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Abstract

We consider the equations describing the dynamics of radial motions for
isotropic elastic materials; these form a system of non-homogeneous con-
servation laws. We construct a variational approximation scheme that de-
creases the total mechanical energy and at the same time leads to physically
realizable motions that avoid interpenetration of matter.
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1 Introduction

The equations describing radial motions of nonlinear, isotropic, elastic ma-
terials take the form

3
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Here, y stands for a radial motion y(z,t) = w(R,t)%, R = ||, 2 € R?, and
(1) monitors the evolution of its amplitude w(R,?). A necessary condition
for y to represent a physically realizable motion is det F' > 0 with F = Vy.
In the radial case, it dictates

wr(w/R)? >0, (2)
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and is also a sufficient condition for avoiding interpenetration of matter.
The constitutive properties of hyperelastic materials are completely de-
termined by the stored energy function W (F) : Miw — [0, 00), which -
due to frame indifference - has to be invariant under rotations. For isotropic
elastic materials W(F) = ®(v1,vg,v2), where ® is a symmetric function of
the principal stretches vy, ve,v3 of F, see [14]. Convexity of the stored en-
ergy is, in general, incompatible with certain physical requirements and is
not a natural assumption. For instance, in order to avoid interpenetration
of matter the stored energy should increase without bound as det F — 07 so
that compression of a finite volume down to a point would cost infinite en-
ergy. This behavior is inconsistent with simultaneously requiring convexity
and invariance of the stored energy under rotations. As an alternative, the
assumption of polyconvexity [1] is often employed, which postulates that

W(F) = o(F,cof F,det F)

with o a convex function of the null-Lagrangian vector (F,cof F,det F'), and
encompasses certain physically realistic models (e.g. [5, Sec 4.9, 4.10]). In
this work, we employ a specific form of polyconvex stored energy,

W(F) = (I)(Ul,vg,vg) (3)
= ¢(v1) + @(v2) + ¢(v3) + g(vav3) + g(vivs) + g(viva) + h(vivavs),
where ¢, g and h are convex functions and h(§) — +oo as § — 0+.

Equation (1) may be recast as a system of inhomogeneous balance laws,
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where ©u = wg, and v = w;. The system admits the entropy-entropy flux
pair
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which expresses the conservation of mechanical energy along smooth solu-
tions. For polyconvex stored energies, the ”entropy”
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is not convex, what causes various difficulties in applying the general theory
of conservation laws. Nevertheless, for three-dimensional elastodynamics,
there are available nonlinear transport identities for the null-Lagrangians
[11], which allow to view the equations of elasticity as constrained evolution
of an enlarged symmetrizable system [8, 6] equipped with a relative entropy
identity [10]. The enlarged system suggests a variational approximation
scheme for polyconvex elasticity that dissipates the mechanical energy [8],
and which, in the one-dimensional case, produces entropy weak solutions [7].
Conceptually similar structures are available in models of electromagnetism
leading to augmented symmetrizable hyperbolic systems [4, 12, 13].

The above results do not take into account the constraint of positive
determinant, necessary to interpret y as a physically realizable motion. In
this article, we consider the equations of radial elasticity (1) and proceed to
devise a variational approximation scheme that on one hand preserves the
positivity of determinants (2) and on the other produces a time-discretized
variant of entropy dissipation. As in [8], the scheme is based on transport
identities for the null-Lagrangians. Null-Lagrangians are potential energies
U (v1,v9,vs; R) for which the functional

1
wow
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has variational derivative zero. They satisfy
—Op (U )+ R (Vo +U3)=0 for all functions w(R) . (7)

where ¥ ; := g—;lz, 1 = 1,2,3, stands for the partial derivative. The null-

Lagrangians are computed to be the functions v1, v1va R, v1v3R or v1vov3R2.
Along solutions of the dynamical problem, each null-Lagrangian satisfies the

transport identity

OV =0r(V,v), (8)
with U and ¥ ; are evaluated at I' = (wr, w/R,w/R, R). The identities (8)
allow to embed the system (4) into the symmetrizable first-order evolution
(40) in Section 3.2.

The enlarged system, in the form (40), cannot handle the positivity of
determinants constraint. For this reason we follow an alternative strategy,
combining a change of variables suggested in Ball [3] (for the equilibrium
problem) with the idea of extensions based on null-Lagrangians, and carry
out an alternative extended system. We set p = R3, a = w3, 3 = wr/R?,
v =w? and let

- v 3y 3,
E= <ﬁp2/3, = == pp2/3,2’)p2/3,app2/3>- (9)



The second extension has four actual unknowns v, «, 8 and =, and is the
symmetrizable system listed in (60) of Section 3.3 endowed with the entropy
pair

a (”22 + G(E)) ~ 9, (3,02/3 G4(2) 2, (T) v> ~0, (10)

where G is defined in (46) and is (assumed) convex and I is as in (48).

The extended system (60) is discretized in time using an implicit-explicit
scheme. It is the Euler-Lagrange equations of the variational problem: given
vo and =0 defined via ag, By and 7 as in (9), minimize

1
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over the set of admissible functions

Ay = {(a,ﬂ,’y, v) € X :a(0) =0, a(l) =\, o/ >0 a.e. and

I(a, B,7,v) < o0, (B_hﬁo) =3/, (12)

(a —haO) — 300230, (v _h’YO) _ 2a01/3v}.

The differential constraints in (12) are affine, the condition «(1) = X\ cor-
responds to the imposed boundary condition y(z) = Az, * € 9B, while
o' > 0 secures the positivity of determinants (2). We prove the existence
and uniqueness of a minimizer for the functional I over A, and that the
minimizer is a weak solution to the corresponding Euler-Lagrange equations,
that is, a solution of the time-discrete scheme. The analysis of the minimiza-
tion problem (11)-(12) uses direct methods of the calculus of variations, in
the spirit of [3], with the novel element of accounting for the evolutionary
constraints in (12).

In continuum physics, weak solutions of a system of conservation laws
are required to satisfy entropy inequalities of the form

O 4 0aga < 0. (13)

Such inequalities reflect irreversibility and originate from the second law of
thermodynamics. For instance, admissible shocks of the elasticity equations
are required to dissipate the mechanical energy. Accordingly, approximating
schemes are expected to respect such behaviors and produce entropy dissi-
pating solutions in the limit. The variational scheme studied here turns out



to satisfy a discrete version of the entropy inequality

(%2 + G(E)) _h(v%2 + G(EO)) i jp <3p2/3g7i(5)9f1(1“0)v) <0 (14)

(see Section 4). In addition, the approximants satisfy «, > 0 the trans-
formed version of (2). Finally, if the constructed approximants converge
pointwise as the time-step A — 0, then the limit will satisfy the mechanical
energy dissipation inequality

d, (”22 + G(E)) -9, (3,)2/3 Gi(2) () v) <O0. (15)

The paper is organized as follows. In Section 2 we outline the derivation
of the equations of radial elasticity and list various mechanical considerations
relevant to this work. Section 3 contains a discussion of null-Lagrangians
and the properties of the two symmetrizable extensions of (4) pursued. Sec-
tion 4 introduces the time-discrete scheme and its relation to a variational
problem. In Section 5 we consider the minimization problem (11) and prove
Theorems 2 and 3 regarding existence and uniqueness of minimizers. The
Euler-Lagrange equations associated to the minimization problem are de-
rived in Theorem 4 of Section 6, and the regularity of minimizers is discussed
in Section 7. The fact that minimizers satisfy the time-discretized version
of the entropy dissipation inequality (14) is proved in Section 4.

2 Preliminaries

We consider the equations of nonlinear elasticity
Yy = divS(Vy) in B x (0,00)
y(x,t) = Az, on 9B x [0, 00) (16)
det Vy > 0, (x,t) € Bx[0,00)

on the unit ball B = {z € R": |z| < 1}, subject to uniform stretching at the
boundary and initial conditions

y(z,0) = yo(x), ye(z,0) =vo(z), x€B. (17)

In order for the geometric mapping y : B x [0,00) — R™ to correspond to a
physically realizable motion we have to exclude interpenetration of matter.
As a minimum requirement the condition det Vy > 0 is imposed.



Let M™ ™ be the real n x n matrices, M}*" = {F € M"™*": det F' > 0},
and let SO(n) denote the set of proper rotations. The Piola-Kirchhoff stress
is a mapping S : MP*" — M™ ™ and for hyperelastic materials it is defined
by the formula

S(F)=0W(F)/OF. (18)
where W : M*"™ — R™ is the stored-energy function of the elastic body.

We assume that the stored energy function W satisfies the physical re-

quirement of frame-indifference and that the elastic material is isotropic.
Then,

W(QF) = W(F) =W (FQ) YFeM™", Qe SO(n) (19)

and (see Truesdell and Noll [14, pp 28, 317]) there exists a symmetric func-
tion

O:RY ={zeR":2; >0Vi} - R

such that
W(F)=®(vi,...,0p) VE e M, (20)
where vy, ..., v, are the singular values of F', i.e. the eigenvalues of (FTF)l/Q.
We note that the symmetry of ® implies
0P 0P
—(a,b,...,0) = —(a,b,...,b), ©,5=>2 a,beRy. 21
Go (@b D= Gl @b b, ij22abeRe(2)

It is easy to check that for hyperelastic, isotropic materials, frame-indifference
implies

S(QFQT) = QS(F)QT, forall Q € SO(n). (22)
2.1 Radial Elasticity
A function f: B\{0} — R" is called radial if
R= |LE’,
where w : [0,00) — [0,00). The space of deformations of B is denoted by

Def?(B) = {f € WP (B,R") : detVf >0 a.e. }.

Lemma 1 (J. Ball [3]). Let f be a radial function. Then f € DefP(B) if and
only if w is absolutely continuous on (0,1) and satisfies wr(w/R)"™1 > 0
almost everywhere, and

1
/(}w’\p+\w/R\P) R dR < .
0
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In this case the weak derivatives of [ are given by

rQ®x
R2

Vf:%I—i-(w'—g)

7 a.e. x€B.

Our next goal is to consider the problem (16) and to recast it for radial
motions

y(z,t) = w(R, t)% for = #0, (23)
where w : [0,1) x [0,00) — R satisfies w(R,t) > 0. Lemma 1 implies
Vy = %I + (wR - %) m}?f ae. z€eB (24)

and hence the eigenvalues of Vy are expressed as
V] = WR, V3 = ... =vp, =w/R.

The requirement

det Vy = wr(w/R)"! >0 (25)
dictates wg, ; > 0. Since Vy is symmetric and positive definite, the singular
values of Vy coincide with its eigenvalues, the stored energy takes the form

W(Vy) = (wr, 23 )

and property (22) implies that the Piola-Kirchhoff stress can be expressed
as (see e.g. J.Ball [3])

S(Vy) =@ (wr,w/R,...,w/R) T+

@ (wr,w/R,...,w/R)—®9(wr,w/R,...,w/R)]

where ¢ ; := g—gz, j = 1,2,3. For radial motions, the system (16) then takes

the form,

OR
w(l,t) =X, wgr(w/R)"' >0, (Rt)e(0,1)x[0,00),

R”*18ttw = i (Rnil(P’l(wR, .. ,’LU/R)) — R" 2 Z <I>7i(wa, .. ,w/R)
=2

(26)
of a second order equation describing the evolution of w(R,t) subject to the
constraint (26)2. The latter expresses the requirement that matter cannot
interpenetrate unto itself.



2.2 Polyconvex Stored Energy for n =3

From now on we fix the number of dimensions to n = 3 and assume that
the stored energy W : Mix‘g — R3 is polyconvex, that is

W(F) = G (F,cof F,det F)

for some convez function G : MP3 x MP3 xRy — R,
By the polar decomposition theorem any matrix F' € MiX?’ is expressed

in the form F = RU with R € SO(3) and U = +VFTF. Further, U =
Q" diag(vy,v2,v3)Q where @ is the orthogonal matrix of eigenvectors and
v1, V2, v3 are the eigenvalues of U. The properties (19) of isotropy and frame-
indifference imply

B V1 VU3
W(F) = G V2 s V1U3 , V1U2V3
U3 V1V2

=: G (v1, v2, V3, V203, V1V3, V1 V2, V1V2V3)

where G(Z) is a convex function of Z = (¢);=1.7 € RT.

For radial motions the singular values are v1 = wg, vo = vy = %. For
reasons related to the null-Lagrangian structure of an associated variational
problem (outlined in the following section) the stored energy will be ex-

pressed in the form

W(Vy) = (wR, %, %)
=G (o (e ) )
6 (0o o) )

where 2 and G are inhomogeneous functions defined by
Q(V;R) := (vl,vz,vg,vgng, U3 R, vlngjvlvgngz) , (28)
G(E, R) = G (517 527 §37 &4/R7 55/R7 fG/R, 57/R2) ) (29)

V = (vi)i=1..3 € R? and E = (£);=1..7 € R". The convexity hypothesis on G
implies that G(Z; R) is convex as a function of Z € R”. In summary,

W(Vy) = @ (w35, ) = GO R): R), (30)
where I'= <wR, %, %) . (31)



For simplicity of notation, we henceforth suppress the dependence on R and
write Q(V) = Q(V; R) and G(Z) = G(Z; R).
Equation (26) can be expressed in the form

w w

0 wow
R0 = o0 (B0 (wr, 5. 5) ) = R (@2 + @) (wr, 1. 5) -

OR

orw =,

The latter formally satisfies the conservation of mechanical energy identity
2

a, (RZ(% + ® (wg, w/R,w/R) )) = 0 (R0 ® 4 (wr, w/R,w/R)) . (33)

The mechanical energy and the associated energy flux provide an entropy-

entropy flux pair for (32) but the entropy is not in general convex. Using
(30)-(31), the derivatives ® ; are expressed as

0 oG o0t
5 GOV = e @) 5

V),

<I>,j (Uh V2, U3) =

and (32); is written as

R20w = Og (RQaG(Q(r))am (r)>

0&; Ovy (34)
oG Nt onN?
- R (@(r)) ( o <r>> |

3 Null-Lagrangians and extensions of polyconvex
radial elasticity

3.1 Null-Lagrangians

An alternative approach to derive (33) proceeds by considering the extrema
of the action functional

T rtrq w w
Jy] :/ / <w2—(I> WRy —, — >R2det
o Jo \2" ( R R)

and deriving (26) (for n = 3) as the associated Euler-Lagrange equations.
This provides a connection with the calculus of variations.
Consider the functional associated to the equilibrium problem

1
Iw] = /\I/(wR,w/R,w/R;R)dR.
0



We ask for which integrands W (vy,vs,v3; R) : R* — R the functional I
admits zero variational derivatives, (‘5% = 0; such integrands are called null
Lagrangians and they satisfy the Euler-Lagrange equation

—Op (U )+ R (Vo +U3)=0 for all functions w(R) . (35)

If w = w(R,t) also depends on time, the evolution of a null Lagrangian ¥
is described by
6911 = aR (\1171 Otw) . (36)

where ¥ and ¥ ; are evaluated at (wgr,w/R,w/R, R).

It is easily verified that ¥ (v, ve,vs; R) selected by
v1, wviveR, wvivsR, or vlvgngQ

are null-Lagrangians. Applying (35) to Q', i = 1,5,6,7, defined by (28) we
get . . A
—0g (1)) + R71 (Q5(T) + Q5(1) =0, i=1,5,6,7, (37)

with I' = (wg, w/R,w/R) defined by (31).

3.2 A symmetrizable extension

The null-Lagrangian structure is used in [8] to embed the equations of 3-
d elastodynamics to a hyperbolic system endowed with a convex entropy,
and to construct a variational approximation scheme for the problem. We
follow this procedure in order to achieve an augmented system for radial
elastodynamics. The evolution in time of

Q) = (wR,w/R, w/R,wQ/R,wa,wa,waz) (38)
gives
O U (T) = 9, (wg) = v = Ir (4 (T)v)
Q' (T) =0 (w/R) =v/R=R" () + () v fori=23
0, QY T) = 0 (w?/R) = 2(w/R)v = R~ (Q4(T) + Q4(I)) v (39)
9 (L) = 0 (wrw) = Ip(wv) = Or (1 (T)v) for i = 5,6
o Q'(T) =0, (wrpw?) = Or(wv) = Og (QTI(F)U)

Note that (39); 56,7 are precisely the equations (36) describing the evolution
of null Lagrangians. By contrast, (39)2,34 describe the evolution of lower-
order terms and do not have the structure of (36).

10



Equations (39) and (34) motivate an extension of radial elasticity :
oG ,_. 00 oG o o0
2 - 2 = _ =
R0y = Or <R o, (2) or (F)> R@& () <8vg () + 903 (F)>
ow = v (40)
016 = O (D)) i =1,5,6,7
8& = R (D) + Q5(I) v i=2,3,4

where I' = (wg, 3, %), subject to the constraints
§27£3 > 07 57 > Oa (Ra t) S (07 1) X (07 00)7 (41)

and the boundary conditions w(1,t) = &(1,t) = £3(1,t) = A. System (40)
describes the evolution of the vector (v, w,Z), with Z € R”, and is provided
with initial data (v, wop, Zo)-

The extension has the following properties:

(1) IfZ(+,0) = Q(IY) where I'? = (w), wo/R, wo/R), then Z(R, t) = Q(T'(R, 1))
where I' = (wg, w/R,w/R). In other words, radial elasticity (32) can be
viewed as a constrained evolution of (40).

(ii) The enlarged system admits an entropy pair

9, <R2 <”22 + G(E))) _ on <R2 gg(a) ZZ () U> —0, (42)

with strictly convex entropy

2
5 +G(E). (43)
The identity (42) holds for general solutions (v, w,Z) of (40) and is derived
upon using the property (37) for the null Lagrangians (28).

3.3 An alternative extension with a convex entropy

System (40) provides an extension of radial elasticity that is endowed with a
convex entropy. Concerning the objective of achieving a variational approx-
imation, it has the drawback that the constraint (41) of positivity for the
variables &9, &3 and &7 is not preserved at the level of time-step approxima-
tions. Although one can control the positivity of {7 (the augmented variable
standing for the determinant), it is not possible to control the positivity of

11



£9,€3. There are also difficulties in proving that minimizers satisfy the corre-
sponding Euler-Lagrange equations, the time-discretized system associated
to (40).

For this reason, we develop an alternative extension by combining the
evolution of null-Lagrangians with a change of variables used in Ball [3] for
the equilibrium problem. This extension induces a variational approxima-
tion scheme that preserves the positivity of determinants.

The stored energy @ is expressed in the form

O (v1,v2,v3) = G (v1, V2, V3, V2V3, V1U3, V1 V2, V1 V2V3)

(44)
=G(QV;p); p)

where 2 and G are nonhomogeneous functions of p that are redefined so
that
QVip) = (7)17 v, 03, vav3p'/3, v1v3pl 3 w1t /3, U1vzv3p2/3) (45)

G(Eip) =G (606,61 €0/0" .65/ 6602, /7). (46)

It is now assumed that G(Z; p) is a convex function of Z; this is a somewhat
stronger hypothesis than polyconvexity (which is convexity of G) because
of the definition of Q¢(V;p), i = 2,3, in (45). In the sequel any explicit
p-dependence will be suppressed.

3.3.1 A change of variables
Following [3] we perform the change of variables
p=R> and o=uwd (47)
Then I' = (wg,w/R,w/R) is expressed as
I = (ay(p/a)*’?,(a/p)'/?, (a/p)'?) (48)
and the stored energy reads
W(Vy) = @ (aplp/a)*, (a/p)/?, (a/p)"*)
= G(QUTsp); p)

where Q and G are defined in (45), (46), and G(-; p) is convex.

12



The system (32) takes the form

o =0, (35758 @) G

0§, v
. 0G o’ o0
_ B a7&(9@)) <8v2 () + 903 (F)) (50)
0i(a'?) = v

a(l)y=X, >0, o, >0, (R,t) € (0,1) x[0,00).

with the last inequalities encoding the constraints for solutions to represent
elastic motions. In the new variables, by (45),

2/3

R T R e Qp 973 % 93 2/3

and, using (50)2, we compute

These identities are summarized in two groups

0 (T) = 3p*20,(1 (T)v), i=1,5,6,7, (53)
8tQZ<F) - pil/S(Q?Q(F) + Q?3<F))U ) i = 27 37 47

the former representing the evolution of null-Lagrangians and the latter
the evolution of lower order terms. The identities (37) satisfied by null-
Lagrangians become

—3p*%9, (M) + p'/® (1) + Q) =0, i=1,56,7. (54)

13



3.3.2 The augmented system
Next, consider the augmented system
o0 = 0, (3077 G4(E)QL (D)) = 3G 4(2) (Ua(T) + V(D)
oal/® = v
8 = 3p*%9, (V' (T)v), i=1,5,6,7,
& =p'? (le(r) + 923(F)) v, =234,

(55)

where I is given by (48), subject to the boundary conditions and constraints,
respectively,

a(l)y=X >0, a,>0, (p,t) €(0,1) x (0,00). (56)

The system (55)1-(55)4 is a second-order system describing the evolution
of the vector (v,a,EZ) and is assigned initial data (vg, g, Zp). It has the
properties:

(a) If 2(,0) = Q%) with T = (af(p/a0)*’%, (a0/p)'/*, (a0/p)" /), then

E = Q(I') for all times. In other words, radial elasticity (26) can be
viewed as a constrained evolution of (55).

(b) The enlarged system admits an entropy pair
v’ 2/3 '
Oy (2 + G(E)) — 0, (3p / G i(E) Q' (T) v) =0 (57)

. _ 2 _
with (for convex G) convex entropy n(v,Z) = % + G(E).
At this point we set
ﬂ = aﬂ/a2/3 ) ’Y = a2/3 )

= gp2/379’9,L7ﬁp2/37ﬁp2/3ﬂp2/3 ’ 58
pp ,01/3 2 2 p

and proceed to simplify the extended system working with «, 3,~,v as the
independent variables.

Taking a closer look at the extended system we see that & = &3 by
construction and hence equations (55)2, @ = 2,3 are identical. Moreover,

Ohér =3a*3v/p = 8&r = p*20,(p Bi&a),

3 (59)
Okt =201%0/p 0 = O = 0k = S0, (0001 )

14



Hence (55) is overdetermined and extra equations (55)2, ¢ = 5,6, 7 and (55)s,
i = 3 can be excluded. In explicit form the extension is written as

0o =8, (30 G4(2) QLT ) = /3 G 4(2) (Qa(I) + Qy(D))

8t,3 = ap(?)v)
Ay = 30> (60)
Oy = 203y

a(l) =X @20, a>0, (pt)€(0,1)x0,00),

where from (60)3 and (60)4 we can derive the excluded equations
A, = 9,(302/30)

61
vp = ap@al/%)- oy

4 Variational Approximation Scheme

In this section we introduce a variational approximation scheme for the
radial equation of elastodynamics. The general approach is to discretize the
extended system by use of implicit-explicit scheme.

Successive iterates are constructed by discretizing (55) as follows: Given
the (j — 1) iterate (v, B0, Y0, v0) With ag(p) = 0 and afy(p) > 0, p € (0, 1),
we define Z0 = (£9)7_, by

- ap ag Yo 3% 3
.:.O(p) = <5092/37 ?7 ?7 p1/37 7002/37 70p2/3, 046,02/3 (62)

and construct the j™* iterate (a,3,7,v), with corresponding = = (&)7_,
defined by

=()) — a3 @ @ 0 3 93 37 o o
_‘(p) <ﬂp 7p7p7p1/37 210 ) 2/7 ,CYP 9 (63)
by solving
d —\ O
(v =w0)/h = 0 (30 GLE)9L(T))
- P_l/gG,i(E) (QfQ(FO) + Qf?)(rﬂ))

(& — &)/ = 3,02/3;2 (@ (%)), i=1,5,6,7 (64)

(& — &) /h=p P (Q(T0) + (1) v, i=2,3,4
\ 52(1) = 53(1) = /\a 52753 P Oa 57 > 07 pE (07 1)7

15



where

I = (@' (p/a)*?, (a/p)'"* () p)"/?), (65)
% = (ag(p/a0)*?, (ao/p)'"*, (a0/p)' /). (66)

As in the continuous case the discrete system (64) is overdetermined
with extra equations

(ap - aop) /h = a (30402/%) ,
d 1/3 (67)
(Vo —0,) /b = p (2@0 U) ;

corresponding to (64)q, i = 5,6,7. Excluding them from the system above
we get

(v—ug) /h= Ci’ (3p2/3 Gi(Z) Qfl(ro)>
— 7P G(E) (A7) + (1)
(35— 0) = 530 ()

(o — o) /h = 309 %v

(v = 70) /h = 200"
a(l)=X, a=0, o >0, pe(0,1).

Note that equations (67) can be derived from (68)s 4.

Time-step approximations capture a subtle form of dissipation associated
with the underlying variational structure and the convexity of the entropy,
[7, 8]. Indeed, solutions of (68) satisfy a discrete entropy inequality: To see

that, consider a smooth solution (Z,v) of (64) associated to smooth data
(2% vp) given by (62). Multiplying (64); by v we get

v(v — vp)

4 d 4 .
24 @) (3P ) G 4 () + ) o)

(69)
- jp (302G (@9 ) .

Then denoting
. d . .
A = 3p2/3Qf1(F0)de +p B (QG(T0) + Q4 (T0)) v, i=1,...,7 (70)
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we claim .
A = % (71)
Indeed, for i = 2,3,4 we have @, = 0 and hence (64)3 and (70) imply (71).

For 1 = 1,5,6,7 by the properties (54) of null Lagrangians and (64)s we get

A= (—3p2/3jp (Q1(T9) + p~ 13 (Q(°) + sz(FO))>
(72)
n 3p2/3$) (@ ()W) = (& —€°) /h, i=1,5,6,T.

Thus (69) and (71) imply

(00 = 10) + Ga(3) (6 - &) = . (3075629 T0).
Now, we denote © = (v,Z) and ©° = (v9,Z%). Then n = 1/2v? + G(E)
satisfies
1
h
For G convex the following identity holds

n(©) —n(©%) d
h dp

Dn-(6-06°% — jp (3p2/3G,i(E)Qf1 (FO)U) =0.

(3/)2/3(;71-(5)93@0)@) <0. (73)

Remark 1. We have not studied in this article the convergence as the
time-step h — 0. For the three-dimensional elasticity equations this process
produces measure-valued solutions [8] while for one-dimensional elasticity
it gives entropy weak solutions [7]. In the present case we would expect
to obtain weak solutions, but the compactness properties of (4) are not at
present sufficiently understood. There are two differences of (4) relative to
the well understood compactness theory of one-dimensional elasticity: the
dependence of the stress on lower order terms, and the singularity at R = 0.
Nevertheless, if the iterates u”, v" converge strongly, the discrete entropy

inequality (73) gives a weak solution dissipating the mechanical energy.

5 Existence of minimizers

Henceforth, we consider stored-energy functions (44) of the form

q)('Ul, V2, U3) = G(Ub V2, V3,2 V3, V1V3, V1V2, U1U2U3)

— o(01) + (u2) + 9(v5) + 9lv3vs) + g(01035) + g0nv3) + hvrvgus).
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Then, the function G defined in (46) reads
G(Ep) =€)+ (6°) + (&)
g (€10'?) + 9 (60'2) + g (€00?) + R(ap®?).

Now, define 9(x) = o(z'/3). Then, with = defined in (63), the above is
expressed by

G(2) = p(Bp%) + 20 (a/p) + g (/) +29 (370 /2) + h(e'). (76)

(75)

We place the following assumptions on the functions ¢, ¥, g, h appearing
above:

(A1) lims_o4 h(d) = lims— 4+ h(0)/0 = +o0;
(A2) ¢,v,g € C*(R) and h € C?(R,) satisfy
0. 0,9,h,¢" ¥, g" >0 and h">0; (77)

(A3) For 1 < p,q < oo and some constants c1,cy > 0

lim wlz) = lim ¥(z) =cp, lim 9(x) = c; (78)

T—00 |x|q

T—00 |;1;|3P T—00 |;1:’p

(A4) For 1 < p,q < o0 as in (A3) and C,C,C3 > 0

. "(x . Y (x _ g (x
hfis;ip ||;D|3(p)1| <Oy hff‘ip ||$‘1(,)1| <y, hirlj)l;p | |£|q) < Cs;
(79)

In particular, G is convex.

We define spaces of functions on the interval p € (0,1)
={f(p) eWHH0,1): f/pe L*(0,1)},
{f(p) € Ll0,1): fo** € 170, 1)},
X = {f(0) eWH0,1) s /¥ € 19, fpM* € 1(0,1) },
v ={f(p) eW5l0,1): felL? fpP e 10,1},

and
X=X10Xo0X3)Y.
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We fix a parameter A > 0 and for the initial data (o, Bo,70,v0) € X we
require
ap(l) =X, ap=0, ap>0, ae pe(0,1),
1

1 80
/2v02+G(EO)dp < 0. (80)
0
Consider the problem of minimizing the functional
i 1
Ia.7,0) = [ 50 =w)+G(E)dp
0
[ N (81)
= [ 50w+ o(807) + 26 (afp)
0
g (7/0*%) + 29 (3702 + h(a') dp
over the admissible set
Ay ={(a,3,7,v) € X :a(0) = 0, a(1) = A, @’ > 0 a.e. and
I(Oé,ﬁ,’y, U) < 09, (IB_}LQO) = 3U/7 (82)
(cv —hao) _ 3a02/3v, (v _h%) _ 20[01/3,0}‘

We note that I is well-defined for («, 3,7,v) € X with o/ > 0 a.e. p € (0,1),
though I might be equal to co.

Lemma 2. The admissible set Ay is nonempty.

Proof. Take («, 3,7,v) = (a0, 00,7%,0) € X. Then (80) implies «(0) > 0,
a(l)y =X\, o >0 ae. and

1
1
I(O[,B,’Y,’U) :/ §UO2+G(EO) d,O < Q.
0

Moreover the following holds: (8 — (o)/h = 0 = 3V, (o — ag)/h -
39?3, and (v —0)/h = 0 = 2a9"/?v. Hence (o, B,7,v) € Aj. M

I
o
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Lemma 3 (I-bounded sequences). Let {(an, Bns Y, Un) bpen C Ax and

M = sup I(ay, Bn, Yn, vn) < 00. (83)
neN

Then 3 (o, B,7,v) € X and a subsequence {(au, By, Yu,vu)} s-t.

a, =« in Wht, ay/p—afp in LP,

Yl PP =) p? in LY, A pME =y ptE in LY
T2 1 2/3 1 2/3 . 13 (84)

vy = in L7, ’Uup/évp/ in L°P,

ﬁpp2/346p2/3 in 3P

Proof. First, a, > 0, o), > 0 a.e. and a,(1) = X imply that |a,| < A
Second, from (83) it follows fol h(al,)dp < M, ¥n. By the de la Vallée
Poussin criterion there exists & € W' and a subsequence {as} such that
as — a weakly in W1,

By (A3) there exist constants C1,Cy s.t. p(z) > C1|z[3F — Cq, (x) >
Cilz|P — Cy and g(z) > Ci|x|? — Ca, and thus

(vs — 'UO)2 dp

N | —

1
M > I(as,ﬂs,'ys,vs) 2/
0

1 (35)

3
G / B2 + 2as ol + bys/ 0?21 + S 1o " dp — ACs
0

This implies, for 1 < p,q < oo, that a/p € LP and there exist § € Xy, €
X3, v € L? and a subsequence {ay, B, Y, vu} of {as, Bs, s, vs} such that
(84)2,3747576 hOld

Finally, as (au, By, Yu,vu) € Ax we have 3%p2/3 = By — Bo)p?/3 /h.
Then by (84)3 we get 3va2/3 — (B — Bo)p*?/h in L. Then by (84) for
each f € C§°(0,1)

1 1
/ vf'dp = lim/ vuf’dp
0 r=e0Jo

: - (56)
— i "fdp=— | (8- Bo)fd
Jm J vt dp /0 37,8 — Bo) f dp
and hence v' = (8 — p)/3h. Therefore v € Y and vl’“oQ/3 — o/ p?/3. O
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Theorem 1 (Lower semi-continuity). Let {(aun, Bn, Yn,Vn) tnen C A,
(a0, B,7,v) € X satisfy (83) and (84). Then («, 3,7,v) € A\ and

I(a, B,7v,v) < liminf I(ap, B, Y, Un) = s < 00. (87)

Proof. By hypothesis 0 < I,, = I(ay, BnyVn,vn) < M, ¥Yn € N and thus
s < oo. Recall that a,, — a weakly in Wh! and (along a subsequence)
uniformly on C[0,1]. Since a,(1) = A we obtain «(1) = A. Moreover,

1 1
lim O‘;LX{()/<O} dp = /0 O/X{a/<0} dp. (88)

n—oo 0

Since o, > 0 a.e. we obtain fo ' X{ar<0} dp = 0, and thus m {a’ < 0} = 0.

Now, denote A = {p € (0,1) : o/ =0} and show that m(A) = 0. We will
argue by contradiction. Assume that m(A) =& > 0. Then (84) implies

1 1
lim alxadp = / o'xadp = 0. (89)
0

n—oo 0

Then, as a, > 0 a.e., lim;, fol lal xaldp = 0. Hence o/, xa — 0 in L.
We extract a subsequence {aj, } such that o, x4 — 0 ac. p € (0,1).
Now, by Egoroff’s theorem there exists a measurable set B C A such that
m (B) > ¢/2 and «;, — 0 uniformly on B. Next, observe that

1
[ et o= [ niel)dp = () (inf piai) ) = m(8)
0 B pEB
Since pin, — oo this contradicts (83). We conclude that m(A) = 0.
Next we prove a > 0 a.e. p € (0,1). Again (84); implies
1 1
lim [ anxqaco dp = /0 oXfacoydp > 0, (90)

n—oo 0

and thus m {o < 0} = 0. This concludes that « satisfies all restrictions of
membership in A).

Next, by (A2) we get

e(Brp™?) = 0(Bp*?) + &' (Bp*?) (B — B)p*?,
U (on/p) = ¥ (a/p) + ¢ (/p) (o — ) /p,

g (7"/” 3> g (V/f’m) +y (v/p%) (v —)/P*3, (91)
(3’)’np1/3/2> g <3fylp1/3/2> +q (37’p1/3/2> (v, —7)3p3 /2

WV
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a.e. p € (0,1). As (a, 8,7,v), (an, BnyYn, vn) € X, from (A3) it follows that
the right hand side of each of the inequalities in (91) are integrable and

& (B3 e L1, ' (afp) € LT,

and ' (7/p%?) g (37,0"/%/2) € Li"1. (92)

Take an arbitrary 0 < § < 1 and set As = {p € (0,1): 6§ <o’ < 1/6}.
Then by (A2)

h(og) = hla')xa, + 1 () ey, — )xa; ae. pe(0,1).  (93)
Moreover, (A1) and (A2) together imply

0 < h(a)xas + [ (a)]xa,
< 2max(h(9), h(1/6), |1 (9)], |1 (1/)]).

Hence
h(a)xa;, W(a')xa; € L, (94)
and we conclude that the right hand side of (93) is integrable.
Finally,
(v, —v9)2 = (v —0)? + 2(v — v) (v, —v) ave. p € (0,1), (95)

where right hand side is integrable as v, v,, vy € L?.

Following the discussion above, (91)-(95) imply

I,

WV

1
| 5=+ el6) +20 0/
1
+g <7/p2/ 3) +2g (Wp” i 2) dp + /0 h(a)xa, dp

1
- /0 (v = 10)(vn = v) + & (Bp**) By — B)p**
+ 20/ (a/p) (an = ) /p+ g (1/p*) (30 = 2)/p*?
+ 9 (370'2/2) (o, = )32 + W (@' )xa, (0, — ') dp
=J+ Js+ Jy.
Then, letting n — 0o, we obtain

oo > s = liminf I, > J + Js + liminf J,.
n—oo

n—o0
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Now from (84), (92), (94), and v — vy € L? it follows that lim, o Jy, = 0
and hence

1

o0 > s = liminf I,, > J—l—/ h(a')xa, dp. (96)
n—oo 0

Now, as o/ > 0 a.e. p € (0,1) and o/ € L, the set {o/ =0}|J{a/ = o0} is

of measure zero and hence

Jim (a')xXa, = h(o N ocorco) = ha') ac p€ (0,1, (97
Finally, let 6 — 0+. Then from (96), (97) and Monotone Convergence
Theorem it follows

n—oo

1
o0 > 8 = hmll’lf.[n 2 J+/ h(a/)dp - I(O[,ﬁ,’y,'l))
0

and hence (87) holds. Since (au, Bn, Yn,vn) € Ay, and the other constraints
are linear, one easily checks that the limiting («, 3,7,v) € Aj. ]

Theorem 2 (Existence). There ezists (o, 3,7,v) € Ay satisfying

I(a,f.7,v) = inf I(@, 5, 7.9). (98)

Proof. As A, is nonempty, we can set s = inf, I(&,3,%,9). Then by
definition of Ay we have I(a,(3,7,7) < oo for each (@, 3,7%,7) € Ay. This
implies that s is finite.

Next, by definition of s there exists {(aun,Bn, ¥, Vn)}tneny € Ax such
that lim, .o In = s with I, = I(an,Bn,VYn,vn). Then, as {I,}, oy is
bounded, lemma 3 and Theorem 1 imply that 3(a, 3,7,v) € Ay satisfy-
ing I(a, 3,7,v) < liminf, o I, = s. In this case the definition of s implies
I(a, B,7,v) = s. O

Theorem 3 (Uniqueness). The minimizer («, 3,7v,v) € Ax of I over Ay
18 unique.

Proof. We will argue by contradiction. Assume (o, 3,7, v), (&, 3,7,7) € A\

ata B+8 1Y v+
e, ot ) and

v
’2 0 2 0 2

are two distinct minimizers. Then we consider (
notice that it also belongs to Aj.

Define A = {p € (0,1) : o/ # &'}. Then mA > 0. Indeed, if o/ = &’ a.e.,
then a(1) = @(1) = X implies @ = @&. In turn, this implies v = ¥', 8 = § and
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are distinct.

Now, as h” > 0, we have

he) +h(@) h<a'+5/> e

2

and thus, as mA is positive,

1 / —/ 1 / —/
/ h(a)+h(a)dp>/h<a —i—a)dp'
0 2 0 2

Let s = inf4, I (@, 8,7, 0). Then by the inequality above and convexity
of p,7 and g we obtain

S =

I(a7/3’77v)_;l(d7/87r7?6) > I<a;d’ﬁ—gg’7_§7’v;’l_}> , (99)

which, since (%,%ﬁ %, ”J2”7> € A,, contradicts the definition of s.

Hence (o, 3,7,v) = (&, 3,7,0). O

6 Euler-Lagrange Equations

Next, we show that the minimizer of I satisfies the system (64) a.e. p €
(0,1). To this end, in addition to (80), we assume that the initial iterate
(v, Bo, 0, vo) satisfies for each 6 € (0,1)

ap € L¥(5,1) (| L9(6,1). (100)

Theorem 4 (Weak Form). Let (a,[3,v,v) € Ay be the minimizer of I
over Ay and the initial iterate (o, Bo,Y0,v0) satisfy (80) and (100). Let
also

Gi(p) = G(F)Q () (101)

and

Ga(p) = G i(E) (sz(ro) + Qfa(ro)) (102)
Then, for each § € (0,1),

p2/3G1(p) S WLI((S’ 1) ) 0_1/3G2(P) € Ll((sv 1) )
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and for a.e. p € (0,1)
323G (p) = /p <81/3G2(S) + U(S)_hvo(s)> ds + const. (103)
1

Moreover, for each § € (0,1),
o € L*(6,1)( L5, 1). (104)

Proof. Fix k € N and define S, = {p € [1/k,1) : 1/k < o/ < k}. Let
f € L™ with fSk fdp=0. We denote by xx = x5, , I = ao(1/k) and set

u(p) = /0 " k() F(s) ds. (105)

Before proceeding further we make the following remark. Let ¢ € R and
F(z) = 2%,z € R;. Take 6 € (0,1). Then, as ap € Wht ag > 0 and af, > 0
a.e. p € (0,1) we must have 0 < ap(d) < ap < A for all p € (d,1). Hence
|F" ()] <t (ap(8) + X)' ! for all p € (6,1). Therefore we conclude that for
eacht € R and § € (0,1)

d
aot € WH(6,1) with P (ap') = tagp' ™ tay. (106)
(i) Step 1. Definition of the variation. For |e] < m we define
(e, Bes Ve, ve) by
Ve =V + EW
a: =ag+h (31150402/3) =a—+ 3u
u / (107)
_ n —
Be = Bo+h (3ul) = 5+ 32 <a02/3)

%Z’Yo-i-h<2vaagl/3> =5+ 2 73
(7)) /3

Due to (106), (ae, B, Ve, ve) is well-defined. We next prove:

Lemma 4. The variation (az, Bz, e, ve) € Aj.
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Proof. First, we notice that

(0e, Be, e, ve) = (o, B,7,0) i p € (0,1/k). (108)

Then we check that

as(1) = a(l) + 3¢ f(s)ds = A.
Sk
Next, we see that o = o’ + 3exf and therefore
al=d, p¢ Sk
1, (109)
This implies that az > 0 a.e. p € (0,1) and hence (108) implies a. > 0.
Now we make the following estimates. First, we see that

k231
</l 1+k+l1ﬁ+w
k k

1
02/3a1/3

%
ha02/3

|+ ‘“' +
P

and, for j = 1,2,

/ . B
() € e (757 i)

Thus we conclude that there exists C' such that Vp € (1/k,1)

oL — o[ +]ac/p— afpl + e /p** = /0P| + v —ve| <eC (110)
and
1802 = Bp*?| + INLp" P =+ p 3 < eC (1 + |og]) - (111)
As (a, B,7,v) € X, the last two inequalities imply (e, Bz, Ve, ve) € X.

Further, by (A3), (110) and (111) we conclude that there exists C such
that for all p € (1/k,1)

blae/p) < C(la/pl" + 1)
p(B:p*%) < C (180 + ol +1)
9(v:/p*%) < C (In/p??1 +1)

9(3Lp"?/2) < € (1P + [al? + 1) .
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By (109) we also have

h(el) = h(a'), p ¢ S,
h(al) < max [h(5)] = My, p€ S (112)
57 <6<k
and hence
h(al) < h(e) + My, pe(0,1). (113)

Now, similarly to (63), set

/ /
= _ 2/3 Qe Qe Ve 3% 973 3% 2/3 4 93
— </68p 9 p7 p 7p1/37 2 p Pl 2 p 7a8p . (114)

Then, by the discussion above, it follows that

(ve — v9)? (v — vg)?

S = GE) 4 e (0,1/R), (115)

and there exists C' such that for p € (1/k,1)

<C (141827 + |t + o/l + /0% w6)
M3+ ol + [ + uol? + () ) -

AS I(a,ﬁ,'y,v) < 00, (115) a'nd (116) lmply I<a67ﬂ677&‘7v6) <00 and hence
by construction and the above discussion we get (ae, B, Ve, Ve) € A. O

Step 2. The next objective is to validate the formal identity

Lo (e ee)

This will require several detailed estimations presented below.

d
7o 1 (ae, B, e, ve) dp=0. (117)

e=0

At this point, let us make estimates of the following difference quotients
on the interval p € (1/k, 1). First, by (110) we get

1 1
10 = 00)? = (0 = 0)?] == v — olfoe + v — 20| wis)

< C (o] + |vo| +1).
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Further, by the Mean Value Theorem

1 1,
Zle(Bep™) = @(B™ )] = I () 15077 = 5%,

where min(8, 3:)p*/? < 7. < max(3,(.)p*?. Hence from (111) it follows
7] < |Bp*3| 4+ eC(|ap| + 1) and therefore (A4) implies

¢ ()l < C (18227 +ag PP~ +1).
Thus
1
| (Bep™*)—p(Bp*%)|
£ (119)
<O (I8P + a1 +1) (lapl +1)

Similarly,
1 1
Zl¥lae/p) =d(a/p)l = Z [ (7e)llas/p = a/pl,
where min(a., a)/p < 7. < max(ae, «)/p. Hence || < |a/p|+eC and (A4)
implies
¥ ()| < C ((Ja/pl + 1771+ 1)
and hence

Lplac/p) ~lalp)l < C ((afpl + 1P +1). (120)

Next,
1
glg(%/pw’)—g(v/p”?’)l Ig(Ts)Il%/p2/3 v/p*,

where min(7y.,v)/p?? < || < max(’yg,'y)/pQ/?’ and hence |7.| < |v/p*?| +
eC'. Then by (A4)

()| < C ((|7/p2/3| b1yt 1)

and hence

Sl9(e /%) = gl < © (e + 1 1) )

Further,
| (31Lp'/2) = g(3+/p' /% /2)| = *Ig (7o)l lp™® =~ 0",
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where 3 min(y.,7)p*? < |7:| < 3 max(yl,7)p'/®. Hence we must have

17| < 3 (|/p/3| + eC(|afh| +1)). Then (A4) implies

19/l < C (W] + gl +1)7~" + 1)
and hence

1
g19(372/)1/3/2)—g(3v’p1/3/2)\

(122)
< C (W] + |l + 171 +1) (|| +1).

Finally, if p ¢ Sk, then 1|h(al) — h(a/)| = 0 and if p € S, we get
1 / / 1 / / /
Zlhlag) = hle)] = —[h(7e)llog — o,

where min(al, /) < 7. < max(al, @). Then by (109); we get 5 < 7= < k+1
and hence
|W(m2)] <  max |R/(5)].

S <O<k+1

Thus by (110) we conclude that for p € (1/k,1)

(o) — h(a)] < C. (123)

Thus (115),(118)-(123) and the assumptions on the initial iterate (80)
and (100) imply that

-  (v—w)?
—GQ(=E) - 9
=-S5
is bounded on (0, 1) by an integrable function. Letting ¢ — 0, and using the
Dominated Convergence theorem, (A2) and the fact that («, 3,7, v) is the
minimizer, we obtain the identity (117).

Step 3. Conclusion of the computation. The last step is to compute the
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right hand side of (117). Note first that

d=2 d 2/3 p 2
=3 —3 /3

de deﬂ P <a02/3> P
=2 d=2 d <a€> _ 3u
p p

Ee _ i Te |\ _ 24

de — de \ pi/3 apl/3p1/3

52 _ =8 _ d §V/P2/3 —3 H /p2/3
de de  de \2'° apl/3

dgl  d
d; == (0/592/3) — 3/ /3

o0

de de :%

and
dve H

E - hOé02/3‘

Then the integrand in (117) is expressed by

dve . d=L B ;
(v UO)cTa » +Gi(E) e |, ap =+ b,
where
20 3 3
alp) = —G1(8) =23 + G2(2)= + G3(8)=
(p) a( )%5/3/) 2( )p 3( )p
= _ = = 046 2/3 (U - UO)
+G’4(“)a01 R (G5(E)+Ge(B) PV + hag?/?
and
3 2/3 _ _ _ _
o) = 5 (Ga(®)+ Gs(E)an' + Gp(E)ao'® + Gr(Z)an®?)

Thus by (117) we have (ap + bu') € L' and

1
/ (ap +bu') dp = 0.
1/k

(124)

(125)

(126)

Now, we claim a € L'(1/k,1). By (A3) and definition (75) of G it follows

that for p € (1/k, 1)
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90'(5/?2/3)&0/
p®

< C (180727~ 1) |,

= O‘é 2/3
= 0 <

1 = = —
p 1G2(2) + G3(Z)| <2k |y (a/p)| < C (JofplP~! + 1),
and

k1/3
<

e

1
apl/3p1/3

‘GA(E)

g’(v/pm)‘ <C (IW//)Q/‘Q’!‘I_1 + 1) :

As the right hand sides of the inequalities above are integrable on (1/k,1)
we have a € L'(1/k,1) and this, in turn, implies by’ € L*(1/k,1). Now, we
set z(p) = [{ a(s)ds for p € (1/k,1). Then z is absolutely continuous and
sois puz. As (p2)|p=1/x = (12)]p=1 = 0 we get

1 1 p
0= / (uz) dp = / (,u,’/ a(s)ds + ua) dp.
1/k 1/k 1

Then (126) becomes

/Sk (/lp a(s)ds+b> fdp=0. (127)

By the properties of f we obtain that for some constant cj

p
b—/ a(s)ds = ¢ a.e. p € S.
1

As k was arbitrary, the above equality is valid for all £ € N. In this case
Sk C Sk41 implies that ¢ = cgr1. As U, Sk ={p € (0,1) : 0 </ < o0}
and m ((0,1)\ U, Sk) = 0, we conclude

p
b— / a(s)ds = const. a.e. p € (0,1). (128)
1

Now, let us fix 6 € (0,1). By the above argument a € L'(d,1) and (128)
implies b € WH1(4,1) with the weak derivative b’ = a. Moreover, by (106)
we have ag?/3 € WH1(5,1) and hence bag?/3 € WH1(8,1). At this point, we
compute

1 0 0 0 a01/3 Oé()l/3 a02/3
2/3 / /

1/3 app app

) 0 @ / 0 aog/3 a02/3

2/3 / /
aQ 1/3 P P
3 < P > @o ap?/3 0 apt/3

D) = |0 3(%
0 0
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and notice that definitions (124) and (125) of @ and b imply
bag?? = 3p*1°G (2 (1) = 307G (p)
while its weak derivative is expressed as

d 2/3 _ 2/3 20, _
d—pbao = aog”” + b3a01/3 =

= P_l/gG,i(E> (Q?é(FO) + Qf3(ro)) +

v — g

h

vV — g

h

= p 3Gy (p) +
We conclude that, for 6 € (0,1),
pPGi(p) e W (6,1), p M PGa(p) € L'(5,1), (129)

and for almost every p € (0,1)

323G (p) = /lp <s_1/3G2(5) + v(s)—hvo(s)) ds + const. (130)

Finally, to prove (104), we compute

/ 20/
(@ —ag) =h (3&02/31)) = ( %o, + 30102/31/)

apl/3
— (a—00)220 4 (3 Bp)ag™
3040
and hence . )
o = % <1 + a> + (6 — Bo)ao?/>. (131)
ag
Similarly,
!
) — /3, _ 2 (@~
(v =) = h (200%) = 2 ( - )
2 ;o a
[ — — 2 _
3al/3 (a 3 ( +a0>>
and hence . 5
1 Y a / / 1/3
== |24+ — —(v - . 132
a 3<+a0>+2(7 Y0') o (132)



Now, take § € (0,1). Then from (131) and (132) it follows that for all
pc 1)

o 2\
< S (1 205 ) 19 - g (133)
and
/ |ap] A 3. 11y1/3
o] < =5 2+a0(5) 5l = A (134)

Since § is arbitrary and 83— 8y € L3(8,1), v/ —~4 € L9(8,1), the assumption
(100) and last two inequalities imply that for each § € (0, 1)

o € L*(6,1)( L5, 1). (135)

This completes the proof. O

7 Regularity

First, we claim that for each representative of the minimizer («, 3,v,v) € Ay
in the theorem (4) we can alter o’ on a set of measure zero such that functions
G1 and G3 defined in (101) and (102) satisfy

p _
3p2/3G(p) = / sTV3Gy(s) + v(s)hvg(s) ds + Cp, for all p € (0,1].
1

Indeed, let us fix representatives («, 3,v,v) and (ag, 5o, 70, v0). Define

1 P v(s) — vo(s)
z(p) = 3,273 /1 sT13Gy(s) + %ds +Co (136)

and let A= {p € (0,1]: G1(p) # z(p)}. Take any py € A and define
v = (2(0) = ¢ (80%%) — 29 (37/p"*)(c0/p)/? )|

Then by (Al) and (A2) it follows that there exists a unique xg such that
h'(zo) = yo (po/ao(po))Q/S. Now, by definition of G; we have for all p € (0, 1]

Gi(p) = &' (B*°) +29' (372 /2)(c0/p)'* + W' (o) (a0 /p)*®. (137)

Thus assigning o/(pg) = x¢ we get G1(po) = 2(po). In the end, after altering
this way o/ on the set A, we get that G1(p) = z(p) for all p € (0, 1]. Moreover
by (103) we have mA = 0 and this finishes the proof.

pP=p0

The following regularity lemma requires a smoother initial iterate than
before. In particular we prove:
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Lemma 5 (Regularity). Let (o, 3,7,v) € Ay be the minimizer of I over
Ay. Assume that the initial iterate (v, Bo, 70, v0) satisfies (80),

0,70 € CL0,1] and By € C(0,1]. (138)

Then
a,v,v € CY0,1] and B € C(0,1]. (139)

Proof. Clearly, we can pick a representative («, 3,v,v) such that a,v,v €
C(0,1]. Proceeding as in (131) and (132), the constraints 5% = 3a?/3v,
1200 = 2091/39 and ﬁ;}f‘) = 30 imply for a.e. p € (0,1)

Bp*% =/ (p/ao)?® + fi(p) (140)
and 3
570 = (p/a0)'? + falp), (141)
where .y
_ 5 2/3_ QP 2a
3 /13 p'/? < - >
— _r 4+
f?(p) 9 0 a(l]/g ao

We note that (138) implies that f; and f; are continuous on (0, 1] functions.

First, we alter § and 4/ so that equality in (140) and (141) holds for all
€ (0,1). Hence by (137) we have for all p € (0,1]

Gr(p) = ¢' (' (p/a0)”? + £a(p)
+2¢/ (o (p/00)"* + f1(p) ) (c0/p)"* (142)
+1'(a”)(ao/p)*/?.

and this suggests to define f: Ry x (0,1] — R by

f(@,0) = (2(0/a0)* + fo(0))
+2¢' (2(p/0)"* + f1(p)) (a0 /p)* (143)
+ (@) (c0/ ).
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Now, define A = {p € (0,1] : Gi(p) # z(p)}. Clearly, mA = 0 and note
that from (142) it follows

Gi(p) = f(e,p) = 2(p), p A (144)

Take pp € A. Then, as pp > 0 and ap(po) > 0, properties (Al)-(A3) imply
that f.(x,po) > 0 for all z € R;; moreover, lim, o4+ f(x,po) = —oo and
lim, 400 f(x,p0) = +00. Hence there exists unique zg € R4 such that
f(o, po) = z(po)-

At this point we are ready to assign new values for o/, 3 and 7. Define

Zo 1(po
o (po) = wo, PBlpo) = Oéo(po)2/3 + fpél/)?))
and
i =5 (2 4 L))
This implies that (140) and (141) hold at p = pg and hence by (137)
G1(po) = f(z0,p0) = f(a/(po), o) = z(po)- (145)
As pg € A was arbitrary (144) and (145) imply
Gi(p) = f(d,p) = 2(p), p€(0,1]. (146)

Hence G is continuous on (0, 1] and therefore o/ > 0 for all p € (0, 1].

Now, let us assume pr — po and o'(p;) — 1 € [0,00] with pg,po €
(0,1], k € N. First, we claim that [ € (0,00). Indeed, assume that | = 0
or | = +oo. Then by continuity of ag we have ag(pr) — ap(po) > 0 and
hence properties (Al)-(A3), together with continuity of fi; and fs, imply
limg 00 f(a/(pr), pr) = Foo respectively. Thus by continuity of G; and
(146) we have

Gi(po) = lim Gi(py) = lim f(a(pr), pr) = Foo (147)

which is a contradiction. Therefore we assume [ € (0,00). As fi, fo are con-
tinuous on (0, 1], we must have limg_,o f(&/(pk), pr) = f(I, po) and therefore
by (146) we get

f(@(po); po) = G1(po) = Jim G1(pr)

) / (148)
— kli)rgo f(Ot (Pk)vpk) = f(l,po).
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By the strict monotonicity of f(-, po) we get ap(pp) = | and conclude that
o/ is continuous on (0, 1].

Finally, from the discussion above it follows that equalities (140) and
(141) hold for all p € (0,1]. The continuity of fi, fo and o imply 3,7 €
C(0,1]. Moreover, as *5%0 = 3ap?3v for all p € (0,1], we obtain v €
C1(0,1]. This finishes the proof. O
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