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Abstract. We consider the problem of self-similar viscous limits for systems of N conservation
laws. First, we give general conditions so that the resulting boundary value problem admits
solutions. The obtained existence theory covers a large class of systems; in particular the class of
symmetric hyperbolic systems. Second, we show that if the system is strictly hyperbolic and the
Riemann data are sufficiently close then the resulting family of solutions is of uniformly bounded
variation and oscillation. Third, we construct solutions of the Riemann problem via self-similar
viscous limits and study the structure of the emerging solution and the relation of self-similar
viscous limits and shock profiles. The emerging solution consists of N wave fans separated by
constant states. Fach wave fan is associated with one of the characteristic fields and consists of
a rarefaction, a shock, or an alternating sequence of shocks and rarefactions so that each shock
adjacent to a rarefaction on one side is a contact discontinuity on that side. At shocks, the solutions
of the self-similar viscous problem have the internal structure of a traveling wave.

1. Introduction

Consider the system of conservation laws in one space dimension,
(1.1) U+ 0, F(U)=0

where z € R, t > 0, U(z,t) takes values in IR™ and the flux function F : RY — RV is
assumed smooth. If the matrix VF(U) has real and distinct eigenvalues then (1.1) is called strictly

hyperbolic and its eigenvalues (called characteristic speeds) may be ordered :
(1.2) MU) < (U) <...<An).

Let ri(U), ..., rx(U) and l;(U), ..., In(U) be the corresponding right and left eigenvectors. They
are linearly independent and form a pair of local bases in the state space.

The Riemann problem consists of solving (1.1) with initial data a single jump discontinuity

U_. z<0
(1.3) U(z,0) = {U+ >0
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It describes the local structure of BV solutions at points of shock interactions (DiPerna [Dp],
Liu [Li4]) and serves as a building block for solving the Cauchy problem via the Glimm scheme
(Glimm [G]). In solving the Riemann problem one encounters loss of uniqueness that has to be
accounted for by imposing admissibility restrictions on solutions. For weak waves in strictly hy-
perbolic systems it suffices to impose such restrictions only at shocks. Lax [Lay] in the genuinely
nonlinear case and Liu [Liy, Liz] in the general case provided comprehensive shock-admissibility
criteria and obtained a unique solution of (1.1), (1.3) for weak waves. The reader is referred to
Dafermos [Ds] for a thorough discussion of the issue of admissibility. The solution of the Riemann
problem is based on the invariance of (1.1), (1.3) under dilations of the independent variables
(z,t) — (az,at), for @ > 0. Because of the expected uniqueness, one seeks for solutions U = U (§)
functions of the single variable £ = . The function U is a weak solution of the boundary value

problem (P)
U+ FU)Y =0
(P)
U(too) = Uy

subject to admissibility conditions on shocks. The classical solution of (P) proceeds in two steps:
First special solutions of rarefaction waves, shock waves or contact discontinuities are studied, and
are used to construct the elementary wave curves. There is one elementary curve associated with
each characteristic field with the parametrization of the curve serving as a measure of the strength
of the associated wave. Second, it is shown that the compound curves emanating from a fixed left
state U_ give rise to an invertible map that covers a full neighborhood of right end states Uy (c.f.
[Lag, Lig]).

The objective of this article is to obtain the complete solution of the Riemann problem for

weak waves by an alternative approach, in the spirit of viscosity methods. Namely, admissible

solutions of (P) are constructed as € N\ 0 limits of solutions to the problem (P.)

—EU' + F(U) =eU"
(P:)
U(too) =Uyg,
with € > 0. The latter consists of an elliptic regularization of the Riemann operator in (P). This
approach was proposed by Dafermos [D;], who motivated it by introducing an artificial ”viscosity”
regularization that preserves the invariance under dilations of coordinates. Solutions of (P) are
thus constructed as self-similar viscous limits, and the study of the Riemann problem amounts to

performing the following steps:

(i) To construct solutions of the problem (P.), with £ > 0 fixed.
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(ii) To construct solutions of (P) as € N\, 0 limits of solutions of (P;).
(iii) To study the structure of the emerging solution.
Our interest in (P.) stems from the connection with the problem of viscous limits. For the

system of viscous conservation laws
(1.4) U + 0, F(U) = 0*U

subject to Riemann data, the invariance under dilations (z,t) — (az,at), @ > 0, no longer holds.

It is a simple calculation to see that the solution U? of (1.3 — 1.4) can be expressed as
(15) U, 1) = V(=)

t ¢
where V (¢, s) satisfies

(1.6) Vi=Veg =~ (= &Ve + F(V))

wn | =

for —oco < € < 00, —00 < s < 0. Therefore, the viscous limit problem for Riemann data is a two
parameter problem and studying the limit of U® as € | 0 amounts to studying the limit of V (&, s)
as s T 0—. The problem (P.) arises when replacing the parabolic operator in (1.6) by an elliptic
operator; its study is expected to provide insight on the difficult problem of viscous limits. The
two regularizations have been compared for Burgers’ equation (Slemrod [S,]).

The notion of self-similar viscous limits appears in the articles [Ka], [Tuy], [Tuz], [D1]. Tupciev
[Tuy, Tus] used them to formally motivate a shock admissibility condition for the Riemann problem,
that amounts to the requirement that admissible shocks have associated shock profiles. The direct
use of self-similar viscous limits is initiated by Dafermos [Dy, Ds] who proposed it as an admissibility
criterion and devised a versatile framework for treating the analytical aspects of the problem. The
approach has been tried on several examples of strictly hyperbolic 2 x 2 systems [Dy, DDp, KKr,
STz, Tzs], on a system of two equations that exhibits change of type [Sy, Fas], and on the fluid
dynamic limit for the Broadwell model [STzy, Tz;]. It has been established at the level of such
examples [Dy, Fajy, Tz] that self-similar limits yield the same structure for the solution of the
Riemann problem as the structure obtained by the shock-admissibility criteria of Lax [Lai] and
Liu [Liz], or by requesting that each admissible shock has an associated viscous shock profile.
In contrast to most admissibility criteria, self-similar viscous limits penalize the whole wave-fan
simultaneously. Based on that fact, a fitting terminology would be to call admissibility via self-

similar viscous limits as the viscous wave-fan admissibility criterion.
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Here, we pursue the method for strictly hyperbolic systems of more than two equations. We
address the questions of existence, performing the ¢ — 0 limit, and structure of the emerging
solution. The key step lies in controlling the diffusion induced wave interactions and obtaining

uniform variation estimates for solutions of (P.). The article is organized as follows:

In Section 2 we study the question of existence of solutions for (P.). We show that for any
system equipped with an LP estimate the problem (P.) admits solutions for each ¢ > 0. The

analysis applies to the class of symmetric hyperbolic systems.

Sections 3 to 7 are the core of the article dealing with the question of obtaining uniform
variation estimates for families of solutions to (P.). Even for Riemann data, waves of different
families can interact through diffusion and contribute to the total variation. Therefore, one has to
devise a scheme for measuring the variation of the solution (through the individual waves) and to
calculate the effects of wave interactions. We refer to Section 3, which serves as an introduction
to this part, for an outline of our strategy. The outcome is summarized in Theorem 3.1 and states
that if (1.1) is strictly hyperbolic and the data Uy are such that |Uy — U_| is small, then (P,) has

solutions that are of uniformly bounded (and small) oscillation and variation.

In Sections 8,9 and 10 we develop an existence theory for the Riemann problem (1.1), (1.3) for
strictly hyperbolic systems via self-similar viscous limits. Our approach differs from the existence
theories of Lax [Laj] and Liu [Liy, Liy] in that it is analytical in nature and bypasses the construction
(and hypotheses required thereto) of the wave curves. The variation estimates of Section 7 are
used in Section 8 to establish the ¢ — 0 limit and, more important, to study the structure of the
emerging solution U of (P). The existence result, Theorem 8.1, states that the Riemann problem
is solvable under the sole hypotheses that (1.1) is strictly hyperbolic and |U; — U_| is small.
The emerging solution U consists of N wave fans separated by constant states. FEach wave fan
is associated with one of the characteristic fields and is either a rarefaction, or a shock satisfying
a weak form of the Lax conditions, or a composite wave consisting of an alternating sequence
of shocks and rarefactions so that each shock adjacent to a rarefaction on one side is a contact
discontinuity on that side. In Section 9 it is shown that for shocks that do not correspond to linearly
degenerate characteristic fields solutions of (P.) have the internal structure of traveling waves. In
Section 10 we compare the solution obtained via self-similar limits to the classical solution of the
Riemann problem for genuinely nonlinear systems [La;] or for general strictly hyperbolic systems
[Liy, Liz]. In both cases the same structure results for the Riemann solution. The relation with

the Liu shock admissibility criterion is indirect, and follows from the fact that (a strict version of)

4



the Liu shock-admissibility criterion is equivalent to the requirement that admissible shocks have

associated shock profiles (Liu [Lis], Majda and Pego [MP]).

2. Existence of Connecting Trajectories for (P.)

The objective of this section is to construct solutions of the problem (P.), for ¢ positive fixed.
(P.) is a boundary-value problem for a system of non-autonomous ordinary differential equations.
First, it is shown that L> estimates are sufficient to establish existence of solutions for (P.). Then a
construction scheme, originally proposed by Dafermos [Dy], is presented in Section 2.2. Existence
of connecting trajectories then relies on a priori estimates, which are established in Section 2.3
under various structural hypotheses on (1.1). Most notably, the analysis applies to the class of

symmetric hyperbolic systems.

2.1. Preliminaries. Assume that U is a classical solution of (P,) satisfying the bound
(2.1) sup  |U(&)| < M,
—o0<E<L 0

where M is a constant that may depend on €. Integrating the differential equation
(2.2) eU"=-¢U + F(UY

it is easily seen that U satisfies the identities

£2 1 2 & 2
2.3 U = U0 e e [ BT U dc.
and
3
(2.4) CU'() = £ U'(0) + F(U()) — €U(€) — F(U(0)) + / U(C)dc.

Using (2.1), (2.3) and Gronwall’s inequality, we obtain
(2.5) U@ < U (0)] elPelel=€0/3e,

where a:= sup |[VF(V)|.
Vi<m

Integrating (2.3) over (—v/¢, /) and performing a change of variables in the resulting integrals,
we arrive at the identity

0(0) [ g = S (U(VE) - U(-v)

1

(2.6 +2rwo) [ e lag- 2 [ P de

-1

c -1
1 [t ¢ -
- (¢7=€7)/2
Tz /_1/0 Ce P(U(y/C)) d¢de.
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In turn, this leads to
1
2 1
o) [ €< L[ VE V) - U(-vE)
—1

1 p€
2.7) + sup [PUWED)] (2 [ [ ¢l acag)|

~1<€<1

6
<= (M+ sup |[F(V)]).
€ V<M

On the other hand (2,1), (2.4) and (2.7) give

(2.8) U< — (1L+1€]) -

o [ Q)

Relations (2.5), (2.7) and (2.8) imply that any solution obeying the bound (2.1) will also

satisfy the first derivative estimates

c €] < 2a
! £ —
2.9) U< {E jouccrne [ s pn + 0<EST
In (2.9) the constants C' and « depend only on  sup |U(§)|, while the exponent becomes
—oo<€<oo
negative for || > 2a. In addition, (2.2) yields
1
(2.10) 0"l < - (e +1€D U )1,

which in conjunction with (2.9) provides an estimate for the second derivatives.

2.2. The Construction Scheme. Let ¢ € (0,1] be fixed and consider the two-parameter

family of boundary-value problems

U +pPU) =eU" —l<é<d
(2.11)
U(tl) = pUx
with parameters p € [0,1],! > 1. The following theorem [Dy, p.3] provides sufficient conditions

that guarantee the existence of solutions for (P.). We outline its proof for the sake of completeness.

Theorem 2.1 Assume that there is a constant M depending at most on U_ |, Uy, the function

F(U) and € (but independent of p and 1), such that any solution U (&) of (2.11) satisfies the bound

(2.12) sup |U(§)| <M.
PR

Then, there exists a classical solution of (P.) denoted again by U(§) and defined on (—oo , 00).
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Proof. First, solutions of (2.11) are constructed by means of a continuation argument. Given a

smooth function V the solution W of the boundary-value problem

EWT(E) FEW'(E) = FV(E)  —1<é<l,
W(=1)=U_, W) = Uy

(2.13)

is computed by the formula
¢ ¢
WO =U-+ 0 [ e Fact / F(V(Q)) dc

—1

/ / re = P(V (7)) drdC,

where the constant Uy € IRY is calculated by

(2.14)

o [ e dc= s -1 )—3/ F(V(0)) d¢

//Te’zz‘fz V(r)) drdc.

(2.15)

Set X = CO([~1,1];RYN) and

Q:={UeX: sup |U)|<M+1}.
i<t

X with the sup-norm is a Banach space and €2 is a bounded, open subset of X. Consider the
map T : Q — X carrying V € Q to W = T(V) defined by the relations (2.14) and (2.15). T is
compact and continuous, and classical solutions of (2.11) are identified with fixed points of uT.
The map I —uT : Q x[0,1] — X satisfies the hypotheses of the Schaeffer fixed-point theorem (e.g.
Rabinowitz [R, Ch V]). Hence, for each p € (0, 1] there is at least one solution of the equation
U—pT(U) =01in the set Q.

Let now U(-;!) denote a solution of (2.11) for 4 = 1. In the last step, solutions of (P.) are
constructed as [ — oo limits of U(-;[). Proceeding as in the derivation of (2.9) and (2.10), it
follows that such solutions satisfy the bounds (2.12) and

\U' (€51 < Qe(wlil—&?)/?E
(2.16) é
[U"(& D] < 5 (14 [g]) elelel=enree

with C' and « depending on M but not on [. Extend U(-;!) outside [/, (] by setting U(£;!) =
for € < —l and U(&;1) = Uy for € > [. The Ascoli-Arzela theorem, together with a diagonal
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argument, implies the existence of a sequence {/,}, [, — 0o, and a function U € C'((—o0, 00) ;IRN)
such that U(-;1,) — U and U’'(-;1,) — U’ uniformly on compact subsets of IR. Because of (2.16)
the convergence is uniform on IR and U(+oco) = Uy. Passing to the limit /,, — oo shows that U is

a classical solution of (P.). g

2.3 The a priori estimates. The scope of this section is to provide the sup-norm estimates
that authorize application of Theorem 2.1. In the sequel, U(£) stands for a solution of the family
of boundary-value problems (2.11) defined on [—/,!] and depending implicitly on x, [ and €. In the
process of estimating U(§) we pursue ideas that were developed by Dafermos and DiPerna [DDp]
in the context of 2 X 2 systems and use the concept of entropy-entropy flux pairs (Lax [Laz]).

A scalar-valued function n(U) is called an entropy for (1.1), with corresponding entropy flux

q(U), if every smooth solution satisfies the additional conservation law

(2.17) on(U) + d.q(U) = 0.

Such pairs (p(U), q(U)) are generated by solving the system of (linear) differential equations
(2.18) Vq(U)=VnU)VFU).

Trivial examples of solutions are provided by (¢-U, ¢- F(U)), with ¢ any constant vector in IRY.
Since (2.18) is overdetermined for N > 3, for systems of three or more equations the existence
of (nontrivial) entropies is the exception rather than the rule. Nevertheless, specific systems that
arise in applications are often naturally endowed with some entropy-entropy flux pairs. Also, the
class of symmetric hyperbolic systems, that is systems for which VF(U) is a symmetric matrix,

admits the pair
1
(2.19) n(U) =3I qU)=U-FU)-g(U),

where g is a potential for F' satisfying F'(U) = Vg(U).
Let (n(U),q(U)) be an entropy-entropy flux pair for (1.1). Using (2.18) we deduce that
solutions of (2.11) satisfy the identity

(2.20) &0 +pd =en —cU - (Vi) U'

where n = n(U(g)) ,q = q(U(f)) In exploiting (2.20), it is helpful to use entropy functions
n(U) that are convex (or linear). The following lemma indicates how to bound the total entropy

production. Given a constant entropy level 7, consider the level set
(2.21) Ch={U e RN : nU)=1q}.
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If C5 is nonempty, let

(2.22) Qn=_sup [q(U1) — q(U2)]
U,,Uz€eCy

be the oscillation of ¢(U) on the level set Cj.

Lemma 2.2. Assume that n(U) is a convex entropy with corresponding entropy flux q(U). If 7 is

any constant such that

(2.23) 7> max {n(pU-),n(pU+)}

then for any (o, 8) C (=1,1)

B
(2:20) [ i) -nae < &
where K = Qy if n(U(&)) > 7 for some £ € (o, 3), and K = 0 otherwise.

Proof. The proof is based on the following observation. Let 7 be a fixed entropy level and suppose

that a, b are two points in (—/,/) with the properties ¢ < b and
(2.25) n(U(a)) =nU®)=n  with (noU)'(a) 20, (noU)'(b)<0.

Integrating (2.20) over [a, b], we obtain

(2.26) / (U (&) - m) d¢ +e / U'(€) - ViU (&) U'(€) d¢
< —plgU®) - q(U(a)] < Q,

which, upon using the convexity of n(U), yields

2.27) [ ey -n)de < .

If n(U(&)) < qfor =1 <& <[, then (2.24) is trivially true with K = 0. So suppose that the
set {£ € (=1,1) :n(U(&)) > 7} is nonempty. It is also open and thus admits a decomposition into

a countable union of disjoint subintervals
(2.28) {ee (=10 nUE)>n}= (@b,

kel
where k ranges over an index set [ (either a finite set or the integers). For 7 restricted by (2.23)
the points a; and by lie in (—{,1). Also, since n(U(&)) > i for ay < & < by, with k € I, relations
(2.25) are satisfied at the endpoints ay , by.



Given any (a, 8) C (=1,1), choose a, b as follows: If n(U(a)) > 7 set a = sup{ay < a}, while
if n(U(a)) < 71 set a =inf{ar > a}; if n(U(B)) > 7 set b = inf{by > B}, while if n(U(8)) < 7 set
b = sup{br < B}. If n(U(§)) > 7 at some & € (o, ), a and b are well defined, a < b, relations
(2.25) are satisfied at a, b and

¢ b
(2.29) [ nwe)-nde< [ o) - s Q.

Otherwise (2.24) holds with K = 0. g

In general the quantity ()5 depends on the form of the level set C5; as well as the function
¢(U) and may be infinite. If it happens that C; is a compact set, then @ is finite and (2.24)
provides an integral estimate independent of x,/ and €. An entropy is called normal if n(U) — oo
as |U| — oo. If the system (1.1) is endowed with a convex normal entropy, then nonempty level
sets C; are compact, and that leads to integral estimates of the type (2.24). For a symmetric
hyperbolic system n(U) = %|U|2 is an example of a convex normal entropy.

Next, we present two approaches for obtaining the sup-norm estimates (2.12). The first exploits
the entropy identity (2.20), and requires the existence of a strictly convex, normal entropy function

n(U), defined (only) on the exterior of some open ball in the state space.

Proposition 2.3. Assume that (1.1) admits a strictly convex, normal entropy n(U) defined on
the exterior of a ball and satisfying the growth restriction: There are ¢ > 0 and positive constants

C' and ro such that
(H) Va(U))* < CoU)n(U)*™"  for |U] 2o,

where v(U) is the smallest eigenvalue of the Hessian V2n(U). Then solutions of (P.) exist for

every € > 0.

Proof. Let 5(U/) be a strictly convex, normal entropy defined for {U € IRY : |U| > r¢} and
satisfying (H) for some ¢ > 0. Without loss of generality we may assume that n(U) is positive.
Let U(&) be a solution of (2.11) on (—,!). For those £ that |U(§)| > r¢ equation (2.20) is satisfied.

Let r > max{|U4|,|U_|,ro} and 7, = maxy|=, n(U) be fixed and choose two entropy levels

19 > 11 > 1, > 0. Consider the set

(2.30) A={&e (=10 :nUE) >0, UE|>r}.

Since n(U) — oo as |U] — oo, if the set A is empty then sup_,c.; |[U(§)| < M, for some M
depending on 73 and r, and thus (2.12) holds in this case. So, assume that A is nonempty. It is
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also open and thus admits the decomposition A = (J, ¢ (ax, bx) into a countable (or finite) union

of disjoint intervals. In addition the choice 72 > 7, implies that, for any & € I,
n(U(E)) >n for ap <& < by,
(2.31)
n(U(ar)) =n(U(bk)) =02 and  (nolU)'(ax) 20, (nol)'(bx) <0.

Henceforth we focus on a fixed interval (ay,by). Let 74 be a point where n(U(§)) assumes
its maximum in the closed interval [ay, bi]. Using Schwarz’s inequality, the strict convexity of 7,

hypothesis (H) and relations (2.31), (2.25) and (2.26) we obtain

" U) T o gl
(2.32) <[y TR [ o v i
<o [ ) a2 )

Qg

For those U € IRY that n(U) > 7, > 71 > 0, it is

(2.33) n(U) = > B ().

Then (2.32) yields the estimate

NS
vl
D=

@3) UD€ )+ @) () () - ) )

€ (77'2 - 771) ag

Set a = inf{€ € (~ax) : (U(Q) > M on (€ ax)}, b= supf€ € (D) : H(UQ) > 71 on (by,E))-
Since |U(£l)| < r and 71 > 7, a, b are well defined and satisfy -/ < a < ap < by < b < [. In
addition (2.25) holds and, as in the proof of Lemma 2.2,

(235 [ awen - s [ m0©) - m) i< @,

k
As a consequence, the right-hand side of (2.34) is bounded independently of &, and (2.12) holds in

the case that A is nonempty too. The conclusion now follows from Theorem 2.1. g

Regarding the growth assumption (H) the following remarks are in order. If the strictly

convex, normal entropy function is of the form n(U) = (1/p) |U|?, with p > 1, one easily calculates
(2.36) Vn(U) = |UP2U, Vig(U)=UP 2T+ (p-2)|UP*URU.

The Hessian of 7 is a positive definite matrix having eigenvalues: (p—1)|U|P~2 with corresponding

eigenvector U, and |U|P~2 of multiplicity N — 1 with corresponding eigenvectors U+ any vector
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orthogonal to U. Hypothesis (H) is then satisfied with ¢ = 2. On the other hand, if n(U) grows

like a power up to first order derivatives, i.e.,
1
(2.37) U <n(U) < fUl”, [V(U)] < U7,

for some positive constant ¢, then (H) becomes a restriction on the decay of the minimum eigenvalue
for U large and is satisfied provided that v(U) > |U|~* for some s < p 4 2.

As a consequence of the above remarks in conjunction with Proposition 2.3, we have.

Theorem 2.4. If (1.1) is a symmetric hyperbolic system, then solutions of (P.) exist for every

e > 0.

In the interest of developing technique, we present an alternative way for establishing (2.12)
for symmetric hyperbolic systems. The actual result is weaker than Theorem 2.4, as it requires a

growth assumption on the flux F(U), but the approach may be useful for other problems.

Proposition 2.5. Suppose that (1.1) is a symmetric hyperbolic system, such that the flux function

satisfies the growth assumption
(2.38) [FU)] < C+[U)?

for some positive constants C' and p < 3. Then solutions of (P.) exist for every ¢ > 0.

Proof. Symmetric hyperbolic systems are endowed with the entropy - entropy flux pair (2.19), for
which (2.20) takes the form

(2.39) —E(UP) +2p(U-F(U) - g(U)) =€ (JUH)" = 2e|U"?.
The function ¢ is a potential for [ satisfying F(U) = Vg(U). It can be defined by the formula

(2.40) g(U):/1 %g(tU) dt:/l FGtU)-Udt,

where g has been normalized by setting ¢(0) = 0. Assumption (2.38) induces a growth restriction

on g as follows:
1
(2.41) g(U)] = |/ FU)-Udt] < C (14 U]
0

Set r = max{|U_|,|U4+|} and consider any point & € (—I,I) such that |U(£)| > r and
(d|U)?/d€)(&) > 0. Define & = inf{¢ € (£,1] : |U(Q)| < |U(£)|} and observe that & is well
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defined with & < & < [. Moreover, |U(£")] = [U(&)], (d|U|*/d€)(€") < 0 and |U(C)] > |U(&)] for
& < ¢ <. Integrating (2.39) over [£,&'], we obtain

’ ’

13 , 13
i/CWWHOM+%/IW@VM
13 13

(242) +2u [U(€) - FUE) - g(UE)) - UE) - FWUE)) + 9(U(E))]
= (d|U2/d€) (€') — e (d|U2/dE) (&) -

Since

(2.43) —L ¢(UR)'() de = / (U1 = 1U©P) & > 0,

(2.42) together with (2.38) and (2.41) yield

(2.44) CUE (6 < sc 4 u@E)H

dg
Note that the bound (2.44) holds for any & € (—[,[) such that |U(§)| > r.

To conclude the proof fix two levels ry and ry, with r9 > r{ > r, and consider the set
B=A{¢e (=L1): |UE&)| > ry}. If Bis empty then (2.12) holds and Theorem 2.1 implies the
desired result. If B is nonempty, then it can be decomposed into an at most countable union of
disjoint subintervals (ag,bg) such that |U(ag)| = |U(bg)| = r2 and |U(&)| > re for ar < € < by.
In each of the intervals [ag, bx] the differential inequality (2.44) is satisfied. Next, fix £ and let
Tk € [ak, bi] be a point where |U(7;)| = maxq, <¢<p, |[U(§)|. Lemma 2.2, applied for the entropy
n(U) = |U|* and the level 7 = r?, implies
(2.45) [ awer -y de<qp; <o

ag
Since the ratio |U[*~?(1 + |U))!*?/(JU|* — r%) remains bounded for [U| > ry, using (2.44) and
(2.45) we deduce

T 1-p d|U|2 o [ 2 2 1
(2.46) - [Twerr B a <o [T (uer -y <oy
ag A
In turn, performing the integration in (2.46) yields
3 _
(2.47) UEP < (r2)* ™ 4+ =20 Qe
for p < 3, and
(2.48) U (r)| < rpe” 2%

for p = 3. In either case (2.12) holds and proof is complete. g
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3. Solution decomposition - The main result

The aim of this article is to construct solutions of the Riemann problem (P) as ¢ — 0 limits
of solutions of (P.). The central difficulty lies in obtaining e-independent variation estimates for
families of solutions of the problems (P.). The reason is that, even for Riemann data, there
are wave interactions induced by the coupling through the self-similar viscosity that need to be
accounted for. The derivation of the variation estimates follows from a lengthy analysis, carried
out in Sections 3-7. The present section serves as an introduction, where we outline the general
strategy, introduce the main hypotheses, and present certain interesting geometric properties.

Our approach is motivated by a detailed study of the following question: Suppose we are given
a family of solutions to (P.) of uniformly small oscillation :

(Co) sup  [U:(§) —U-_[<p .
—oo<{<oo
Such a family would also satisfy uniform L* bounds
(Ch) sup  |U(§] < M,
—o0<{<oo
where the constants M and p are independent of € and p is also small. Examine under what

structural hypotheses on (1.1) the family {U.}.s¢ is of uniformly bounded variation :

It is instructive to give a proof of () for the single conservation law, which contains some
ingredients of the approach followed for systems. Let {u.}.s0 be a family of scalar-valued functions

satisfying

ug = —Cuz + f(ue)
(3.1)
us(+00) = ug .

and the uniform bounds (C}) (which are easily justifiable in this case). Let A(u) = f'(u) be the
characteristic speed of the associated hyperbolic equation. It is easy to see that solutions of (3.1)

satisfy the representation formula

! _ _ € i
(3.2) ul (&) = (uy —u_) e 100

where

3
(3.3) g:(&) = /a s — Au(s)) ds.
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From the form of (3.2), it follows that {u.} are uniformly bounded in L' and thus {u.} is of
uniformly bounded variation.
Returning to the general case, we note that the system (1.1) is assumed strictly hyperbolic,

but no other structural assumptions are imposed. The eigenvalues of VF(U) are denoted by

(3.4) AM(U) < X(U) < ... < An(U)

and are ordered. The corresponding right eigenvectors ri(U), ..., rx(U) and left eigenvectors
L(U), ..., In(U) are linearly independent and satisfy the relations

(3.5) VEWU)r;(U)=XU)r;(U),

(3.6) LWU)-VEWU) = X\U)L(U),

57 L)) ={% 17

r;} and {[;} form a pair of local bases in the state space IRY. By normalizing one of these bases
p P y g

we can attain

The family {U.}.>0 consists of solutions to the boundary value problem (P.) that connect
two fixed end-states U_ and Uy. Conditions that guarantee existence of solutions for (P,) are
given in Section 2; nevertheless, the forthcoming analysis is independent of such considerations,
and eventually it will also suggest a construction scheme. We assume the members of {U,}.s¢
satisfy the hypothesis (C,) of uniformly in e small oscillation and (a-fortiori) the uniform bound

(Cp). That restricts the data U to satisfy

(Hp) U —U_| <r
with r sufficiently small. Also, each wave speed is bounded
(3.9) Moo < Ap(U-(€)) < ey

by constants Ax_, Ax4+ independent of €. By choosing p sufficiently small, we guarantee that the

wave speeds are totally separated along the family {U.}.s0, that is
( ) Ai- < (Ua(f)) <A <A <y (Us(f)) <ot < L
3.10
<AN=1)= S AN=1(U=(9) € Avony+ < An= S AN(U:(9)) < Any -
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The bound (C}) implies that the derivatives of U, satisfy the estimates (2.9) and (2.10) with the
constants C' and « independent of €. In the sequel we use the following conventions on notation :
The e-dependence will be suppressed from functions, except at places where emphasis is needed.
By contrast, any e-dependence of constants will be explicitly indicated by either recording the
precise dependence or by using ¢ as a subscript.

Consider the decomposition of U! in the basis of right eigenvectors evaluated at the local value

of the solution U, :

(3.11) ULE) =Y ar(&) re(U=()) -

b
Il
—

(3.12) ar(§) = lk(U=(€)) - UL(E) -
Also, integrating (3.11) over (—o0, 00), we have
(3.13) U -U-= Y [ a0 nlv©) dc.

To compute the equations that aj satisfy, take the inner product of (2.2) with [;(U.) to obtain

& a4+ M (Ue(§)) ax = ek (U(E)) - UL

(3.14)
=cay, —eVI(U.(§)) UL - UL,
and hence
(315)  eai+ [ = MU ar = Y Y [VI(U(6) rm(Ue(€)) - rn(U=(6)] am -
If we introduce the notation
(3.16) Ak = A (U(8))
(3.17) Br,mn = Brymn (Ue(€)) = VIg(Ue(€)) rm (U (€)) - 10 (Ue(§))

then ay satisfy the coupled system of ordinary differential equations with variable coefficients

N N

(3.18) cay+ (E=Ap)ap=¢ Z Z Br,mn U G, -

m=1n=1

16



At this point several remarks are in order. First, the decomposition (3.11) is partly motivated
by the classical solution of the Riemann problem (Lax [La;], Liu [Liz]). It is expected to capture the
behavior near rarefactions, but it is not a priori clear that it should work well near shocks. Good
overall performance would indicate that (3.11) captures the nature of diffusion induced averaging at
a shock. The quadratic terms in (3.18) represent the effect induced on the k-family by interactions
of waves of all the families, and (j ,,, measure the weights of such contributions. By virtue of

(Cb), Br,mn are uniformly bounded

Let gi be the antiderivative of

(3.20) g =& = A =& = A (U:(9))

defined within an arbitrary constant of integration by

13
(3.21) gr — / s —Ae(U:(s)) ds .
In view of (3.9), it is
(3.22) s — Apt < s = A (Us(s)) <5 — Ajp—

which in turn implies g}, > 0 for &€ > Ay, g} < 0 for £ < A;_, and g looks like a potential-
well function (see Figure 1). Let pi. be a point where gj attains its global minimum, gx(pk.) =
min gx(&). Then A < pr. < Apq while the value of gi(pk-) depends on the choice of the arbitrary
constant in (3.21). By setting

S
(3.23) gk (&) = /pk s — Ag(Ue(s)) ds
we attain gx(€) > gr(pre) = 0 for £ € IR. Furthermore, A (Us(pre)) = pr= and gx (&) = O(|€)?) as

Consider the linearization of the system (3.18). It consists of the decoupled system of equations
(3.24) e+ (€= M) =0,

whose solutions are constant multiples of

1 [é
-2 =X (Ue d
—Lg; E‘Lkes k(Ue(s)) ds

o] 1 = IES
[ emzod¢ ffoooe_;f%e s—mUs(s))dst

(3.25) Pr =
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Due to their form {p.} are strictly positive functions that are uniformly (in €) bounded in L.

FIGURE 1.

A comparison of (3.24) with (3.1) and (3.25) with the representation formula (3.2) shows that,
for the case of the single equation, it is precisely the above step that provides the variation bounds.
Due to the quadratic terms in (3.18) though, this is insufficient for systems of conservation laws.
There are two problems that we need to account for, in the case of systems. First to understand
the effect of the quadratic terms. Second, differential systems like (3.18) are best handled with
pointwise conditions. On the other hand the only existing information (3.13), relating the data Uy
with the amplitudes ag, is of integral type. It is thus necessary to devise a scheme that connects
pointwise with integral information.

We proceed by introducing a decomposition of ay in the form

(3.26) ap =T ok + bk,

18



where ¢y, is given by (3.25) and 6} satisfies the system of differential equations

N N

m=1n=1

Then the sum 74 ¢ + 05 is a solution of (3.18). The idea is to seek an asymptotic expansion
of the wave amplitude ay in a parameter 7 = (11, ..., 7n), where 74 is thought as a measure of
the strength of the k-th wave, and to construct an expansion uniform in ¢ in the L'-norm. In
this expansion 7y is the leading term and 6y is the error, which should be of order O(|7]?) as
|7| = |m| + ... + |7n| = 0. Clearly, such an expansion depends on the provided data, and the key
question becomes under what conditions to solve (3.27).

Next, we outline the strategy we follow and the attained results concerning those problems :

Fix ¢, ¢2, ... ,en to be the respective middle points of the intervals [Aj_, Ai4], [Aa—, Aog], -,
[AN—,An+]. Given a constant vector 7 = (1, T2, ..., TN) € IRY, we consider (3.27) subject to the
conditions

and for |r| sufficiently small construct a solution 6, (&; 7) that satisfies the estimate

N
(3.29) b5 S CIP Y om
m=1

This construction is performed in Section 5. It is based on detailed estimates, that are presented
in Section 4, on the functions ¢ and on integrals involving ¢,,¢, and capturing wave interac-
tions. The method is to apply the uniform contraction principle to a weighted space of continuous
functions. The selection of the weight is motivated by the analysis of Section 4. The analysis of

Section 5 validates the asymptotic expansion

(3.30) ap(-57) = TioR(s) + 0k(-5 7)

for the amplitude aj in the parameter 7. Note that a, satisfy the pointwise information
(3.31) ak(ck; ) = Tk o (ck)

and solve (3.18) but not necessarily (3.13).
The objective of Section 6 is then to show that there exists a choice of 7 = (71, ..., 7n) such
that (3.13) is fulfilled. To this end, we consider the map S : IR™ — IRY that connects the wave

strengths to the boundary data by taking 7 to
N o0

(332 S =U-+ 3 [ [reen(6) +6u(G 1] ralU(0)) .
k=177
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We show in Section 6 that S is locally invertible in a neighborhood of 7 = 0, and that the inverse
map S~! is uniformly bounded independent of ¢.

In Sections 4 to 6, we identify the precise hypotheses (supplementary to (3.10)), on the behavior
of the wave speeds Ay and the right and left eigenvectors ry and [ along solutions U,, that are
necessary to carry out the intermediate steps. All these hypotheses are fulfilled if the oscillation
of the family {U.}.so is restricted, uniformly in €. It is convenient to phrase the analysis by
using a general function V' of restricted oscillation, sup;c [V (§) — U-| < g, in the place of a
member of {U.}.so Apart from splitting naturally the various parts of the analysis, this has
another advantage. The considerations of Sections 4 to 6 motivate a construction scheme that
enables us, given Riemann data Uy with |Uy — U_| small, to use the Schauder fixed point theorem
and construct solutions U, of (P.) that are of uniformly small oscillation as well as of uniformly
small variation. One interesting feature of the scheme is that it is based on the quadratic equation
(3.18) rather than on a linearized equation. This final part of the analysis is carried out in Section

7. It justifies in particular Hypothesis (C,) and leads to the following theorem.

Theorem 3.1 Assume that (1.1) is strictly hyperbolic and let U_ be fized. There exists r sufficiently
small such that for ¢ > 0 and |Uy —U_| < r the problem (P.) has a solution U, with the properties:
(i) The family {U.}.so satisfies (C,) with some p independent of e.

(i) The solutions U, satisfy the representation formula

N

(3.33) Ul= Z [ Treok + 0k (572)] re(Ue),

where @y, is given by (3.25), 05 (-; ) satisfies (3.29), and 1. solves S(r.) = Uy.
(iii) The family {U!}.s¢ is uniformly bounded in L*(IR) and {U.}.>0 is of uniformly bounded (and

small) variation.

We list below certain properties of S = F/(U) relating to the coefficients By, ., = Vigry, - 1y
First, {rx} and {lx} form bases of the (trivial) tangent and cotangent spaces of the state space
at each U. Let f/ be the components of F and consider the action of the Hessian V2F(a,b) on
the vectors a, b € RY. V2F(a,b) is vector-valued with components a - V2f7b. Since V2f7 is
symmetric, it follows that V?F(a,b) = V2F(b,a). For U fixed, t € IR and a, b € IRY equation
(3.6) implies

(3.34) l(U+ta) - VFE(U +ta) b= A\p(U +ta) l(U +ta) - b.
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Differentiating (3.34) with respect to ¢ and setting ¢ = 0 in the resulting equation, we deduce the
identity

(3.35) I - V?*F(a,b) = (VA -a) (I - b) — (Via) - (VF = X\ )b,

which, in turn, yields the well-known identities

ly - V2F(rm,rn) = (Vg rm) (- rn) + (A = A0) (Vg rm - m4)

(3.36) k= A)(Vlgry o) k#m,
B { (VAk-7rm) (le - i) k=n.

The coefficients 3 ., are related to the second derivatives [ - VQF(rm7 r,) whenever k # m or

k # n. There is also the formula

The coefficient By xr = VI 7y - 1, does not appear in the above relations. To explain that,
consider the effect of renormalizing the eigenvectors on the coefficients 3, and especially to
B kk- Let {7} and {ik} be a given set of right and left eigenvectors and set ry = 7x7g, [x = sily
where 7, = 7 (U) and sy = s (U) are renormalizing factors with 7, > 0, s > 0. A simple

computation shows VI, = Zk ® Vs + skVik and thus

ﬁk’,mn - Vlk "m *Tn = TmTn [(f‘m . Vsk) (ik . 72n) + Skvik 72m . f‘n]
(3.38) . .
= TmTn [(fm . Vsk) (lk . 7271) + Skﬁk,mn] .
If £ # n the renormalization has no effect on the sign of 3y ,,,. However, if £ = n the renormal-
ization of the left eigenvectors affects 3y .1 and can make it to be zero.

In particular, on a small neighborhood of some state U, we can choose a renormalization so

that the resulting eigenvectors satisfy simultaneously

(3.39) lp-rp=1, Vigry -1, =0.
To this end, choose first s, so that

(3.40) (71 - V) (lg - 7x) + 5k Vigfp -7 = 0.

(3.40) is a hyperbolic equation for si. If we assign data for s; on a hypersurface S transversal to
the vector field 7, the Cauchy problem for (3.40) has locally a unique solution. If the data are
positive then s, > 0. Following that, 7, is chosen so that Te8gly - Fr = 1. The resulting {ry}, {{x}

have the desired properties.
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4. Properties of the functions ¢ - Wave interaction estimates

Let C%(—o0,00) stand for the space of the continuous, bounded (scalar or vector-valued)

functions. Consider the set

(4.1) Q={VeC(~00,00) : sup|V(€)-U_|<pu}
¢ER

and suppose that p is sufficiently small so that the wave speeds Ag(V) are bounded and totally
separated for V € Q :

(Ay) A= < Xe(V(©) < it

Ao < N (‘/(f)) < /\1+ <A < Xy (V(f)) < /\2+ < ...

(Az)
<Av=1)= <A1 (VI(©) € Avony4 < An= < An(V(9) < Ans -

Consider the linearized equation

(4.2) e+ (€= A(V() or = 0.

The fundamental solution of (4.2) may be written in the form

1
e~ <9k L =15 sox(V(s) ds
e Pk

4, o = -
(4.3) Pk [Z et dc I

3

where

13
0 :/ (¢ = M(V(O)] e,
(4.4) P

oo 0 e
I.. = / 6_%9k dC — / e‘;fpk s—Ak(V(s)) ds dC .

Recall that g has the form of a potential-well function (c¢f. Figure 1) and that pj is selected

as a point where g; achieves its global minimum. As a result py satisfies Ax— < pr < gy,

Ae(V(pr)) = pr and
(4.5) 9x(€) > grl(px) =0, ¢eR.

The aim of this section is to establish various estimates on the functions ¢ and integrals involving
them, that are needed in the forthcoming constructions.

We begin with a careful analysis of the behavior of ¢, in the limit € — 0. Given a positive
function h(e), we use the customary notation f(e) = O(h(e)) as € — 0 to mean that there are

constants g¢ sufficiently small and C such that |f(e)] < Ch(e) for 0 < € < &.
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Lemma 4.1. Suppose the wave speed A (V') satisfies (Ay).

(i) If dix = Mgy — Ak— > 0, then as € — 0 :

1
(4.6) Wdiglksgdk—l—\/%rg,
'k
d
(4.7) 0< @ <O() =,  forgeRr,
and
dy, —L(e=2o)?

er(€) S O(1) — e yo for &< A,
4.8
- U L (e-Niy)?

er(€) S O(1) —emmimtnl o for &> Apy .

(11) If dk = /\k-}— - /\k— = 0, then

1 . '
(4.9) I =V2me,  ¢i(6) = om (6= 2en)

Proof. Assume first that dy > 0. Performing the change of variable { = px + /2 7 in the integral
(4.4), we obtain

Iy = /OO — 2 ( dC Ve / e~z 9k (Pt /En) dn
1 pk+\/sn _ R R
_\/—/ Ae(V(s)) d dn.

Using again the change of variable s = py + /e 7 and (4.5), we have

(4.10)

1 1 [PetveEn
ggk(Pk‘l—\/gU): g/ s —Ap(V(s))ds
0

k

) = [ o vE) - o)) Jar
>0, fornpeIR.
We notice that for n > 0
412 [ DVt VE) AV (o) L dr < L+ O = M)
while for n < 0
413 [ e PV (et VE) = etV (o) L dr < L= - (e = )
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Therefore (4.10), (4.11), (4.12) and (4.13) provide the estimate

he=vE [ ew{ = [T e Lt vED) - v ar
R e A R e R R P

(4.14) )

a2 0 dy 2 d2 o0 dy )2
Zx/gef / 6_%(77__2) dlrl_l_\/ge% / 6_%(77—}_\/_%) dlrl
— 0

., o -
d = 2 2
= JEe® (/ \/_e_%dC—l—[i e—%dg).
oo 3

The asymptotic behavior of the last integrals can be evaluated by using the limits

[e's] ¢? z2
2 d —e
(4.15) lim fzeizzf = lim ig — =1
r—00 le—T :E—)oo_xl_ge T e 5
T ¢? 2
e~z d -5
4.16 fm AT ‘ =1
(4.16) g : 3
T——00 _le—% T——00 ;—26_% _}_e—%
and yields for small ¢
4 1 Ve _% 1 e _4% 1 e
417 I, > Jee® ——e——e+——e——s>:——.
(4.17) 2 Ve (o M d 0 &
Next, observe that for & > Apy > pi
£
9 = [ 5= MV () dst gu0ns)
(4.18) - 1
> [ o= ) ds = € A
Ak+
while for & < Ax_ < pi
13
(@ = [ 5= () dst genec)
Ak
(4.19) . 1
> —/ (S—/\k_)d.SI 5(5—/\k_)2.
3
Therefore, (4.4) and (4.5) imply
Ak~ 1 2 oo 1 2
1. S/ e 3 (=) dC-l-dk—l-/ e~ 2 (M) g
Ak+

(4.20) - -
:dk—l—\/g/ 6_%n2d77:dk—|—\/271'€
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which together with (4.17) complete the proof of (4.6).
Estimates (4.7) and (4.8) follow from
—Lgk(9) d L
(421) prl€) = < O(1) T e,
Ikg £
a consequence of (4.3) and (4.6), in conjunction with (4.5), (4.18) and (4.19). Finally, if dy = 0 then

Ak(V) remains constant, say Ax_, and (4.9) follows from (4.3) and (4.4) via a direct calculation. g

Remark. To expand on the implications of the lemma, suppose we are given a family of functions
{U.}->0 C Q and that for each U, we define the corresponding solution ¢y, of (3.24). Then (4.8)
implies that ¢x. — 0 as ¢ — 0 uniformly on any interval of the form (—oo,ax] U [bg,00) with
ap < Ag— < Apg < bg. The family {@k-}.>0 is uniformly bounded in L' and thus there exists a
subsequence ., with €, — 0 and a finite Borel measure ¢ with supp ¢ C [A—, Ax4] such that
©ke, — ¢r weak-x in measures. For the single conservation law or the equations of isothermal
elasticity, objects similar to ¢ yield the same structure for the Riemann problem solution as that

obtained by the Liu shock admissibility criterion. (¢f Tzavaras [Tzg]).

Our next task is to study certain integrals involving ¢,, and ¢, that calculate the effect of
interactions between elementary waves. It is convenient to introduce the notation:
dj, = length of the interval [Aj_, Api],
¢ = middle point of the interval [Ag_, Agy],
d(&, ;) = distance between the point £ and the interval [Ag_, Agt],
D = d(Ap, Ay) = distance between the intervals [A,,—, Amy] and [A,—; At ]
Because of (A2), Dy, > 0. Also, we may assume without loss of generality that dy > 0 by replacing
(4.9) with the weaker estimates (4.6 — 4.8). Lemma 4.1 indicates that ¢ has the form shown in
Figure 2. The behavior of ¢ is uncontrolled in the interval [A;_, Axs], where the wave speed
Ax(V') takes values, but its amplitude is at most of order O(é) For & & [Ak—, Ap+], wr decays like
O(é e‘ﬁd(g’kk)g). It is expedient to fix points ay, by, k=1, ..., N, such that

a1</\1_§x\1+<b1<a2</\2_§/\2+<b2<...
(4.22)
<an-1 < Ano1)- S ANo)s <bvor <ay <An- < Ang < by,

and introduce the notation

1 .
(4.23) sp(e)= max ¢@p(§),  ax=-min{lar — Ne—|?, [br — Mg ]*}
E¢[ak k] 2
Then (4.8) implies
1 (e
(4.24) er(€) < si(e) < dk0<g E_Tk) : £ & lay, by],
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and s () serves as a global bound outside the main support of the wave. The function A = 1 e

describing the decay rate behaves as follows: As e increases hj increases from 0 to its maximum

value 1/e oy, achieved at € = «ay, and then decreases down to 0 as ¢ — oo.

<pk(E)

FIGURE 2.

Lemma 4.2. Suppose the wave speeds A\ (V') satisfy (Ay) and
(As) (14 V3) (dn + di) < d(Aky Am) = Digmi

for V. € Q. Then there exist constants oy, > 0 depending on dy, d,,, Dy, but independent of ¢,
V' such that

3 km
(4.25) ‘e_égk/ eegk( dd { €Pm +O(e” )%pk, m # k,
Ck g_ck|5‘9k7 m = k.

Proof. When m = k, (4.25) follows from a direct calculation. So suppose that m # k. Using the
notation Ay = Ag(V(€)) and (4.3) we obtain the chain of identities

1 ¢
13 5 L[t s-ands
/ (C)dC—e_% MS/ Hlprwan e T d¢
Ck

Ims

- S—Am ds

(426) :E P m / f s—Ag ds —%f S—Am dsdc

zvm/ e:fg g
Ck

f A=Ak ds [Am = Ay
d
/ A ) ©

eds (1 €
5/ f Am =i d d(—/ /\m—/\kd8>‘
Dmk ck £ ¢

—1 [ =0 ds
° (1+e fk k )

Dmk

In view of (Az), we have

firt:

(4.27) =

IN
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Combining (4.26) with (4.27) and using (4.3), we arrive at the estimate

Lot
€ TE L e e L

‘e—%gk/ e%gk@de|SD5 (@m—l-e 2 ¢ sfpk m— Ak Segfpk m— Ak s)
Ck

mk Ims
1 Pk
—= S—Am ds cr
(4.28) £ e ° Jom —L S sohds LA ds
= ©m + € Pk e Pk
Dmk Ims
€ e 1 =L e nndstd [T e ds
= ©m + (6 pm Pk ) ke Pk -
Dmk Dmk' Ims

The goal is to show that under (As) the term in parentheses decays as ¢ — 0. To this end,

observe that

Pk 1 5
(4.29) —/ 5= Ay ds < —§ka
p

m

Ck
p

k

It suffices to show
1
Since the roots of the quadratic —%xQ +z + 1 are 1 ++/3, hypothesis (As) implies the inequality

(4.31) and thus there exists a positive constant ag,, such that

(4.32) o F Lo A st [ A s

The proof of the lemma follows from (4.28), (4.32) and (4.6). g

Our next objective is to use the facts that each ¢y is essentially supported on the interval

[Ak—, Ax+] and that such intervals are distinct in order to estimate the integrals

1 6 1
(4.33) Fk,mn(f)ze‘?gk(@/ =) o (C) pn(C) dS.

Ck
We begin with
Lemma 4.3. Suppose that \p(V), k=1, ..., N, satisfy (Ay) and (As). Then
(i) for m=1, ..., N,

¢
(4.34) \6‘5“‘”/ €% o o dC| < o,
Ck

27



(ii) for m,n=1, ..., N, with m #n, m # k and n # k,

) € €5, €5,(e
\6_?gk/€?gk¢m@nd6\§ ';()%Hr g()som
(4.35) K kn ’“md . dd.
+ [sm(©) 07 ) F "+ 5ule) O )5 i
kn km

Proof. First we show (i). Since

1
—z 9k

Iks

dczwk/gwmdc,

Ck

1 ¢ €
(4.36) Fyomi =€ =% / e 9k ©m
Ck
it follows that |Fj k| < ¢x and (4.34) is proved. Observe next that because of (Aj)
(4.37) Om Pn < Sm(€) ©n+ Sn(€) m, form#mn, £ €R.
Using (4.25) with m # k and n # k, we obtain

3 3
| F mn| < 8m(€) |e_%g’° / e® o dC ‘ + sn(e) ‘e_%gk / eIk ©Om dC‘
Ck Ck

< SD;S;) (€ +0(e™ ") did,n 1) + i):i) (

(4.38)

€@m + O(e” )dkdm ©k) ,

which in turn yields (4.35). g

It remains to estimate the integrals Fj ., with m # k, that account for the effect of self-

interactions. Using (4.3), we write Fj ,,,, in the form

&
_1 1
Fromm = € 5gk/ = o H‘omdc
Ck

_z ¢ s— s
"f s— Akds/ f s—Ap ds € Efﬂ; Am d dc
(4.39)
= S—Ap ds

_6 Pm / fsAkds —%fsA dst

g—l Ak d
zsogn/eefgs g,
Ck

where we have set
(4.40) A (U) =220, (U) = Xe(U) = A0 (U) + (/\m(U) — /\k(U)) .

Note that the ordering goes Ag(U) < A (U) < Ak (U) when k < m and Ay, (U) < A (U) <

Ag(U) when k£ > m. In order to estimate Fj ,m, it is necessary to study the ranges of the wave
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speeds A\x(V) and A, (V) relative to the range of the composite speed Ay, (V), for V € Q, and
to impose conditions that guarantee non-resonance between the wave speeds and the composite

speed. Note that Agp, (V) is bounded by

where the constants Agm—, Agm+ and di,, the length of the range of Ag,, (V), depend only on p.
We introduce the notation

d(&, Agm) = distance between the point £ and the interval [Agm—, Agm+],

d(Ap, Agm) = distance between the intervals [Ay,—, At ]y [Akm—, Akm+],

and impose the strengthened version of Hypothesis (As) :
(A4) T(dm +di) = T[(Amt = Am-) + (Mg = Ae=)] <d(Ak; Am) = D -

It is easy to calculate dim = Agmt — Akm— = 2dy, + di, d(A ey Akm) = Dgm — do, and to note
that the ranges of Ax(V), A (V) and Ak, (V) are separated for V € Q (see Figure 3).

Ae(V) Am (V) A (V) = A (V) + (A (V) = Ae(V))
( A ( AY ( A
\ V4 \ 7 \ V4
akAk— Ak—}-bk Gm Am— Am—}—bm Qe Akm— Ak’m+ bkm
FIGURE 3.

The ranges of Ag(V), A (V) and Ay, (V) for m > k.

Since the lengths dj are of order O(p) while the distances Dy, are of order O(1) as p — 0,
hypotheses (As) and (A4) are not particularly restrictive for solutions of small oscillation. (As— A4)
are imposed for all k,m =1, ..., N, and points agm,, bk are selected (near the support of Ay, (V))

so that, upon rearranging a.,, b, if necessary,

(4.42a) A < Ape <A <bp <t < A < Ay < by < aimn < A < Mg < b
when £ < m, and

(4.42b) Am < Npm— < Akt < bpm < @ < A < Ay < by < ap < A < Ay < by,

when k£ > m. Such choices are clearly possible. The points ag, by are now fixed, while the points

Qkm,y bim Will be selected subject to (4.42) in the course of proving:

29



Lemma 4.4. Suppose that A\ (V), A\, (V) satisfy (Ay — As). There are choices of aym, brm and

constants g, Brm > 0, depending on dy, d,,, Dy, but not on e, such that
(a) if k < m, then

1

3 2 dyp di 1o—2km
(4.43a) ‘e_%gk / et Ok gp?n dd < d(akm Axm) 899”;;}— d( Xk Akm) O(Ee )Pk €< agm,
ck dim dmO(é e” T

€ )Q‘Qm gzakmv

(b) if k> m, then

¢ dim dmO(L =) 1, < by
(4.43b) \e—%gk/ eIk @2, d(| g{ k 1 (562 )sﬁd2 . e € < bim,
o ) € 9m t ooy Oz = )@k, €2 bpm.

Proof. Let k& < m and proceed to prove (a). The ranges of A (V), A, (V) and Ay, (V) for
V € Q are as in Figure 3, and ay,, is any point compatible with (4.42). Let pj, be a point
where the function fcf s — Agm (V(5))ds achieves its global minimum. Then Ay, (V(pkm)) = Prm.s

Akm— < Pkm < Akm—}— and

3
(4.44) Gim (&) :/ s—Agm(V(s))ds >0, forfelR.

Pkm

Consider first the region £ < ag;, < Agy—. In this region Fi ., in (4.39) is decomposed into
the integrals
(4.45)  Fymm = o e dre 7m0 (/£ e e e g / ¢ E L e e dc) .
-0 oo
The first integral is dominant when & > ¢, and the second is dominant when & < ¢i. Since
¢ <& < apm < Apm—, the first integral is estimated by

¢ A s € S Y s s —
/ e ° fﬂkm e 4 d¢ < / e ° fpkm Nk d (Lkm C) d¢
— oo — oo Akm - g

—alfc s—Agm ds

3 ¢
(4.46) < 5/ ¢ e d( — 1/ s—A ds)
N — 0o d(gvAkm) € Jpy F

km
£
£ —%f s—Agm ds
= — € Pkm .

d(akm7 Akm)

In a similar fashion the second integral is estimated by

¢ _1f¢ s—Apg s — 1% s Apn ds
J B e v TR
— 00 A\ Cky Npm
(4.47) o
g _Ef s—Agm ds
S — € Pkm
d(A gy Agm)
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Let Dy = d(akm, Agm), D2 = d(Ag, Agy) and combine (4.45), (4.46), (4.47), and (4.3) to obtain

L[ s A 4
| Frmm| < 62 (i+ieefcks o )
1

(4.48) _ & o2 £ ¢ pm2 e;fcp: s5—Akm ds e% f:k 5—Akm ds
Dy D TEN
e 1 2 [P% s ds+L [P% s—Ap,, ds
= D_ 72n ) 12_ ( fpm f k )Ikg Ok
me

It suffices to show that the term in parentheses decays as € — 0. Using the estimations

Pk
—2/ §—Apds < —D3 |
(4.49) p;n
/ S = Ny ds < (Mgt — A=) dy < 2[Dgpy + (dyy + dip)|(dim + di)

Ck

together with the fact that (As) implies that (4.31) is satisfied, we conclude that

_2 [Pk —Am d 1 [Pk —Agm d Ykm
(4.50) ¢ T L b -2y

In conjunction with (4.48) and (4.6), (4.50) shows (4.43) for £ < agy,, k < m.

Consider now the region £ > ag,. An argument similar to the one leading to (4.20) shows

that

€ _1 ¢ s— s o 1fe s m ds
(4.51) \/ e Lo T g g/ e T e < 4 VTR
Ck

— 00

Therefore, (4.39) and (4.40) give

1t s—Apm ds
Fm] < O(1) dm 02, € Joun "™

6_%fjm s— A ds Lfg
(4.52) = O(1) di o %

d’m — L1 [Phm o s —1 ¢ A —Ag ds
<O() dim Pm (—e 'Sfﬂm Am e Efpkm k )
)

s=Amds —L % 2L -Xids

Pkm € Pkm

The goal is to choose ay,, so that the term in parentheses decays as ¢ — 0, for any £ > ag,,. Since
Prm & [Am—, Ama], the first term decays as ¢ — 0 and its decay rate can be estimated by noting
that

Pkm Akm—
—/ S—Amdsg—/ §$— At ds
(4.53) pm At
1 1
= ——(Apme = A )= —=(Dim — dm)* .
5 (A% +) 5 (Dx )

31



Since A, (U) > Ag(U), the second term decays for & > pi.,, but grows for & < pim,. The fastest

growth occurs for € = ag,, and the growth rate is estimated by

Akm
- Am — Apds < (Am—}- - Ak—) (pkm - akm)
(4.54) /p,m

< (Dim + din, + di) (d(agm, M) + 2dp, + di) .

It suffices to give conditions on dy, d,,, Dy, and to choose ay,, so that

1
(4.55) —Brm = —§(ka —dm)? + (D + dip + di) (d(@hmy Agm) + 2 + di) < 0.
For example, if we choose ay,, = Ag,_ — dp and we require that

then (4.55) is satisfied. By solving the inequality y* — 6zy — 32% > 0 for y/z, we see that (A4)
implies (4.56). Therefore (4.52) yields the estimate

Brm

N )S‘om

1
for £ > agpm, k < m, and completes the proof of part (a). The proof of part (b) is similar. g

Lemmas 4.3 and 4.4 provide estimates on the integrals /' ,,,,,, which calculate the effect of wave
interactions induced by diffusion. The estimates are consequences of the separation hypotheses
(A — A4) on the wave speeds. Obviously (A4) is the strongest hypothesis and implies the rest. In
the sequel we make use of the following implication of (4.34), (4.35), (4.43) and (4.7).

Corollary 4.5. Suppose that Ay (V) satisfy (A4), for k, m,n=1, ..., N. Thereis g > 0 and a
constant C, depending on dy, Dyp,, Dy, but not on €, such that

¢ N
(4.58) Femal = |72 [ et ondc| <03

Pr =1
for k,m,n=1,.., N and 0 < e < gg.
Remark. It is instructive to identify which of the integrals /% ,,, have nonzero contributions in
the limit £ — 0. In view of (4.36) and (4.3), the terms Fj i and F gm Fi g have nonzero limiting
contributions supported on the k-th wave speed. On the other hand, (4.35) and (4.7) imply that
Frmn — 0as e — 0 when m # n, m # k and n # k, which suggests that diffusion induced
interactions of two distinct families have no contribution as € — 0 on a third family. (Recall that
we are dealing with Riemann data solutions). By contrast, (4.43) suggests that the terms Fj .,
m # k, accounting for the effect of self-interactions of the m-th family on the k-th family, have a

nonzero contribution in the € — 0 limit supported on the m-th wave speed.
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5. Validation of the asymptotic expansion

The objective of this section is to solve the problem

ey, + [€ = M(V(€))] Ok

(5.1) =2 33 [VLVE) ralV(©) - ra(VED] (7w 0 + ) (72 00 + 01)

m=1n=1

Hk(ck) =0

where V € , defined in (4.1), and 7 = (7, ..., Ty) is a vector-parameter in IRY. The aim is to
construct solutions @ (-;7) that are of order O(|7|?) in the wave strength |7| = |ry| + ... + |7n]| as
|7| = 0. This would validate the asymptotic expansion (3.29).

Throughout the section we use the notation

Ae =2 (V(€))
Brmn = Brmn (V(E)) = VI(V(E)) rm(V(E)) - ra(V(§))

(5.2)

and assume that p is small so that the hypotheses (A; — A4) on the wave speeds are fulfilled for
V € Q. Moreover,

with B depending only on p. Recall that g, is defined in (4.4) and that cj is the middle point of
the interval [Ax_, Ag4]. Using the variation of parameters formula, (5.1) is expressed as a system

of integral equations

1 £ 1 N
(5.4) ek(g):e—sgk/ €% > Brmn (V) (Tm ©m(Q) + 0 (C)) (7n 20 (C) + 04(Q)) dC .

Our strategy is to formulate (5.4) as a fixed point problem, and to use the uniform contraction
principle in order to construct solutions 8x(-;7), k=1, ..., N.

Let Cy(IR) stand for the continuous functions that decay to zero as |{| — co and define

X ()] :
(5.5) E= {X = (X1, -, XN) € [Co(R)]Y ¢ sup —22 — < o0, j=1,...,N ¢.
LER Ei\; @i(€)

F with the weighted sup-norm

N

I ()]

(5.6) Ixll=p_ sup % —

jz:; ¢ER Ei\il 992(5)
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with weight Ei\; ©; > 0is a Banach space. Let Bs = {r € R : |7| < § } and set

N
(5.7) F={xeE : [GOI<AFP) @i®), ¢eR,j=1,..,N},
=1

where 7 € Bs and A is a constant to be determined later. F' is a closed bounded subset of F in
the weighted norm || - ||. Define the map T that takes V € Q, 7 € Bs, x € F to the vector-valued

function 7T'(y) with components

1 g 1 N
(5.8) Tr(x) = e =% / P Z Bk.mn (Tm Om + Xm) (Tn ©on + Xn) d¢,

Ck m,n=1

k=1,.., N. The map T has the following properties :

Proposition 5.1. There exist positive constants A and & such that for § < é :
(i) T :Q x Bs x F — F is well defined.

(ii) There exists o, 0 < a < 1, such that

(5.9) 1 T(V,7,x) =TV, 1, x) | <elx=xll,  forx, x€F,

and for any V € Q, 7 € Bs. Therefore T(V,1,:): F — F is a uniform contraction.

(ili) There exists a positive constant C, depending on p but independent of §, such that
(5.10) NTV,r,x)=TV,s,x)[| < Cé|r—s|, for T, s € Bg,

and for any V € Q, x € F.

Proof. In the forthcoming estimates C', C' and C" stand for generic constants that can be
estimated in terms of B, the dimension of the system N, and the constant in the estimate (4.58).
As a result, such constants ultimately depend on g in (4.1), but are independent of §. We proceed
to establish (i). Let V € Q, 7 € Bs and x € F be fixed. Then (5.8), (5.7) and (4.58) imply

1 g 1 N
|Tk(X)| <e = / = Z |ﬁk,mn| <|TM| ®m + |Xm|> <|Tn| ®n+ |Xn|> dC‘

Ck m,n=1
1 3 1 N N N
<petn| [ 3 (rlgnt Al Y ) (|Tn|¢n+AITIZZw)dC‘
Ck m,n=1 i=1 =1
(5.11) N 6 j
<Ol (14246 + A%6%) Y \e—égk/ €29 g rion dC|
m,n=1 Ck

N
<O+ P Y e

i=1
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Comparing the outcome with (5.7) we see that if
(5.12) C(1+A8* <A,

then T'(V,7,x) € I and (i) is established.
Next, we examine (ii). Let V € Q, 7 € Bs be fixed, and consider y, Y € F’. Then

T( ) Tk _6 g / e'sgk Z ﬁkmn Tmﬁom( _Xn)+TnSOn(Xm_>2m)

m,n=1

(5.13)
+ (Xan - Xmin)] g .

Using (5.6), (5.7), (5.11) and (4.58) we obtain

£ N
_ 1 1 _ _
ITk(x) = Te(X)| < e” =% / e 9 Z | Bk, mnl [|Tm|99M|Xn_Xn|+|7'n|99n|Xm_Xm|
Ck m,n=1
) I3 N N
< Bem:o / e=? " 2]l emlx - X1 Y i
Ck m,n=1 i=1

(5.14)

N N
oAl (e -l Y e dc\

<cro a9 ( 5 et [ ogngadc] ) -
m,n=1 Ck
N

<C (14 48) e lIx = xll,

i=1

which, on account of (5.6), in turn implies

(5.15) I7(x) =TIl < C"6 (1+ Ad) [Ix - xII-
Therefore T" will be a uniform contraction on F, provided that
(5.16) C'§(1+A8)=a<1.

Note that (5.12) and (5.16) can be simultaneously satisfied for many choices of A and 4. In
the sequel, we fix A = 4C and ¢ < §g = min{%7 %} For these choices, 1+ Ad < 2, both (5.12)
and (5.16) are fulfilled, and the proof of (i) and (ii) is completed.
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Last, we turn to (iii). Let V € Q, x € F be fixed and consider 7, s € Bs. Then (5.8) yields

(upon suppressing the y and V dependence)

I3 N
Tk(T) - Tk(s) = 6_%-% / eégk Z ﬁk,mn [(Tan - Smsn) Pm Pn
Ck

m,n=1

(5.17)
+ (Tm - Sm) ©m Xn + (Tn - Sn) @nXm] dC
Using (5.6), (5.7), (4.58) and (5.16) we deduce

¢ N
_1 1
|Tk(T)—Tk(S)| <e = 9k / e=9k Z |ﬁk,mn| (“Tm_8m||7_n|+|7—n_5n||5m|] Pm Pn

Ck m,n=1

F1Tm = Sm| @m [Xn| + |70 — 50| 0 |Xm|> dC‘

. ¢ ) N
< Be =% / e 9k Z (5 [|7'm — S| + |7 — S'nl] Pm Pn
Ck m,n=1
(5.18) N
+ AS? (Z Q‘oj) “Tm - Sm| ©m + |Tn - 5n| S‘on]) dC‘
j=1
N 1 £ 1
<C"5 (14 Ad) | — 5 Z ‘e_?gk / €<% pnpn dC‘
m,n=1 Ck
N
<C"§|r -4 Zcpj
=1
and, by virtue of (5.6),
(5.19) IT(r) = T(s)]) < C" 6] o

which completes the proof of (iii). g

The properties of the map 71" are useful both for solving (5.1) and for establishing properties

of the constructed solution 8 = (64, ..., Ox).

Corollary 5.2. Let A and § be as in Proposition 5.1. Given V € Q, T € Bs, there exists a unique
solution 0(-;7) of (5.1) in the class of functions satisfying

N
(5.20) 6k( ) < AlTP D 9y 7| <6, k=1,..,N.
j=1

Moreover, there exists a constant C' independent of § such that 6(- ;1) satisfies

N
(5.21) |0k(-;r)—0k(-;s)|§C§|T—s|Zcpj, for T, 5€ Bs.

i=1
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Proof. For each fixed V € Q, 7 € Bs, the map T(V,7,-) : ' — I is a contraction with a uniform
contraction constant a < 1. The first part of the lemma is a direct consequence of the contraction
mapping theorem.

The fixed point 8 depends parametrically on V' and 7. In the second part we are interested
in regularity properties of # in 7 and need estimates that are uniform for V € Q, 7 € B;. Instead
of using general versions of the implicit function theorem, we opt for a direct approach that
gives precise information on the bounds. Let V € Q be fixed and consider 7, s € Bs and the

corresponding fixed points #(7) and 6(s) of 7. Then we have
(5.22) 0(r) = 6(s) = [T(r, 6(r)) = T(r, 6(s)] + [T(7, 6(s)) = T'(s, 6(s))] -

Using (ii) and (iii) in Proposition 5.1, we obtain

16(r) = 0(s)I| < [[T(, 6(7)) = T(7, 8(s))[| + |T°(7, 8(s)) = T(s, 6(s))]

(5.23)

< a6(r) — 6(5) | + O] — 5],
Hence,
(5.24) 1667) ~ 6(s) < = blr s

and (5.21) follows from (5.6). g
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6. The map connecting the wave strengths to the Riemann data

For V € Q the states V(€) take values in the ball B,(U_) = {U € RY : |U - U_| < u}.
Because of the orthogonality relations (3.8) and the continuity properties of [;(U), r;(U), given

n > 0 we can choose p such that

( ) li(Ul)-T‘i(Ug) >1-n, Uy, Uy EBM(U_),
6.1
[L:(Ur) - ri(U2)] < 7, Uy, Uy eB,(U-), i#7].

Also for states in B, (U_) the right and left eigenvectors are bounded,
(6.2) r:(U)| <R, |LU)<R, UeB,(U-), i=1,..,N,

by a constant R depending only on p. For our future deliberations we place an additional hypoth-
esis, which complements (A; — A4) and concerns the behavior of the right and left eigenvectors

along functions in Q: Namely, we fix n < 1/N and require that

LU-) -ri(V(€) 2 1=,
[L(U=) (VN <y i

(As)

for V. € Q and € € IR. This is attained by restricting, if necessary, the size of p.

Consider the system of differential equations

(63)  cai+[e-MWVE)]ar=c YD [VRVE) ra(V(E)  ra(V(€)] aman,

where V € Q. We saw in the previous section that (6.3) has solutions given by an asymptotic

expansion in a parameter 7 € IRY of the form

(6.4) ak(§; 1) = T er(§) +06(E5 )

The expansion is valid for |7| < & uniformly for V € Q, and 6 (-; 7) satisfies (5.20) and is of order

O(|7|*) as |7| = 0. The parameter 7 is associated with the data at ¢y, as from (5.1) :

(6.5) ar(cx; 7) = Tepr(cr) -

It is instructive to visualize |7| = ||+ ...+ |7n| as measuring the wave strength of the solution of
the Riemann problem associated to ax(£; 7) (¢f. (3.11)).
A comparison with the general outline in Section 3 shows that while the solvability of (3.15)

is at this point well understood, it remains to select 7 so that (3.13) is satisfied. The issue emerges
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of studying the connection between the parameter 7 and the boundary data Uy. To this end let

U_ be fixed and consider the map S that carries 7 into the end-state vector
N 60

(6.6 SO =U-+ 3 [ [reen(O + 866 D] V() de.
k=1 Y%

For 7 € Bs = {r € RY : |7| < 6§} the map S is well defined, and depends explicitly on V and
implicitly on €. Our objective is to study the invertibility of S and to show that the inverse map

is uniformly bounded in V and e.

Proposition 6.1. Assume that (A} — As) are satisfied for V € Q. There exist positive constants
r and § such that :

(i) Given Uy € B,(U_) there exists a unique solution of the equation S(t) = Uy with T € Bs.

(ii) For each V € Q and € > 0 the inverse map S~1 : B, (U-) — Bs is well defined and satisfies
(6.7 1S (UL)] < 26104 — U],

where 3 is a constant which depends on u, but is independent of the particular V € Q and «.

Proof of Proposition 6.1. Let U_ be fixed. The equation S(7) = Uy has the form

(6.5) U= [ anv@ Y [ aGnnvo) i,

If A(V) is the matrix whose k-th column is given by

(69) ak(V) == /_OO Pk Tk(V(C)) dC, k= 1, ey ]V,
then (6.8) reduces to
(6.10) Uy -0 = A0+ 3 [ 06 V@) dg

and the issue becomes to study the solvability of (6.10) in .
First we show that Hypothesis (A5) implies that A(V) is invertible.

Lemma 6.2. Assume that (As) holds (with n < 1/N). The matriz A(V) is invertible for any
V € Q, and the inverse matriz A~ (V) is uniformly bounded,
(6.11) ATI V)<, VeQ,
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by a constant 8 independent of <.

Proof of Lemma 6.2. Since ¢, are averaging measures, the mean value theorem implies
(0.12) ) = [ enV(Q) s = (V)
for some V;* € B, (U_). Since {r;(U_)} are linearly independent, by choosing p sufficiently small
it is guaranteed that the vectors rq (V{*), ..., rn(V}) are linearly independent and thus A(V) is
invertible.

We now show (6.11) and in the process provide an alternative way of showing that A(V) is

nonsingular. For 7, y € IRY consider the equation A(V)T =y and write it in the form

N 50
(6.13) Son [ eentviendc=y.
k=1 e
Taking the inner product of (6.13) with /;(U_) and rearranging the terms we obtain

©010) 7 [ L) @ =) = [ [0 V(O] de.
oo Py .
Then (As), (4.3) and (6.14) yield
(6.15) il (1 =) < |L(U-) -yl + 1) Il
k#i
Adding the resulting equations for ¢ = 1, ..., N and using the fact that » < 1/N, we obtain the

estimate

(6.16) |7] <

- le )yl < Blyl=BIAV) 7|

The first implication of (6.16) is that the only possible solution of A(V)7 = 0 is the trivial
solution 7 = 0. Therefore a;(V), ...,an(V) are linearly independent and A(V) is invertible. In
addition, (6.16) implies that

(6.17) ATY(V)yl < Blyl, yeRY,

which proves (6.11). g

Next, we formulate solving the equation S(7) = Uy as a fixed point problem. Let B,(U_)
be the ball centered at U_ of radius r and consider the map P that takes Uy € B.(U_), V € ,

T € Bj into the vector
(6.18) PUL,V,7)= A"Y(V) (Uy — - ATHV) Z/ 0r(C; ) ri(V(Q)) dC.
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Since A(V) is invertible, solutions of (6.10) are fixed points of the map P(Uy,V, ).

Lemma 6.3. There exist positive constants 6 and r such that P : B,.(U_) x Q x Bs; — Bs and has

the property that there exists a constant o with 0 < o < 1 such that
(6.19) |P(Uy,V,1) = P(Uy,V,s)| < a|r — 5], 7,8 € Bs,

for any Uy € B,.(U_), V € Q; that is, P(Uy,V,") is a uniform contraction on Bj.

Proof of Lemma 6.3. Let Uy € B,.(U_),V € Q and 7 € Bs. Using (6.18), (6.11), (6.2) and
(5.20), we obtain

|P(Uy, V,7)| < ]ATH(V)] (IU+ -U- [+ Z/_Oo 10k (G5 )k (V)] dC)

N e
<p (r+RA|r|2N >/ sojdq)
=17 =0

<B(r+RAN*S?.

(6.20)

The first assertion of the lemma is true, provided that r and ¢ satisfy
(6.21) Br+BRAN? <6,

Let now 7, s € Bs and observe that

N o0

(6.22) P(U;,VZT)—-P(U;,Vﬂs)::—u4_1(V)j£:J[ [0x(C5 7) = 0k(C5 9)] re(V(Q)) dC.

k=17 "%

On account of (6.11), (6.2) and (5.21), (6.22) gives

Wwﬁuﬂ—PWaW$Kﬁ§:[%WWSﬂ—%@meW@MM

6.23 N s
(6:23) <BRNCElr—s 3 [ i
j=17/—c0

<BRN*CS|r - s|.
Therefore, if

(6.24) a=BRN*C§<1

then P(Ut,V,:): Bs — B is a uniform contraction.

41



Note that if § < £ min{(BRN2C)~", (BRN?A)~'} and r < %5 then both (6.21) and (6.24)

are simultaneously satisfied, and the proof of the lemma is complete. g

We return to the proof of Proposition 6.1. Lemma 6.3 implies that given U; € B,.(U_) there
exists a unique fixed point of P(U4,V,-) in the ball Bs and thus a unique solution of S(7) = Uy.
Hence, S™1 is well defined. Let Uy and 7 = S~!(U,) be two corresponding points related through
(6.10). Using (5.20), (6.2) and (4.3), we obtain

AV 7] < Uy = U-[+ Z/_OO 10 (S )] ri(V(C)] d¢

(6.25) N oo
§|U+—U_|—I-RAN|T|ZZ/ @;d¢
j=17 700

=|U; —U_|+RAN?|7]*.

Using Lemma 6.2, in conjunction with (6.21) and the choice of §, we deduce from (6.25)
1
(6.26) 71 < BIUy = U-|+ BRAN?§|r| < B|Uy = U-| + 3|7,

which implies (6.7) and completes the proof of the proposition. g
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7. Proof of Theorem 3.1

This is the concluding section of the derivation of a priori estimates for (P.). The analysis of
Sections 3 to 6 is combined in order to prove the main theorem.

Let U_ be fixed and define Q by (4.1). Qis a closed, convex and bounded subset of the Banach
space C%(—00,00) of continuous, bounded functions. Fix ¢ > 0 and consider the map 7T carrying

V € Q to the continuous function W defined by the following procedure :

(a) Let ¢y be as in (4.3). We obtain the solution 8y (-;7) of (5.1), for 7 € IR" small, and define
ap(-;7) = 7ok + 0k (- ;7). The resulting aj form a solution of the system of equations (6.3).

b) Let S be the map defined in (6.6). Let ¢ be the solution of the equation S(r) = Uy, that is
t=S"1Uy).

(c) W is then defined by setting

3

(7.1) W) = U- +/_ D ltker(Q) + 06 (G 0] (V) d -

0 k=1

The construction is feasible for the following reasons : The parameter g in the definition of
Q is fixed so that Hypotheses (A; — Ajs) are satisfied for V € Q. Also, we fix the parameters A
and &g as in Proposition 5.1 and let § < §. Then Corollary 5.2 states that for 7 € Bs the problem

(5.1) has a unique solution satisfying the estimate
N

(72) 6k(;T) < AT 95, TEBs.
i=1

According to Proposition 6.1, for r and § sufficiently small the map S : Bs — B,.(U_) is invertible,
S(r) = Uy is uniquely solvable in Bs, and the inverse ¢ = S~!(U,) satisfies for some fixed 3

(independent of V and ¢) the estimate
(73 = IS UD| 26U — U], Uy B ().
As a result W(—o0) = U_ and W (+4o0) = S(t) = U;. From (7.1) we obtain

aw &

(7.4) G = D ltker + 0c (30 e (V(4)
k=1
which, in conjunction with (7.2) and (6.2), yields
N N
dw
‘d—g < Z [[tk] o + Alt]? Z%] Irk(V)]
k=1 j=1
(7.5) N
<RU(1+ AN ) Y 5.
i=1
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In turn, (7.1), (7.3) and (7.5) imply

N

W U_|<‘/ | > [tren(Q) + 6x(C )] r(V(Q)) | S

o k=1

<2BNR(1+2BAN Uy — U_|) Uy — U_].

(7.6)

It follows that, if Uy € B, (U_) and r is restricted by

(7.7) 928N Rr(1+ 2BANT) < p,
the function W defined in steps (a - c) satisfies

(7.8) WE-U|<p E€R.

In the sequel we fix r and ¢ to simultaneously satisfy (7.7), (6.21), (6.24) and (5.16). All the
stated constructions and estimations are then feasible, and the map 7 : Q — Q is well defined. In

addition, (7.5), (7.3) and Lemma 4.1 dictate that there is a constant C' such that

W (&) U_\<|U+—U_|—/ 2= (2 ge | for &€ < A\i_,
(7.9)
(W (&) - U] < |U+—U—|_/ 2w e for €3> Any
13

Our next task is to apply the Schauder fixed point theorem to the map 7.
(i) T(Q) is precompact in C°(—o0, 00).

Consider a sequence {V"} C Q and let W™ = T(V"). Estimates (7.5), (7.3), (7.8) and (4.7)
imply that {W"} is uniformly bounded and uniformly equicontinuous on the reals. It follows from
the Ascoli-Arzela theorem and a diagonal argument that there is a subsequence {W™i} and a
continuous function W such that W™ — W uniformly on compact subsets of IR. But then the

decay estimates (7.9) imply that the convergence is in fact uniform, and thus 7'(f2) is precompact

in C%(—o00,00).

(i) T : Q — Q is continuous.

Let {V"} C Q be a convergent sequence in C%(—00, 00), with V" — VO and set W™ = T(V"),
WO = T(V9). We proceed to show T(V") — T(V°). Recall that ¢ is held fixed, and that W"
and WO are defined in terms of the intermediate quantities 7, 07(-;7), a?(-;7), S, t” and ¢9,
02(-57) al(-;7), S° t° in steps (a-c) for V.= V" and V = VO, respectively.

First, we show 7 — ¢ in C%(—o00,00). One first uses (4.7), (4.2) and (4.8) to show that

{¢}} is a uniformly bounded and equicontinuous sequence of functions that satisfies the decay
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estimates (4.8) as || — co. An argument as in (i) implies that there exists a subsequence {p,’ }

and a function ¢7° such that gozj — 72 uniformly in IR. Passing to the limit in (4.3) along the

subsequence n;,

1 1
1 ¢ nj = L [¢ 0
I I

(7.10) o = = &%
we deduce ¢ = ¢%. The sequence {¢7} has limit points, and any limit point is equal to ¢9.
Hence, the whole sequence {¢?} converges to ¢9.

Second, we show that for 7 fixed 67 (-;7) — 6%(-;7) in C°(—00,00). This follows by a similar
in spirit argument that we only sketch: Using (5.20), (5.1), (4.7) and (4.8), we show that {67}
possesses a subsequence {sz} and a limit point #;° so that 02” — 07° uniformly in IR. Passing to

the limit in (5.4) along the subsequence n; and using the convergence of V" and ¢}, we obtain

1,0 g 1.0 N
(7.11) 67 (E) 26_?“‘“/ =% Y Brmn(VO(Q) (Tm ¢0.(Q) +077(O) (rnwn(C) +677(C)) dC .

Ck m,n=1

Since the limiting #7° inherits the estimate (5.20), the uniqueness part of Corollary 5.2 implies that
any limit point of {67} is of the form 6¢°(-;7) = 6%(-; 7). Consequently 67 (-;7) — 60(-; 7).

The third step is to show that ¢ — ¢© in IRY. Let S” and S° be the maps associated with V™
and VO respectively and define t” and ¢° satisfying S™(¢") = S°(¢°) = U,. Since {t"} is bounded,
there is a subsequence {t"/ } and a vector t> such that t"7 — t>°. We use (5.20), (5.21) to pass to
the limit in S™ (¢") = U4 and to obtain S°(¢>°) = Uy. Because of the unique invertibility of the
map S it is t° = ¢>° and thus the sequence {t"} converges to ¢°.

The precompactness of 7" implies that the sequence {WW™} has a subsequence {W"i } and a
limit function W such that W" — W in C°(—o00,00). Using the established convergences and

(5.21), we pass to the limit in (7.1) along n; and obtain

3

(7.12) W) =U- +/_ D[R (Q) + RGN ru(VO(Q) d = T(VO)(€).

® k=1
Therefore any limit point of {W"} is equal to T(V?) and thus T(V") — T(V°) in C°(—o00, o).
Hence, T is continuous.

The Schauder fixed point theorem implies that there exists a fixed point U, of the map T in

Q). By construction U, satisfies

3

(7.13) U.(€) = U_ + / S e (G 72) e (U(C)) dC

o k=1
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where

(714) Qe (57 7—2) = Tk,e Pke (5) + Oks (57 Ta)

solves (3.15). The functions ¢y., 0. and ay. depend implicitly on ¢, and the quantities 7. satisfy
N e

(715) SE(TE) =U-+ Z / Ake (C7 Ts) rk(UE(C)) d¢ = Uy .
k=1 Y~

As a result, U.(+o00) = Uy and

UZ(¢)

Z ake (& ) re(U:(8))

k=1

(7.16)

Using (7.16) and (3.5 — 3.8), we can rewrite (3.15) in the form
(7.17) I(U.) - [ - €+ VFU.) UL = 1(U.) - U/

which implies that U, is a solution of (P,).

Consider a family {U.}.s¢ of such solutions to (P.). By construction, U, are of uniformly
bounded (and small) oscillation (C,) and satisfy the representation formula (3.33). Relations (7.2)
and (7.3) imply that there exist constants C', independent of ¢, so that |r.| < C|U; — U_| and

N

ke (& )| < Irkelre + Clrl” > e
j=1
(7.18) N
< CUs = U_|(pre + U5 = U-1Y " 052) -
=1

As a result,

N
(7.19) VLI < KD ¢je

j=1

with K a constant of order O(|U; — U_|) and independent of e. As {¢;.} are uniformly bounded
in L'(IR), it follows that {U!} are uniformly bounded in L!(IR) and {U.} is of uniformly bounded
variation. The total variation of the family is controlled by |Uy — U_| and is thus small. The proof

of Theorem 3.1 is complete.
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8. Solution of the Riemann problem

Our next objective is to construct solutions of the Riemann problem (P) by taking ¢ — 0
limits of solutions of (P.) and to identify the structure of the emerging solutions. The analysis is
patterned within the framework developed in the previous sections. Nevertheless, it is instructive
to single out the set of hypotheses used in performing the € — 0 limit and to provide an independent
presentation. Let {U.}.5o be a family of solutions to (P.) that connect U_ to Uy and enjoy the

properties :

U. satisfy the uniform bounds (C,), (S) fore >0,
(As) Ar(U:) satisfy the uniform bounds (3.9), (3.10) fore > 0,

U! satisfies (7.19) where ¢, is given by (3.25) .
Solutions satisfying (A) were constructed in Theorem 3.1, and the resulting families are of small
oscillation and variation. The results of this section remain valid for families of large oscillation
and variation, provided the global separation of the eigenvalues and, most important, estimate

(7.19) hold. Helly’s selection principle implies there exists a subsequence of the original family,

denoted again by {U.}, with ¢ — 0, and a function U of bounded variation such that
(8.1) U.(&) = U(§) pointwise on (—00,00) .

Since U is of bounded variation its domain can be decomposed into two disjoint subsets C and § :
C consists of the points of continuity of U and § of the points of jump discontinuity. § is at most
countable, and the right and left limits of U exist at any £ € § and are denoted U ({+).

We proceed to show U satisfies (P). In the sequel C' denotes a generic constant that can be

estimated in terms of the bounds in (A;) and the Riemann data and which is independent of .

Theorem 8.1. Suppose that (1.1) is strictly hyperbolic and let {U.}.>0 be a family of solutions of
(P.) corresponding to data Uy and satisfying (As). There exists a subsequence {U,, } withe, — 0

and a function of bounded variation U such that U, — U pointwise on the reals. U satisfies
(8.2) U+ FU)Y =0
in the sense of measures, the Rankine-Hugoniot conditions

(8.3) —EUEH) - U+ [FUEH)) - FUE-)] =0
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hold at any point & € S, and there exist constant vectors Uy, ..., Uy € RY with Uy = U_, Uy = Ut
such that
Uy=U_ —00 < &< A,

(84) U(g) = Uy Ak.}_ <&< A(k+1)—7 k=1, ..., (N - 1),
UN:U_|_ AJV+<€<+®.

Proof. Let {U.} be a convergent subsequence as in (8.1), satisfying the uniform bounds (C,), (5),
and ¢ € [C2(IR)]V be a test function with compact support. Then (P.) gives

(8.5) /IR (&) - P(U )¢d€—€/ U. - " de

Passing to the limit ¢ — 0 we deduce

(5.6) [ v-tew) - r) - wrae=o.

that is U satisfies (8.2) in the sense of distributions. Since U is of bounded variation, it also satisfies
(8.2) in the sense of measures.

Let £ = [AM_, M4+]U ... U[An—, An+] stand for the range of variation of the wave speeds
Ak(U.). Then (4.8) and (7.19) imply

pre < L oxp{-gd(€,\0)") € € (=00,50) = Peey Ana],
(8.7) N C
Ul <KDY gje < —exp{——d<5 L)’} €€ (—o0,00) - L,
=1

where d(&, Ax) and d(, £) are the distances between the point & and the sets [Ax_, Ax4+] and £
respectively. Therefore the limiting function U stays constant on each connected component of
(—00,00) — L and (8.4) follows. In addition, U.(+o0) = Uy implies Uy = U_ and Uy = U,

The Rankine-Hugoniot conditions (8.3) are a consequence of the fact that U of bounded
variation solves (8.2). We outline a different proof, in the spirit of self-similar viscous limits.

Integrating the equation (P.) on an interval (a, b) we obtain the weak form

b

88) DU+ FU0)] - [~aUu() + FU@)]+ [ Ue(0)dC = eUL(b) - eUl(a).

a

For £ € § and é > 0, we evaluate (8.8) between the points # and 7, with 7 < A;_, and integrate

the resulting equation in @ over [£, £ + &] to arrive at the identity

E+9 &+4
/ —6U.(0) + F(U.(6)) db + / / ¢)dcde
€

(8.9) o
—. /g UL(6) d6 — e5U (1) + 8[—7 Un(7) + F(U.(7))] -
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Using the consequence of (7.19) and (3.25)
(8.10) / U!|d¢ < KN
in conjunction with (Ay), (8.1) and (8.7), we take first ¢ — 0 in (8.9) and then divide the resulting
equation by ¢ and take § — 0+ to obtain
3
(8.11) —EU(EH) + FUER) + [ U = —TU(r) + FU ()

-
In a similar manner, given any 6 and 7 < A;_, we establish
9

(8.12) —U(0—) + F(U(8-)) + / UQd¢ = —rU(r) + F(U(7)) .

T

Then (8.3) follows from (8.11) and (8.12) for £ = 4. g
With U(€) as above, define
(8.13) V(z,t) :U(?), (2,1) € (—00,00) x (0,00) .

Clearly limy_,o V(z,t) = U_ for z < 0, Uy for 2 > 0. Furthermore, a solution V of the form (8.13)
is a weak solution of (1.1) on (—o0,00) X (0,00) if and only if U is a weak solution of (8.2) on
(—00,00). The equivalence follows from an argument due to Dafermos [D3]. Let x(z,t) be a C'*

IR™-valued function with compact support in (—00,00) x (0,00) and define

(5.14) v = [ xtennr,

The resulting function ¥ € [C°(—o00,00)]¥. Conversely, any test function 7 may be represented
in the form (8.14) by choosing x = ¥ (z/t)a(t), with a(t) € C2°(0,00) a fixed function such that

Jy" a(t) dt = 1. For solutions of the type (8.13) the weak form of (1.1) may be written as

/0°° /_OO Vi, 1) - xi(z,t) + F(V(2,1) - Xa (2, 1) dedt
(8.15) :/_Oo U(e) - (/OOOXt(ft,t)tdt)—l—F(U(g)) : (/Oooxx(fm)tdt) d

= [ v (—ev@) +Pwe) ¢ de,

— 00

and the equivalence follows from the chain of identities. Theorem 8.1 in conjunction with Theorem

3.1 lead to an existence theorem for the Riemann problem.
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Theorem 8.2. Assume that (1.1) is strictly hyperbolic. Given any data U_, Uy with Uy — U_|
sufficiently small, there exists a function of bounded variation U (&) defined on (—oo,00) such that

U($) is a weak solution of the Riemann problem for (1.1).

Next we investigate the structure of the emerging solution U. It is instructive to use the
correspondence between functions of bounded variation and finite signed Borel measures on IR
(Folland [F, Sec 3.5, Sec 7.3]). Let g be the (vector valued) measure generated by the right

continuous function of (normalized) bounded variation (U(¢+4)—U_). Consider now the functions

13
(8.16) () = / e () dC.

— 00

In view of (3.25) the family {®;.} consists of increasing uniformly bounded functions. Therefore
®;.. converge along a subsequence to an increasing function @ pointwise on the reals. The measures
generated by ®;(£+) are denoted by ¢y; they are positive measures with total mass one.

Introduce the measures associated with the functions U. and ¢y, defined by

<o) > :/ UL (€) - 0(€) de |
(8.17) h
< Prey X > = /m e (&) x(§) d&,

where ¥ € [C.(IR)]V, x € C.(IR) are continuous functions with compact support. Then (3.25),

(7.19), (8.10) and Helly’s convergence theorem imply

/ U;-wdH/ bodU =< g, >, for € [Co(R)]Y,
(8.18) ] A
/IR ke X A€ — /IR XdPr =< ¢, x >, fory € C.(IR).

In the language of functional analysis p. — p and ¢, — ¢, weak-x in measures.

Using (8.18) we can express < p,? >= — [ U - 9'd¢ for test functions ¢ € [CH(IR)]V. Note
that £ ¢ supp p if and only if there is an open interval I 3 £ such that < p, ¥ >= — fIR U-9'de =0
for v» € [CL(I)]™. This is in turn equivalent to the function U being a.e. equal to a constant vector
on I. Consequently supp p coincides with the region in the £&-domain where U is not a constant

state. From (8.7) it follows that u is absolutely continuous with respect to 227:1 ¢ and that

supp ¢k C [Ae—, Art]

(8.19) N N
supp p C U supp ¢x C L = U[/\k_, Ak+] -
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The following proposition states an important property of ¢y, that incorporates admissibility

restrictions induced by the self-similar viscosity. In preparation, recall that

— % ke
(8.20) Pre = ooe—l
j;“)e—;9m~dc
where
3
(8.21) 9@ = [ 5= NlU()) ds,

Pre
and assume (by restricting to a further subsequence) that py. — pj as ¢ — 0. Using (8.1), (C,)
and the Ascoli-Arzela theorem we deduce that
€ €
(8-22) gre(§) = / s — Ap(Us(s)) ds — / s = M (U(s)) ds =: gi(§)
Pke Pk
uniformly on compact subsets of (—oo,00). We show that points in the support of ¢, are global

minima for the function g.
Proposition 8.3. If£ € supp ¢k then ¢gx(¢) > gi(§) for ¢ € (—o0,00).

Proof. The proof has two steps. First, fix any £ € IR and « > 0 and consider the set

(8.23) A={CeR : gr(Q) —gx(§) < —a <0}.

Since gy is continuous either A is empty or it has positive Lebesgue measure m(A). We will prove
that if m(A) > 0 there exists an open interval I 3 & such that < ¢x,x >= 0 for any x € C.(I).
As a result, if m(A) > 0 then £ ¢ supp ¢x.

To establish the claim, observe first that

(¢* = &) — max{|Ap_|, [ M|} IC = €]

DN | —

(8.24) 9x(¢) — g (&) >

implies ¢x(¢) — oo as || — oo and A is contained in some compact interval [a,b]. Fix § > 0 such
that for 6 € (£ — 6,£ + &) we have [gx(§) — gx(0)] < §. By virtue of (8.22), there is g9 > 0 such

that if € < gg then

(8.25) ke (0) — g (0)] < for € AU -4, £+9).

| R

From (8.23) and (8.25) we deduce that if § € ({ —§,§+6), € < g9 and ¢ € A then

Ir=(C) — gre(0) < gx(C) — gr(&) + |gr(&) — gx(0)]

+ gx=(8) — g (0)] + |gx () — gx ()] < —% .

(8.26)
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In turn (8.20) and (8.21) yield for 8 € I := (£ — 4, + 9)

N

1 e
O S T o = (gm0 — g B) ] & = A

Let x € C(I). Then (8.18) and (8.27) imply

(8.27) 0 < @pel

(8.28) < Qpey X >= / vre(0) x(0)dd -0, as € > 0.
(6—6,6+9)

Hence, < ¢, x >= 0 for x € C.(I).

Suppose next that & € supp ¢x. Then A is empty for any a > 0 and g¢x(¢) > gx(&) for any
(€ (-00,0). 1

The minimization properties for the g; yield information on the structure of U. In particular,

a weak form of the Lax shock conditions is induced at points of discontinuity.

Proposition 8.4. Let &, & € supp pu N [Ax—, Axs] with £ < &'
(a) If€ € C then

(8.29) E= X (U(9)) .

(b) If & € S then U satisfies at € the jump conditions (8.3) and the inequalities
(8.30) A(UEH) €S X(UE-))

(c) If &, & € supp N [Ak—, Akt] then M\ (U(E+)) = &, M\(U(E'=)) = &'. Moreover, for any point
€ (&)

6=Xx.(U(O) if 0€eC,
(8.31)
M(U(04) =0=2(U(0-)) if 0€S.
Proof. The function g in (8.22) is continuous and has the behavior g5 (£) — oo as |{] — oco. Since
U is of bounded variation, the limits

(8.32) im0 = 9x(6)

g( .1 [C L
(»éx (=& _Cl_l,rgi(:_f/g s = M(U(s)) ds = & = Ae(U(EE))

exist and imply that the derivative %% exists and is continuous for £ € C, while only the right and

d§
left derivatives exist for £ € §. Fix a point & € supp N [Ax—, Ak+]. It follows from (8.19) and

Proposition 8.3 that £ € supp ¢x and that gx(¢) > gx(§) for ¢ € IR. In turn, (8.32) yields

(8.33) E-M(UEH) 20, &= X(U(E-)) <0,
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which leads to (8.29) for £ € C and to (8.30) for £ € S.
It remains to show (¢). Let &, & € supp g Nsupp ¢ with £ < &'. Then &, £ are both global

minima for g with gx (&) = gx(£'). We claim

(8.34) 9r(0) = g(§) forany 6 € (£¢).

If (8.34) is violated at some point, there exist a, b with £ < a < b < ¢ such that

(8.35) gr(a) = gx(b) = gx(&) , gx(0) > gr(§) for a< @ <b.

At the points a, b we have

A
(8.36)

A

On the other hand, at any 6 € (a,b) the set A = {¢ € IR : gx(¢) — gx(f) < —a} is nonempty for
some a > 0. Proposition 8.3 and (8.19) then imply 6 ¢ supp ¢x and the function U(£) remains
constant on the interval (a,b). Hence Ai(U(a+)) = A (U(b—)) and the inequalities (8.36) yield
b < a. This contradicts @ < b and (8.35) follows. g

In summary, the region where U is nonconstant consists of (at most) N disjoint closed intervals
I\, =lag,bg], k=1, ..., N. Each I,, is associated with one characteristic family A\x(U) and could
be empty or consist of just a single point. The function U takes constant values on the complement
of Uﬁyzl I, and has the properties listed in Proposition 8.4 at points of I, . The emerging solution

consists of N wave fans separated by constant states. Next we use the weak form of (8.2),
S

(8.37) —EUEH)+0U0-) + F(U((&+)) — F(U(8-)) +/ U(s)ds=0 & 6cIR,
6

in conjunction with relations (8.29 — 8.31) to obtain a fuller description of the behavior of U on

the wave fans.

Proposition 8.5 Suppose that I, = [ag, bx] is a full interval, aj < by.
(i) For each & € [ay, bi) such that VA, (U(E4)) - re(U(&4)) # 0,

1 B 1 )
(838) Jim e (UE+ ho) - U(E) = T e HUEH)

(ii) For each & € (ag, bg] such that VA, (U(£-)) - re(U(€-)) # 0,

1
TOVAUER)) - re(UE-))
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Proof. We show (i). Fix £ € [ay, bi) and let A > 0 such that { + A € I,,. The weak form (8.37)
taken between the points £+ and £ + h— gives

[ = €T+ VFUEH) ] (UE+h-) - U(E+))
(8.40) =— [PUE+h=) = FUE+) = VEUEF) (UE+h=) = U(E4)) ]
- /;+h [U(s) = UE+) ] ds+h (UE+h-) - U(E+)) .
The increment (U(€ + h—) — U(£4)) is expanded in the basis of right eigenvectors :
(8.41) w(h) :=U(¢+ h- sz
Note that for a function U of bounded variation w(h) — 0 as h — 0+, and that by (3.8)
(8.42) wi(h) = (U (4)) -w(h) .

Taking the inner product of (8.40) with /;(U(£+)) and using (3.6), (8.42) and the Taylor expansion,

we obtain

(8.43) [—€+ (U (E+)) ] wi(h) = O(lw(h)]*) + O(/O jw(s)lds) +O(h|w(R)]),

On account of Proposition 8.4 and the strict hyperbolicity of (1.1), the coefficient [-£+ X; (U (£+4))]
is nonzero for ¢ # k but vanishes for ¢ = k.

Next, using (8.29 — 8.31) and the Taylor expansion of A;, we see that
A(U(E+h=)) = A(U(&+)) =
= VA(U(EH)) - (U(E+h=) = U(E4)) + O(jw(B)[*)
If we set ji, = VA (U(&4)) - r(U(E4)), jx # 0 by hypothesis, and use (8.44), (8.41) and relations

(8.44)

(8.43) for i # k, we arrive at the estimate

Jewr(h) = h=0( ) |wi(h)]) + O(lw(h)]?)
i#k

= O(lw(h)?) + O</0 (w(s)] ds) + O (hlw(h)])
Adding (8.43) for i # k with (8.45) gives

@(h) 1= |jrwi(h) — b+ |wi(h)
iZk

(8.46) = O( (Jw(h)|+ h) lw(h)] ) + O( / lw(s)|ds )

(8.45)

= O( (o (k)| + h) <h>)+0</0 p(s) ds) + O(h%).
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Since w(h) — 0 as h — 04, we can choose § sufficiently small so that for 0 < h < 6

(8.47) oh) <CR*+C /hg’p(s) ds .

The integral inequality, in turn, yields

(8.48) 0<@h)<C'h* for0<h<3é
and thus

. wilh) . . owr(h) 1
(8.49) hlggl+ = 0 fori#k, hlig)l-}— hoT

This shows (8.38). The proof of part (ii) is virtually identical. g

Proposition 8.5 implies that U has right and left derivatives at any point & which is not an
accumulation point of §. If such a point £ belongs to C then U is Lipshitz there, and if, in addition,
it is an interior point of I,, then f is differentiable there. It also completes the picture regarding

the structure of the wave fans. We distinguish the following cases:

(i) If Iy, consists of a single point then the solution is a shock wave satisfying the weak form of

the Lax shock conditions (8.30).

(ii) If I, is a full interval of points in C the solution is a k-rarefaction wave (provided that

VA -1k # 0 on Iy, which is anyway necessary for rarefactions).

(iii) In general I, consists of an alternating sequence of shock waves and k-rarefaction waves such

that each shock adjacent to a rarefaction from one side is a contact discontinuity on that side.
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9. Self-similar viscous limits and shock profiles

In this section we discuss the relation between self-similar viscous limits and shock profiles for
strictly hyperbolic systems. It was conjectured by Dafermos [D2] and Tupciev [Tuy], and proved
for systems of two equations [Ds] that self-similar viscous limits have the internal structure of
traveling wave solutions. We pursue here the question in the context of general systems.

Let & be a point of discontinuity of U and note that U({+) satisfy the Rankine-Hugoniot
conditions (8.3). Consider a sequence of points {£.} with the property . — &€ as ¢ — 0. Define

the function

(91) VE(C)IUE(&Z—}—&“C), —0 < (<o0o.

This introduces a stretching of the independent variable centered around the point &., a shift of

the shock speed £. The uniform estimates (C}), (S) imply that V. is uniformly bounded and that
(9.2) TV V() =TV, U +e ) =TV U(-) <C

Using Helly’s theorem and a diagonal argument we establish the existence of a subsequence and a

function V such that

(9.3) Us(é:4+e¢) = V(¢) pointwise for — oo < ( < 00 .

Proposition 9.1. Let £ € § and suppose that {£.} is a sequence of points with . — £. Then the
function V(¢) defined in (9.3) is continuously differentiable and satisfies on (—o0,00) the traveling

wave equations

(9.4) €[V = U+ [F(V) - FUE-)) = G

with initial conditions

(9.5) V(0) = lim U.(&.) -

The limits lim V/(C) =:Va exist, are finite, and Vi, V_ satisfy the equations
(9.6) €[V = UE) |+ [F(V) = FU(E-)] = 0.

Proof. We evaluate (8.8) between the points £.+¢¢ and 6 and then integrate the resulting equation

in # between £ and £ + 4, for some & # 0, to arrive at
e+

[~ (€t OUeLe £ O + FULE £ )] - 5 10U + F(UL6)) 140
(9.7)
A d 1 et
+ gfg /6 Ue(r) drdf = E(Ug(& +£¢)) _85/5 U'(6)df .
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After an integration in ( we get

¢ £+5
/[ (& +es)Us (& +es) + FP(U(E +e5)) ] ds — ¢ 5/ —0U.(8) + F(U-(6))] df

5/ /§+5/£5+ss 7)drdfds = U, (& +£C) — U=(&:) — %/;HU’ 9) df

Letting ¢ — 0 and using (9.3), (C5), (8.1) and (8.10) we deduce
¢ §+5
| -evie s rvenTas-c g [T oo+ Fwie))as

+¢5 /H/ r)drdf =V (C) - V(0).

From (9.9), by letting consecutively § — 0+ and § — 0—, we obtain

(9.9)

¢
©10) [ (=€) - Ulen) + FV() - FULE) | ds = V(Q) = V(0).

It follows from (9.10) that V(¢) is a continuously differentiable function that satisfies the
traveling wave equations (9.4) and the initial conditions (9.5). Since V' is of bounded variation on

IR, the limits Clirin V(¢) =: V4 exist and are finite. Also, for any integer n
—4o0

n+1
01) [ =€V - UE) + FV(s) - FUE-) [ ds =Vint 1) = V(w)

Taking the i-th component of (9.11) and using the mean value theorem, we deduce that there are

tt with n < t; < n + 1 such that

(912) —¢(Vi(t) = U'(e=)) + FU(V(L) = FI(U(E=)) = Vin+1) = Vi(n),  i=1,..,N.

Letting n — oo shows that Vy is an equilibrium for (9.4). Similarly, V_ satisfies (9.6). g

The function V' as well as the limiting values Vi depend on the choice of the sequence {£.}.
For several choices of {£.} it may happen that the traveling wave disintegrates to a constant
solution. Two questions arise: (i) Is it always possible to choose {£.} so that the resulting V' does
not disintegrate to a constant solution of (9.4). (ii) What is the relation of U(§{—), U({+) and

nontrivial heteroclinic orbits.

Proposition 9.2. Let £ € S be fized and suppose the set of solutions to (9.6) is not connected.
There exists a sequence of shock shifts {£.} such that the resulting V in (9.3) is a nontrivial

heteroclinic (or homoclinic) orbit.
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Proof. Suppose the solution set of (9.6) with £ fixed is contained in two open sets O_ > U({-)
and O; > U(&+4) with O_ N Oy = 0. Because of (C}) we may restrict attention to a ball By
containing U.. For a large integer n it is U(§ — L) € O_ and U(£ + L) € O4. Choose ¢, such
that U, (€ — 1) € O_, U.,(€+ 1) € O4. There exists {{.} satisfying ¢ — L < ¢ <&+ 1
and U, (&,) € By — (O- U O4). Along a subsequence &, — & and U, (&) — V(0) with
V(0) ¢ O_ U O4. The resulting V is a nonconstant solution of (9.4) connecting two equilibria V_

and V4. g

The hypothesis in Proposition 9.2 is violated only for shocks associated with a linearly degen-
erate characteristic field : VAz(U) - rx(U) = 0 for all U (¢f. Section 10) . Addressing (ii) is quite
complicated at the full level of generality. We give one result indicating what can happen if there

is a finite number of equilibria in Bjs, the range of variation of U..

Proposition 9.3. Let £ € S and suppose that (9.6) has a finite number of solutions in Bps. There
exists a subsequence £, — 0 and choices {&1., }, {&22, } of the shock shifts such that & ., < &.,,

glan — 57 g?an — 57
(9.14) U, (&e, +e0C) = Vi(Q), U., (&2, +enC) = V2(¢), pointwise for —oo < { < o0,

and the resulting Vi, Vy are solutions of (9.4) that satisfy Vi(—o0) = U(£—), Va(4o0) = U(E4).

Proof. Let By be the ball where the solutions U, range, and suppose (9.6) has a finite number of
solutions U (&—), U({+) and Uy, ..., Uy. Fix two open balls B_, By and an open set O with the
properties that B_, By and O lie inside By, B_ is centered at U({—), By is centered at U(&+),
O contains Uy, ..., Uy, and the distances among any two of the sets B_, B, and O are strictly
positive. Since U is of bounded variation, we can fix § > 0 such that U(6) € B_ for 8 € [ — §,&)
and U(#) € By for 0 € (£, + 4.

Consider a convergent sequence U, — U pointwise on IR. In the sequel we will be extracting
appropriate subsequences that are denoted again by U. . Choose ng such that U, (£ —§) € B_,
U., (£+6) € By for n > ng. For each n > ng choose points ai,, A, b, B!, 1= 1, ..., K(n), in
the interval I5 = [£ — §,& + 8] to be respectively: al = & — 4, bl the first point where U, enters
the ball By, AL the last point in (al,bl) that U, exits B_, a2 the first point after b that U,

enters the ball B_ (if applicable), Bl the last point after b. that U., exits By, and so on until
finally Bé{(n) = &+ 6. These are defined as follows:

b, =inf{ > a; : U, (0) € By}, A, =sup{b € (a;,b,): U, (0) € B_},
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at' =inf{6 > 6! : U, (6) € B}, B, =sup{fc (b,,a""): U. (0) € By};

n'-'n

if in the i-th step a’F! is not well defined then » = K (n) and B!, = £ +4. Since U, is of uniformly
bounded variation, it can go back and forth between B_ to By at most a finite number of times,
thus K (n) is bounded. By restricting to subsequences we may assume K (n) is some positive integer
K for large n, and that !, = o', A} — A*, b}, = b and B!, - B*,»=1, ..., K, as n — o0.

By construction a!, < A, < b, < B! < a%t! and U., has the behavior U, (6) € By — By on
(at, AY), U., (8) € By — (B_ U By) on (AL, b%) and U, (8) € Byy — B_ on (b, BY). As a result
the limits a*, A%, b* B* have the following properties: (i) a' < A* =" < B* = 't1, (ii) if B* < ¢
then A* = 0" = B* = o't and (iii) if ¢* > & then B'™! = a* = A* = b*. To see (ii) suppose that
B' < & if A* < a*t! there is § < € such that U, () ¢ B_ for large n. Passing to the limit we see
that U(#) ¢ B_ a contradiction. The rest are proved by similar arguments.

In what follows we fix 7 to be the first index that B? = £ and k to be the last index that

a® = ¢. Then we have the ordering
(9.15) W <A =bW=B=.=¢(=.=d" =A"=b" < B
for any index between 7 and k.
Consider first the case that (9.6) has precisely two solutions U(§—) and U(&+). Set
Gie, = A%y Vie, (€)= Ue, (A7, +n()

52an — bfL ) Van (C) = Usn (bfL + gnC) .

Then Vi, (0) lies on 9B_ and V., (0) lies on dB4. Along a subsequence Vi, and Vi, converge

(9.16)

pointwise to a solution of (9.4) and the limits V;(+o0) = V4 exist and are finite. Since no solutions
of (9.6) lie on the boundaries of B_ and Bj the resulting traveling waves are nontrivial. From the

definition of Vi, and Vi, follows that

I Al bk — Bk
917) Vi (O)¢By for 2" <0, Vi (O)€B_ for 0<¢<m—r

Since lim @/, = a’ < & = lim A, and lim 6% = ¢ < B¥ = lim BE,

(9.18) Vi(()¢ By for —0< (<0, Va(¢) € B for 0< (< oo.

As U(&-) is the only equilibrium in By; — By and U(£4) is the only equilibrium in By, — B_ it
follows that Vj(—o0) = U(§{—) and V,(+00) = U(&+).
Suppose next that (9.4) has more than two equilibria. If U, never enters O the previous

proof shows the desired result. If U, enters O, we restrict attention to the interval [a,b?] and
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note that U, (0) € By — By on [a,b7) and U,, (b)) € dB4. As in the previous step we choose

ny Un
points ¢, < " < d', < D!, 1= 1, ..., K(n), with the properties: ¢} = a?, d! the first point after
cl that U, enters O, C} the last point before d, that U, exits B_;if U, reenters B_ then we
define ¢ to be the first point after d. that U., enters the ball B_, define D} to be the last point
before ¢% that U, exits O, and reiterate the above procedure; if U, does not reenter B_ then
we set D). to be the last point of exit from O before touching 9B, and stop at this step. As the
sequence {U,, } is of uniformly bounded variation the process will conclude in a finite number of
steps. By restricting to subsequences we may assume K(n) = K < oo, ¢}, = ¢',C}, - C", d!, — d',
Dt — Dt. Again if d* < & for some ¢ then C" = d* = D* = ¢**1. Let [ be the first index such that
D! =¢. Then D' = < Cl=d! = D! = €. If we set

(919) glan — C; ) Vlsn (C) = Usn (Ciz + €nC)

then Vi, satisfies

Cl _ Cl
(9.20) Vie,(() g OUBy for —2 < (<0

€n

and the resulting traveling wave V; has the property Vi(—oo) = U(£—). A similar construction

shows the second part of the proposition. g

Proposition 9.3 shows that if £ is a point of discontinuity of a solution U arising via self-similar
viscous limits then there exists one heteroclinic orbit of (9.4) that emanates from U(£—) and one
that concludes at U(€+). It is expected that in general this will be the same heteroclinic orbit.
However, if more than two states in Bjs satisfy the Rankine-Hugoniot conditions (9.6) at a given
£ € S, or if multiple heteroclinic connections between two equilibria are possible, then the precise
relation between self-similar limits and shock profiles requires a detailed analysis of the heteroclinic
orbits (the proof is suggestive as to what possibilities must be excluded). In specific examples it
usually happens that there is a single shock profile connecting U(£—) to U(&+). It is however
possible that there are intermediate states V;, j = 1,...,.J, satisfying (9.6) and a chain of shock
profiles with the same shock speed £ that connect successively U(£—) to Vi, each of the points
V; to the next, and V; to U(&+). The latter situation occurs for the equations of elasticity in
the presence of multiple inflection points in the stress-strain relation, for specific positions of the

Riemann data relative to the stress-strain curve [Tz;].
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10. Comparisons with the classical solution of the Riemann problem

In this section we compare the classical solution of the Riemann problem with the solution
obtained via self-similar viscous limits. For systems of strictly hyperbolic conservation laws the
classical solution of the Riemann problem is based on a detailed study of elementary solutions of
rarefaction waves and shock waves, and was established, for |[U; — U_| small, by Lax [La{] in the
genuinely nonlinear case and by Liu [Liy, Liy] in the general case.

Fix Up. Let Ry = Ri(Up) be the integral curves of the vector field r; emanating from U.
Rarefaction wave solutions take values on the curves Rj;. Shock waves emerge by solving the

Rankine Hugoniot conditions
(10.1) s(U—-Uy) = F(U) - F(Uy) .

For U near Uy, the set of solutions of (10.1) consists of N smooth curves Sy = Si(Up) tangent to
Ri(Up) at Uy, k =1, ..., N. Each Sy is associated with the k-th characteristic field, it is defined
by parametric equations U = Ug(7) and s = s(7) for |7| small, and the parametrization may be

arranged so that

UL(0) = Ug , Ur(0) = ri(Up) ,
(10.2) $1(0) = M(U), $(0) = 5 TA(Uo) - r4(Uh),
A1 (Uk(7)) < s(7) < Agg1 (Ui (7)) .
A state Uy (1) € Si(Up) gives rise to a shock wave solution with speed si(7), left state Uy, and right

state Ug(7). Liu [Liy] performed a detailed study of the shock curves and proposed the following
shock admissibility criterion. A shock (Uy, Ug(7), six(7)) is admissible if it satisfies

(E) si(7) < sk(t) fort between 0 and 7.

Using (F) and imposing some mild geometric conditions, Liu obtained a unique solution of the
Riemann problem.

Consider the solution U constructed via self-similar viscous limits in the previous sections.
U (&) takes values in a small ball B,(U_), the wave speeds Ai(U(§)) are separated, and U (&) has
the properties indicated at the end of Section 8. Each wave fan is studied separately and we

distinguish three cases:
(i) Ag is genuinely nonlinear : VA (U) - ri(U) # 0 for all U.
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For a genuinely nonlinear characteristic field the shock speed si(7) is increasing in one direction
of the shock curve S;(Up) and decreasing in the opposite direction. Contact discontinuities are
excluded for weak shocks. The behavior of U on [, simplifies considerably: Either I, is empty,
or I,, consists of a single point of jump discontinuity { with U satisfying at £ the Lax shock

conditions

(10.3) A(U(EH)) <€ < A(U(E-))

or I, is a full interval of points of continuity and the solution is a k-rarefaction wave on I,,.
Therefore, for genuinely nonlinear and strictly hyperbolic systems, the emerging structure of U is

identical to that determined by Lax [La4].

(ii) A is linearly degenerate : VA, (U) -1 (U) = 0 for all U.

For a linearly degenerate characteristic field the k-th shock curve emanating from Uj is given by

U = U(t), s = si(r) where
(104) Sk(T) = Ak(UO) s —(T) = ’f‘k(Uk(T)) s Uk(O) = UO .

A version of the converse is also true: If (10.1) has a curve of solutions U(r) corresponding to
s(r) = s fixed then U(r) = ri(U(7)), so = A\x(U(r)) for some k, and the k-th field is linearly
degenerate. Since Ay remains constant on the curves Ry, rarefaction wave solutions are not possible
for linearly degenerate characteristic fields. A close look in the proof of Propositions 8.4 and 8.5
shows that it is not possible that I, is a full interval. Therefore, either I, is empty, or it consists

of a single point of jump discontinuity and U is a contact discontinuity.

(iii) The curves Ry intersect the set {U : VAL(U) - ri(U) = 0} at discrete points.

The solution U cannot be further simplified in this case. The relation with the Liu shock ad-
missibility criterion () is established indirectly, using Proposition 9.3 on the relation between
self-similar limits and shock profiles, in conjunction with results of Liu [Li4], Majda and Pego [MP]
on the relation between shock profiles and (a strict inequality version of) condition (F). Majda
and Pego [MP, Theorem 3.1] prove that, given two states U({—) and U({+) in a small ball B, (U_)
satisfying the Rankine-Hugoniot conditions for some speed &, a shock profile connecting U(£—) to
U(&+) and lying in B, (U_) exists if and only if condition (£) is satisfied as a strict inequality.
Moreover, there exists at most one trajectory V(¢) of (9.4) connecting U({—) and U(£+) which
remains in B, (U_) for all (.
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Fix £ € SN 1,, and consider the set of all solutions to the Rankine-Hugoniot conditions that
are compatible with (8.30). If U(£—) and U(&+) are the only states with this property then there
is a shock profile connecting them and the shock speed ¢ satisfies the strict condition (F). If there
are more than two such solutions of (9.6) then there is a shock profile in B, (U_) connecting U ({—)
to some state V; and another shock profile connecting a state V; to U(£+4). It is expected that in
this case there will be a chain of shock profiles that connect U({—) through intermediate states

with (eventually) U(£4).
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