2' — 6,-)8a(v,- — i)\z)) + 6(1)1' — 6,-)8080@- s
where Q) is quadratic of the form

92 , = (W(F) B a@Auﬁ)) (0

Q= 55a525%=" | —3F. OF, — )

Cop [293) _0g9(2)\ (00A(F)  99A(F)
i\ gEA T p=A OF,, OF,

9=A  9EA  9EAJEB

= = 2,(= R A
PN (agu 99E) P95 op_ zn)) 924E)

Proof. Property (5.5) gives for a smooth solution (v, =

)
Lo, el s |- 09(E) 094(F)
o |51 + (®)] - 2 [ SR

(5.13)

and for (v, Z) solution of (5.10),

Loy o () 90 (1)
o |31 + 9(2)| - 0n [ 20

Subtracting (5.9) from (5.10) we obtain

(e @ esi B |
at(”l‘”””ﬂ( =1 9k, ozA oF, |~ Qedavi;

N A AR
o= 2N o, <8<I> (F) 0% (F)@) .

] = €0;0,,0,V; . (5.14)

R OF = OF
which, in turn, implies by (5.9) and the identities (5.5),

o, [@-(vi —T) - 899 (=1 - éA)]

_a. [A (ag@) 0P (F) _ 00(E) a<1>A<ﬁ>>

=4 OF, I=4  OF,

9g(8) [09A(F)  9dA(F)
oA < Fa T OF,

9=4

— (04B3) (vi — i) + O, <89(5)> (B4 - 24
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- a%(ag( =) 92(F) _ 99(E) 091 (F >)

51 OF. 02" OFa

9g(2)\ [924(F)  9BA(F) .. N .
80‘(85‘4)( oF v; oF.. U; | + €0;00,00;

9g(2)\ (024(F)  0BN(F). 9PME),
8°“< A )( O T OF. T 0F, ™

~ Oas (89( =) 0eE) _ 20(2) 02E) _ 0g(E) 0U(E) _a =)
alr :A 8an 8EA 8an 8EAaEB 8Fla — =
+ Eﬁz’@a@avi

=: T + €0;0,0,v; , . (515)

Next, we subtract (5.13) and (5.15) from (5.14) and conclude

09(2) 024(F) _ dg(Z) 99A(F)
8t777“ _aa [ (% ’_‘A 8an U a.—-.A 8an

s <ag< 2) 904(F) _ 99(E) 924(F >>

=4 QF, 0=4  OF,
993 <ac1>A(F) - 99A(F) a)

EA 8Fia Vi aF’ia
=-T7+ E(UZ' - i)\i)(‘)aaavi . (516)

Since

€(v; — 07)000,0; = €(v; — 0;)0004(v; — 0;) + €(v; — 0;)000a Vs
3
= €000a0i (v — i) + Oale(vi — 0:)0a(v; — B)] — € Y _ |0a(v — D)

it remains to control the term Z. This term is not quadratic in v — ¥ and
=— é, but may be corrected using a divergence term in order to obtain the
quadratic expression in (5.11). Indeed, Z satisfies the chain of identities:

dg(2) [ 0DAF) 0DA(F)
-7 = aa EA < aEa — 8Ea v;

e <a<1>A<F> - a<1>A<ﬁ>>

a .
Tz \ ToF,  oFa

_(09(8) 09E)  P9E) _p =p, ) 00 F)
+a“”’<aEA 5EA a”Aa”B( =) oE.
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82g(2) 5 25 <ac1>A(F) - aq>A(ﬁ)> o

_ Ui)

~ 9=ApEB T OFq OF;,,
cop (095 09(2)\ [924(F) 09A(F)
a¥i\ oA 9=A OF, OF;
_(99(2) 99(E)  0%9(E) —p =g\ 02 (F)
Oty ( gEA ~ o=A azloEBC =) o

+ Oa

9

_0g(B) [92M(F)  09A(F)
VozA \ ToF. OF;q

where we used once again the null-Lagrangian property (5.5) for both ®4(F)
and ®4(F).

Finally, we combine the last term with the flux term of (5.16) to obtain

o |, 00E) 02A(F)  _ 9g(E) 02A(F)
TN OZA OF, " OEA OF,

5 (09(5) 024 (F)  99(2) 0BA(F)
! =4 OF, 0=4  OF;,

o=A OF,, OF,,

_09(B) (024(F) 99A(F)
OF;q OFjq

99(B) <8<I>A(F)vl - acpA(ﬁ)a)

= 804(]7?{

B 09(2) 9B\, . 094(F)
_aaK 9=A 9=A (vi =) OF;q

and the proof is complete. O

Due to properties (i) and (ii) of Section 5.1 the relative energy identity
(5.11) can be restricted to solutions (v, Z = ®(F)) with F = Vy, and (3, =
<I>(13 )) with F= V7. The resulting relative energy and corresponding flux
read

H, = (v, ®(F); 7, ®(F)
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and will be used to obtain stability estimates in the sequel.
Let (v€, F©) satisfy the viscosity approximation

8tF1ia = aoﬂ)i
(5.17)
Ov; = 0o Tia (F) + €00,04v;

and (7, ﬁ) be a smooth solution of (5.2). Our next objective is to prove
convergence of the viscosity approximation to polyconvex elastodynamics

as long as the limit solution is smooth, by controlling the L?-norm
Uy(t) = / (yu — G2 4 |B(F) - @(ﬁ)P)d:g, d=23.
R4

To this end, we assume

0 <yl <VZg(E) <TI, IV2g(E)| < M, (5.18)
and prove:
Theorem 5.3. Let (v¢,®(F€)), F* = Vy*, and (@,@(13)), F = Vi, be
smooth solutions of (5.10) and (5.9), defined on R x [0,T), d = 2,3, that
decay sufficiently fast as |x| — +oo and emanate from data (v§, ®(F)),

Fs = Vy(-,0), and (@o,fb(ﬁo)), Fy = Vy(-,0). Assume g verifies (5.18).
Then, there exists a constant C = C(T,~,T', M, v, é) > 0 such that

Wy(t) < C(Va(0) +€2) . (5.19)
If moreover the data satisfy ¥5(0) — 0 as € | 0, then

sup (Hvﬁ(.,t) —0(, )| p2ray + [ R(FC(-, 1)) — (ﬁ(ﬁ(”t))“Lz(Rd)) 0,
te[0,T

as e | 0.

Proof. On account of (5.18), there exists a positive constant C' = C(v,T")
such that

1 =~ S
a0 < olt) = [ (0,28, E)de < Cvalt),
where
balt) = / (lo =3P + |2~ 2P)da.
R4

Integrating (5.11) over R? x [0, t] we obtain

sty < (va0) + R dsds) | (5.20)
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where R¢ = Q + €(v; — 0;)00000;-
Let now C be a positive constant depending on I', M and the functions

v, = and their derivatives. We have

Léi£§§%aﬁB<%;gw—aing(w—@)m
<o [ (w-p+ |50 - oo @) ) do,
o (25 22 (25502 - 200
<c [ (E-2p+|gpm - @) .
[ fp (2 - 52 e 20

<C \E—@%a

/] 88?)2]dw<0<6 +/ ]’u—v\dw).

Then (5.20) gives
$a(t) < Ca(0) + Ce’t

“’/Ot (1o~ +12 2P + | o) — 22(P)[ ) as. (5.21)

a_F( )
From the identities

Odet I O(cof F)iq
= (cof Flia, —F7——
oF, e THE;

= €ijk€aBy Ly

we have

0P 0P
ar D)~ oF

We now restrict (5.21) to solutions of the form (v, ®(F)) and (7, ®(F)) and

(F)| < Cla(F) - o(F)].

use the above identities to deduce

U,u(t) < C’(\I’d(O) + %t + /Ot \I’d(s)d8> ,

whence (5.19) follows via the Gronwall lemma. O
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6. STRONG DISSIPATION AND MODULATED RELATIVE ENERGY FOR THE

RELAXATION APPROXIMATION OF POLYCONVEX ELASTODYNAMICS

Next, consider the extended system

~ OPA(F)
=A _ .
at_ 8,1 ( aFm ’Uz>

. 2) 094 (F
atvi:&l( ’—‘A 8F )

and the associated relaxation approximation
OOA(F
=4 =0,
aEa
010 = 00 Sia
1 =~ =
8t(sia - EF’ia) = _E (Sia - T’ia(:‘)) .
We assume W (F) = g(®(F)) is polyconvex, assume (with no loss of gener-

ality) W(0) = VW (0) = 0, and denote by

_ AR
R CLAL)

As in the previous section, F' and F are deformation gradients, or equiv-
alently F(z,0) = Vay(z,0) and F(z,0) = V4i(z,0). Also, the relaxation

system may be expressed in the form of approximation by wave operator

A
8tEA = 8a (78@ (F) Ui)

OFia (6.2)

Oyv; = 0, Tm( )+ €E0,,0,v; — e@fvi.

We recall here that (6.1) and (6.2) reduce respectively to
81‘/}?’2'(1 = ai)\i
~ (6.3)
81‘/62' - aaT’ia(F)
and
O0iFijo = 0qv;

(6.4)

0v; = 0o Tio(F) + €E00qv; — e@fvi

for the special solutions (7, ®(F)) and (v, ®(F)). Our objective is to study
the relaxation limit from (6.4) to polyconvex elastodynamics (6.3), and ob-

tain the structural identities for the modulated energy in Lemma 6.1 and
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modulated relative energy in Lemma 6.3 in the polyconvex case as well as
corresponding stability estimates.

The modulated energy for system (6.4) takes the form

1 1

Epm = §|v|2 + ev;Opv; + 562/\|8tv|2
1 3 N (6.5)
+9(2) + 5EAE D 0av]* + eA0aviTia(E) -
2
a=1

This corrected energy is positive definite and dissipates along the relaxation
process and thus gives estimates for the relaxing solutions, provided an

appropriate subcharacteristic condition is assumed, namely for F sufficiently
big (see (6.11)).

Lemma 6.1. Any smooth solution of (6.2) verifies
0tEpm — Oa (vlﬁa(E) + €Ev;04v; + ENEO0;00v; + eA@tviﬁa(E)>
3
+e <E Z |0,0]% — A@avimjf(E)ﬁgvj> +eA=D|ow*=0, (6.6)

a=1

where

% (z) = P9E) 09UEF) 025(F) | Dy(E) *A(F)
0= " 5EA9EB  OF, OF;3 | 0=A 0F,0Fg

and A is an arbitrary constant.

Proof. Thanks to the null-Lagrangian nature of ®(F'), the following estimate

holds

dg(Z) 094 (F)
=4 OF,

1
O [§|U|2 + €v;Opv; + Q(E)} — Oa |:'Ui + €Ev;0qv;

3
+eE > [0av]* — eldp]* = 0. (6.7)
a=1
At this point, we shall correct the above estimate by adding an energy

estimate for the wave operator in (6.2). Thus, we proceed as in the proof of

Lemma 4.1 to obtain the following relation

3 e A
Ly o1, 2+ g, 29(E) DPA(E)
o, [25 Now]? + e AE;I%UI + AoV R
9g9(Z) 004(F
— 0Oa [EQAE@U@]UZ- + EWWZ'%TFL )}
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2) 00A(F
+ eM|Ow|* — eXDqvi0; <0géA) 881:,5& )> =0. (6.8)
Finally, using once again the null-Lagrangian property of ®(F'), we have
o, (29E) ODA(F)
NGO

[ 9%g(2) 09N (F) 0®B(F) N dg(2) 0?4 (F) B
~ \02402P 0F, 0F; @ 02A 0F,0F,;) %"
and we sum (6.7) and (6.8) to obtain (6.6). O

To exploit the strong dissipation estimate we assume that g is uniformly

convex
Vig(E) >y, EeRY, (6.9)

and consider a framework of a prior: uniformly bounded solutions. That is,
we assume that the solutions F of (6.4) and F of (6.3) satisfy the uniform

bounds
P, |F| <M. (6.10)
Define now I" > 0 such that

‘;rfgﬁV%W(F) <TII.

The energy &y, defined in (6.5) is positive definite and dissipates if the

following subcharacteristic condition holds:

F2
E>T, E>—. (6.11)
Y

Under (6.11), we can exploit the structural identity in Lemma 6.1 and obtain
a dissipation estimate for the L?-norm

p(t) == / (\v(m,t)]z + |F(z,t)|? + € (](‘?,gfz)(a:,t)\2 + 23: \8av(x,t)]2))dw.

R3 a=1

Theorem 6.2. Let (v, F = Vy) be a smooth solution of (6.4), with initial
datum (vy, Fy = Vy(z,0)), such that condition (6.10) holds and which decays
sufficiently fast to zero as |x| — 4o00. Let us assume conditions (6.9) and
(6.11) hold. Then

O)yY(t) < /RS Epm(z,t)dr < /RS Epm(z,0)dx < O(1)y(0) .
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Proof. Set
go(t):/ Epm(x,t)dz
R3

and consider the identity (6.6). For any A > 1, by the uniform convexity of

g we have for some ¢ = ¢(\) >0

3
1 1 ~
Epm > C(|v)? + 0]?) + §7|:|2 + 562)\EZ 1000|? + XD Tin(B) ,

a=1
for any (v, Z).
For a smooth solution of (6.2) that decays sufficiently fast to zero as

|x| — +o0, we obtain upon integrating (6.6) in = and ¢

3
/ <C(|v|2 T+ 2100) + 21152 + 2eAE Y (0] + e/\&lviﬁa(E)) da
R3 2 2

a=1
t 3 iy
+ e/ / <E Z 10,0)% — A@aviﬂfff(E)ﬁgvj> drds < p(0).  (6.12)
0 JR? a=1
We now employ estimate (6.12) for the special solution = = ®(F), with F

verifying the aforementioned assumptions. Also A > 1 is fixed so that

F2
E> M, E>X\—.
5
Since |®(F)|? > |F|? and
- . _OW(F) —is _ OPW(F)
Tia(@(F)) = Too(F) = —5p—=. Wi (¥(F)) = grgp

we utilize the condition on E as in Theorem 4.2 to show that &, generates

a positive definite quantity, equivalent to the norm (¢). O

We conclude the section with the relative energy estimate and the result-
ing control of the relaxation process. We introduce the modulated relative

energy for system (6.4),

1 N R N 1 R
Epmd 325”” — 0\2 + +e(v; — 1) 0 (v; — 0;) + 562)\\(%(1) — U)]2

09 = ,—a =
) — aEA(:) (=4 -2%

[11)

+9(E) — g(

3
1 2 ~\ 12 N\ =
+ ¢ AE E |06 (v —0)|7 4+ eXOu (Vi — V) (Tia(E) — Tia(E)) ,

a=1
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its flux

o (ag@ . ag(E)) (0, - 222 L)

=A =A
+ EE(UZ' — @-)aa(vi — i}\l) + 62)\E8t(’[)i — 6i)8a(vi — i)\z)
+ €A (v; — 03) (Tia () — Tia(E))

and compute first a structural identity for the modulated relative energy.

Lemma 6.3. Let (v,Z) and (3,Z) be smooth solutions of (6.2) and (6.1)

respectively. Then we have
atgpmd - anTa7pmd
3
te (E > 180 (v = B)* = Ma(vi — T) WL () (v; — @-))
a=1
+e(A = 1|0 (v — D)2
= Q + eAda(v; — ) (ng(z) - ng(é)) 00;
+ €(v; — 1;)(E00040; — 070;) 4+ €204 (v; — 1;)(E00040; — 070;), (6.14)

where /Vlv/jﬁ(E) is defined in Lemma 6.1, Q is given by (5.12) and X is an

™

arbitrary constant.

Proof. To control the quadratic part of the energy %|v|2 + g(Z) with respect

to (v—"7,2 — é), we use the same arguments of Lemma 5.2 to obtain

1 ~ — = — =
0 [5@ ~ 5P +9(2) - 9®) - G - :A>]

- 09(2) 99(®)\, . 02NF)
Do < ozA ~ o=a | Wi T U THR"
=Q+ 6(’[)@' — @-)(Eaaﬁavi — 6152212) . (6.15)

Moreover,
6(’[),' — ’l/)\z')(Eaaaan — af?]z) = e]@t(v — 6)‘2 — 8t[e(vi — ’z?z)at(vz — /?77,)]
3
+ OaleB(v; — ) 0a(vi — 0)] — €B Y |0a(v —0)?
a=1

+ E(Ui — @')(Eaaaa@i — 8?@) . (616)
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As we already did in the previous cases, we must correct the above estimate

by adding the acoustic energy of the wave equation (6.2)s, namely

0, [ Al ~ D) + %A62E§:1 180 (v — 5)[2
— 0o [N2EO; (v — 1:)a(v; — 17)] + Ae|Op(v — D) [?
= Aedh(vi = 5)0a(Tia(2) ~ Tia(E))
= Ae20;(v; — ;) (E000a0; — 027;) , (6.17)
where A is an arbitrary constant. Now, we interchange the x and ¢ derivatives

in the last term of the left hand side of (6.17), by using the identities

01 (a0 = 3)(Tia(2) = Ta(2))) — a (0u(vi = )(Tia
= 0 (vi = 0)0(Tia(Z) — Tia(8)) — 0u(vi — 0)0a(Tia(E) — Tia(E

@
|
o
2
@)
=

. ~
—_

= WiP(2)ds(v; — T) + (WiP(=) — WP (E))as0; .

(6.19)
The identity resulting from (6.17), (6.18) and (6.19) is combined with the
identities (6.15) and (6.16) to obtain (6.14). O

The relative energy established in the above lemma allows us to control

the following L? distance between the relaxation and the limit solutions

balt) == /R (yv B2 |F - FP+ & (yat(@ )2+ 23: 10 (v — 17)\2)>dx

a=1
in the framework of solutions verifying (6.10), provided the uniform poly-

convexity and subcharacteristic conditions (6.9) and (6.11) hold.

Theorem 6.4. Let (v¢, F€), F* = Vy° and (v, F\), F = Vy be smooth
solutions of (6.4) and (6.3) defined on R3 x [0,T] that decay sufficiently fast
as |x| — +oo and emanate from initial data (vf, F§), F§ = Vy(-,0) and
(@o,ﬁo), Fy = Vy(-,0). Assume the a-priori bounds

|F<(,1)], |F(a,t)| < M,
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and that conditions (6.9) and (6.11) hold. Then, there exists a constant
C = C’(T,W,F,Mﬁ,ﬁ) > 0 such that
Ya(t) < C (a(0) + €°) .
If also ¥5(0) — 0 as € | 0, then
sup (110", 8) = B, Dl aqeay + IF (1) = B, 8) | 2(esy ) — 0,
te[0,T
as e | 0.

Proof. As in the proof of Theorem 6.2, we take a fixed A > 1 such that
F2
E >\, E>\—,
8
and we consider relation (6.14) for this A. Let us denote by ¢(t) the quantity

/Spmd , 20, 2)dx

where &4 is defined in (6.13). Then, integrating (6.14) in = and ¢ we have

¢ / / ((Eiadjp ~ NWE(E)) Dalvi — 0:)05(v; — ) dads
0 JR3
t
+/ / |R€|dxds , (6.20)
0 JR3

= Q+ Na(vi — ) (Wi (2) - Wi (B)) a5
+ 6(?]7; — @;)(Eaaaa@i — 8t /’l}z) + 62)\@(% — @)(Eaaaaﬁi — 815267,)

where

stands for the right hand side of (6.14). Moreover, the uniform convexity of
g implies

~ ~ 1 — =
5pmd > C(|'U - 'U|2 + €2|8t(’0 — U)|2) + §’V|: — :|2
1 3
2 )12 SNT: (=) — T,
+§6 A\E E |00 (v —0)|7 + €X0a (v — 0;)(Tia(E) — Tial

a=1

[11)

)

for a positive constant C' = C'(E,~,T"). Therefore relation (6.20) becomes

N N 1 - =
/ wa—vﬁ+8mmwwm%+—ﬂ:—:ﬁ
R3 2

3
+%E2AE D 10a(v = B)* + eXda(vi — T3)(Tia(E) — ’T”m(é))> du

a=1
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t 3 .
+ e/ / <E Z 100 (v —0)[* = N (v; — @)ng(a)ag(vj — @])) dxds
0 JR3

a=1
t
< (0) + / RE|dads (6.21)
0 JR3
Thus, we exploit relation (6.21) for the special solutions with = = ®(F) and
E = ®(F) and, since = - 22 > | — F|? and

~ N 2
To(®(F) = T(F) = Zad . War) = S )

we utilize the conditions on E as in Theorem 4.4 to have

t
Ya(t) < C | ¥4(0) +/ / IR dxds | ,
0 JR? 2,5)=(2(F),®(F))
where C' = C(E,~,I', M) > 0. Moreover, the quadratic term |@Q| of |R¢|

is controlled as in the proof of Theorem 5.3 and the last three terms are
controlled as in the proof of Theorem 4.4. Therefore, there exists a positive
constant C = C(~,T', M, 7, ﬁ) such that

Pq(t) < C <¢d(0) + 2t + /Ot 1/1d(s)ds>

and the conclusion follows from the Gronwall lemma. O
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APPENDIX A. COMPARISON OF MODULATED ENERGY AND THE
H-ESTIMATE NEAR EQUILIBRIUM

It is interesting to compare the dissipation structure that emerges from

the H-theorem with the structure associated to the modulated energy. Both
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structures are globally defined in the state space, the first is motivated from
thermodynamic ideas and essentially of kinetic theory flavor, while the sec-
ond is motivated from energy considerations of continuum physics origin.
Our objective is to compare the two structures near the “Maxwellian” equi-
libria, using the Chapman-Enskog expansion.

For the sake of clarity, we discuss the one dimensional model of stress—

relaxation
O — 0yv =10
O — 0,0 =0 (A.1)
Ol — Bu) = —L(o — g(u),

where W/(u) = g(u) and W convex. For (A.1), the equation (4.5) for the

modulated energy &, becomes (for A = 1)
O <%v2 + W (u) + evdpv + %62|8ﬂ}|2 + %ezE|8xv|2 + eg(u)@w)
— Oy [vg(u) + eEvdyv + 2 Edvdv + e@tvg(u)]
+e(E—g'(u) o0 =0. (A.2)
The subcharacteristic condition (4.8) implies that the last term is nonneg-

ative and &, is coercive. On the other hand, (4.8) implies the free energy

function ¥(u,a), which presently reads
Lo 9 P
U(u,a) = §Eu + au — h™(&)d¢
0

is uniformly convex in (u,a). The associated (weak) dissipation estimate

coming from the H-theorem (3.2) is

8t<%|v|2 + U (u,0 — Eu)) — Op[vo]

2w (o~ Bu))(o — g(u)) =0,

(A.3)

where the last term capturing the dissipation of viscoelastic stresses is non-
negative.

We next investigate the relations of these two dissipative estimates in
terms of the Chapman—Enskog expansion of (A.1). Carrying out the expan-

sion up to order € gives

o = g(u) +e(E — g' ()80 + € (9" ()00 ]* + (¢ (u) — E)D7g(u)) -
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The corresponding Burnett approximation of (A.1) reads
Ou — O0zv =0

at'U - amg(u) = Eam ((E - g’(u))@mv)
+ 20, (" (W)|0:0] + (¢ (u) — E)D2g(u)) .
Consider now the H-estimate (A.3) and perform the Chapman—Enskog ex-
pansion. A tedious but straightforward calculation, keeping terms up to

order O(€?), gives
1 1
O <§]1)]2 + U(u,h(u)) + 562(E — g'(u))]@va)

= 0, (vg(u) + ev(E — g/ ()3 + olg" (w)|Dev]? + (g (w) — B)O2g(w) )
+e(E — g ()0,

+& (3900 + 20/ () ~ E)Yor)Eg) ) =o. (A4

Note that (A.4) is an expansion that holds near the equilibrium manifold
o ~ g(u), while (A.2) holds on the entire state space. To compare the two

(for € near zero), note that

U(u, h(u))" = g(u) = W'(u)
and that

Oulevg (WD) = D levdng(u)]

= O¢[edyvg(u)] — Oz [edvg(u)] + Oplevoyv],
because in the Chapman—Enskog expansion we assume the variables are near
equilibrium, that is

Oru = Oyv, 0w = 0rg(u) . (A.5)

Using the above identities we see that the expansions of the two identities

near € ~ 0 coincide up to terms of order O(e), and deviate from each other

already from the terms of order O(e?).
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