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ABSTRACT. We investigate the derivation of semilinear relaxation systems and scalar conser-
vation laws from a class of stochastic interacting particle systems. These systems are Markov
jump processes set on a lattice, they satisfy detailed mass balance (but not detailed balance of
momentum) and are equipped with multiple scalings. Using a combination of correlation func-
tion methods with compactness and convergence properties of semidiscrete relaxation schemes
we prove that, at a mesoscopic scale, the interacting particle system gives rise to a semilinear
hyperbolic system of relaxation type, while at a macroscopic scale it yields a scalar conservation
law. Rates of convergence are obtained in both scalings.

1. Introduction

We investigate a class of interacting particle systems (IPS) set on a one dimensional lattice.
The IPS consists of two kinds of particles: the first kind is of mass £ and moves to the left
with velocity —1, while the second kind is of mass 1 (or more generally of mass m) and
moves to the right with velocity +1. The IPS evolves under a combination of two stochastic
mechanisms: First, streaming of particles following their velocity at exponentially distributed
times. Second, an exchange mechanism where a fixed number of £ particles moving with
velocity +1 merge to create a single particle moving with velocity —1 (or more generally m
particles moving with velocity —1); vice versa, one particle (or more generally m particles)
moving with velocity —1 breaks into ¢ particles moving with velocity +1. Both processes
occur with configuration dependent rates (see Sec. 2). The exchange mechanism satisfies
detailed mass balance, but violates detailed balance of linear momentum. The objective of
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2 KATSOULAKIS AND TZAVARAS

this article is to study the behavior of the particle system in two scaling limits. We will prove:
(i) At a mesoscopic scale, after suitable averaging and space rescaling, the IPS converges to
a relaxataion system equipped with a mass balance law. (ii) There exists a continuum of
macroscopic scalings, of both lattice size and time, so that the averaged particle system
relaxes to the entropy solution of a scalar conservation law.

The particle systems studied here are generalizations of the IPS modeling the Carleman
system in De Masi and Presutti!). The streaming mechanisms are the same in both cases.
By contrast the “collision” mechanisms differ: While in the Carleman case, two particles
with velocity +1 are converted into two particles with velocity —1, for the present IPS the
velocity exchange process is not symmetric. As a result, while the Carleman model yields at
a magcroscopic limit a trivial conservation law, for the particle system considered here - when
£ # m - the macroscopic limit is described by a quasilinear hyperbolic equation.

The mesoscopic limit of the IPS is described by relaxation systems of the type

N
Ovw + Uy -V = 1 > Gi(w, z)
(1.1) €=

1
{")tzi +U;-Vz = —gGi(w, z,L) , 1 =1, ___’N’

studied by Katsoulakis and Tzavaras(®. The system (1.1) describes the dynamics of the state
vector (w,Z), Z = (z1,-...,2n), where Uy, Ui,..., Uy € RY are convective velocities, and
G;(w, z;) are smooth functions that are decreasing in w and increasing in z;, and € > 0 is a
relaxation parameter. It is assumed that each equation G;(w, z;) = 0 has a unique solution
z; = gi(w), with g;(w) a smooth strictly increasing function. The curve

w— (w,g1(w),...,gn(w)), weR,

constitutes the manifold of local equilibria (or Maxwellian states). Solutions of (1.1) satisfy
the conservation law (corresponding to mass balance)

N N
O (w + Zzi) + div(Upw + Z Uiz;) =0.

i=1 i=1
As € — 0, the local equilibria are enforced, and the limiting dynamics is described by weak
solutions of

N N
(1.2) Oe(w+ Y gi(w)) + div(Uow + Y Usgs(w)) = 0.

i=1 i=1

It is shown in Ref. 2 that solutions of (1.1) are precompact in L' and that the moment
u=w+ Zfil z; converges as € — 0 to an entropy solution of (1.2).



MULTISCALE ANALYSIS FOR INTERACTING PARTICLES 3

The analogy to the kinetic theory of dilute gases is transparent. In an ideal gas the
molecules are caricatured as a set of hard spheres, evolving under Newtonian dynamics and
undergoing elastic collisions. A reduced - mesoscopic - description of this IPS is given by the
Boltzmann equation. The Boltzmann equation still does not describe macroscopic quanti-
ties but rather the evolution of the probability distribution of particles in the phase space.
When the mean free path goes to zero, the solution of the Boltzmann equation relaxes to a
Maxwellian distribution and the process yields a macroscopic description via fluid equations.
In principle, one would hope to derive rigorously the fluid equations directly from particle
dynamics, using the Boltzmann equation as a mesoscopic-intermediate step. This goal seems
quite ambitious as only parts of this program are at present rigorous, while the remaining
obstacles are difficult to overcome.

Here, we pursue this general strategy in the much simpler context of a theory equipped with
only one detailed balance law, the balance of mass. We also restrict to one-space dimension.
The proposed IPS can be naturally interepreted as a microscopic model for a convection-
reaction process. Building on Refs 1 and 2 we will show : (a) At mesoscopic scales the IPS
approximates the one-dimensional version of the relaxation model (1.1) (¢f. Theorem 2.1).
(b) At macroscopic scales it approximates the entropy solution of a scalar conservation law;
this is accomplished for a continuum of space/time scales given as powers of the lattice size
(Theorem 2.2). Error estimates are obtained for the convergence of the stochastic IPS at
both the mesoscopic and macroscopic limits.

In contrast to the Newtonian dynamics of rarefied gases which is deterministic, the par-
ticle systems considered have stochastic dynamics. A quite surprising fact concerning the
derivation of discrete velocity systems from microscopic considerations was discovered by
Uchyiama(®: There exist models of deterministic particle dynamics with finitely many ve-
locities that do not give rise to discrete velocity kinetic equations. On the other hand the
Carleman and Broadwell systems as well as (1.1) can be rigorously derived from particle
systems with stochastic dynamics (see Refs. 4 and 5).

Convergence of stochastic IPS to various discrete velocity models is established in Caprino-
De Masi-Presutti-Pulvirenti(*)>(), Caprino-Pulvirenti(®), Rezakhanlou-Tarver(”). The conver-
gence from mesoscopic to macroscopic equations, in the hyperbolic context, falls in the realm
of relaxation limits. We refer to Liu(®, Chen-Levermore-Liu(®, Natalini(1?)-(11) Katsoulakis-
Tzavaras(®) and references in these works for studies of relaxation approximations, and to
Jin-Xin(*?) | Tveito-Winther(!3), Katsoulakis-Kossioris-Makridakis(*%) for studies of numeri-
cal relaxation schemes. Concerning the passage from stochastic IPS to macroscopic equations,
there exist two approaches: Investigations that establish directly, without use of mesoscopic
equations, the convergence for the exclusion and zero-range processes to scalar conservation
laws, Rezakhanlou(!®). Investigations where the study of the mesoscopic-scale equations is the
main ingredient in the derivation of the macroscopic equations, like the study in Perthame-
Pulvirenti®'® of a class of IPS related to scalar conservation laws, as well as the deriva-
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tion of geometric evolutions, such as motion by mean curvature, from Ising systems (e.g.
Bonaventura'?), Katsoulakis—Souganidis(18)). The stochastic IPS in Ref. 16 is patterned
after the kinetic formulation of (1.2) of Lions-Perthame-Tadmor(*). The TPS considered here
are patterned after Ref. 4-5 and the relaxation system in Ref. 2, and have a small number
of species. We point out that the techniques presented here may be relevant in the study of
lattice Boltzmann models (cellular automata) with a single conserved quantity.

From a technical standpoint, our analysis relies on interweaving two tools. First, the

20) for the short time derivation of

correlation function method introduced by Lanford(
the Boltzmann equation from Newtonian dynamics, and developed for stochastic IPS by
Caprino-DeMasi-Presutti-Pulvirenti®. Second, on compactness and convergence properties
for semidiscrete approximations of (1.1). Semi-discrete relaxation schemes are derived as ap-
proximations of stochastic IPS by means of the correlation function method, and their study
is a key ingredient of the rigorous derivation of (1.2) from IPS.

The contents are organized as follows. In Section 2 we introduce the interacting particle
system associated to (1.1), and present the main results on convergence of the IPS and
rates of convergence. In Sections 3 and 4 we prove Theorems 2.1 and 2.2. In Section 5 we
prove compactness-convergence properties and rates of convergence, in both mesoscopic and
macroscopic scales, for semidiscrete approximations of (1.1). In the Appendix we present two
key approximation lemmata that use the technique of doubling of variables of the Kruzhkov (1)
and Kuznetzov(®? theory. The first is due to Bouchut and Perthame(?®) and concerns the
conservation law (1.2). The second shows that the Kruzhkov theory may be extended to the
class of contractive relaxation systems (1.1). These results are the basis for obtaining rates
of convergence for the IPS. Part of the results presented here were announced in Ref. 24.

2. Interacting Particle Systems with relaxation

2a. The one-dimensional model. We introduce a stochastic Interacting Particle System
(IPS) set on a one-dimensional lattice which, in a mesoscopic scaling, will converge to the
relaxation system (1.1), while, in a macroscopic scaling of lattice size and time, will approxi-
mate the entropy solution of a conservation law. The macroscopic system is set in the interval
[0,1] with periodic boundary conditions. In the usual fashion, weak solutions u of the scalar
conservation law
Ou+ F(u)y, =0, =2¢€]l0,1],¢>0,
(2.1) {
u(z,0) =ug(x), u(0,t) =u(l,t),

are required to satisfy the Kruzhkov entropy conditions
Otlu — k| + 0, [ (F(u) — F(k))sgn(u — k)| <0, inD’, for all k € R.
The IPS is set on the discrete torus of the lattice Z, denoted by

Z,=1{0,1,.., M},
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where v = M ! is the inverse of the positive integer M. There are two types of particles on
the lattice Z,: particles of mass £ moving with velocity —1 and particles of mass 1 moving
with velocity +1. Let 1(,0) be the number of particles at the lattice site ¢ € Z, with velocity
o € {—1,1}. We define the configuration

n= {W(iaU) ’ (7:’0) € Zy X {_17 1}}a

and the set of all possible configurations X = N4»*{~1L1} ' called configuration space. The
updating is done through two mechanisms, “streaming” and “interaction” of particles:

I. A particle at ¢ with velocity o, denoted by (i,0), jumps to (i + o,0) keeping its velocity
and moving one lattice unit in the direction o, at a rate Vy~! with V,y > 0 and v << 1.

II. A number of £ particles at the site ¢ with velocity ¢ = +1 interact to produce a single
particle at the same site ¢ with opposite velocity ¢ = —1. Conversely, a single particle at the
site ¢ with velocity o = —1 breaks up into £ particles at the site ¢ with velocity ¢ = +1. The
two processes occur at rates ¢(n,1,4) and c¢(n, —1,1) respectively, satisfying the conditions:

(i) e(n,1,4) = De(n(i, 1)) == n(i, DIn(@, 1) = 1]-.[n(2, 1) = £+ 1],
(11) 0(77, _l,i) = 77(% _1)'

Note that if 4 is a product Poisson measure on X, with varying densities over the lattice,
such that
Eun(i,1) =w() >0, Eun(E,-1)==20i) >0, i€Z,,

then
Euc(na _17 Z) = Z(Z)a Euc(na 1a1) = w(,L)Z .

The streaming and interaction mechanisms, endowed with periodic conditions, give rise to
a jump Markov process,

7. = {nt(i,a) eN:t>0,(i,0)€Z, x{-1, 1}},
set on the configuration space X. The process is completely described by its generator
LY =y7'Ly + L,
where

Lsf(n) =V Z n(ia 0)[f(77 + 5(i+a,a) - 5(1‘,0)) - f(n)],
(i,0)

Lef(n) = Zc(n, L,4)[f (0 + 8(i,—1y — £d(i1)) — f(m)]+

c(n, —=1,9)[f(n + £0¢,1) — 6¢i,—1)) — fF ()],
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[+ X = Reylindrical, and d(; 5)(j, o) = 1if (j,0') = (4,0) and equal to 0 otherwise. We refer
to Refs. 25 and 26 for the construction of stochastic processes, associated with interacting
particle systems.

Remark 2.1 (a) In the above model the particles do not undergo true collisions but rather
an interaction mechanism according to the rates c(n, £1,7). The interaction mechanism obeys
detailed balance of mass.

(b) The analysis concerning the mesoscopic limit of the IPS applies to certain models involving
real collisions, such as the Ruijgrok-Wu model(®>”), for which the collision rates are

c(n,1,4) = aan(i, 1) + ean(i, )n(i, 1), c(n, —1,1) = aon(i,—1), i€ Zy,
with a1,as,a3 positive constants. In this case E,c(n, —1,i) = agz(i) and E,c(n,1,i) =
aqw(i) + azw(i)z(7).
(¢) We may also consider a particle system consisting of particles of mass £ traveling with
velocity —1 and particles of mass m traveling with velocity +1 and where £ particles of velocity
+1 are converted into m particles of velocity —1 and vice versa; then

e(n,=1,8) = D (nis —1)) = (3, Dni, 1) — Ueufn(is 1) —m +1],
while ¢(n, 1,14) satisfies Condition (i). Our analysis extends to such systems in a straightfor-
ward manner.
(d) The above particle systems generalize the IPS modeling the Carleman system in De Masi-
Presutti(). There, the streaming mechanism is given also by the generator L,, while the
definition of L. is modified so that 2 particles of velocity 1 are converted into 2 particles of
velocity —1. Due to this symmetry, the Carleman system yields a trivial conservation law in
the hydrodynamic limit. It turns out for the particle systems considered here that, at least
when £ # m, the hydrodynamic limit is described by the hyperbolic conservation law (2.1).

Heuristically, one can think of the continuous process 7. through its Markov chain approx-
imation, which, for time step At << 1, is constructed as follows (for simplicity we describe
the interaction mechanism only). Let 7o be a configuration of the initial measure on X. A
site (i,0) € Z, x{—1,1} is selected at random and a particle (or £ particles, depending on the
velocity) at ¢ with velocity o is converted to £ particles (or one particle) with velocity —o with
probability ¢(ng, o,i)At, while 1y remains unchanged with probability 1 — ¢(ng, 0,7)At. Thus
we construct the configuration na;; we then pick randomly a new site (i',0") € Z,, x {—1,1}
and complete the previous procedure to construct naa¢, and so on.

Next, we present the main results concerning the mesoscopic and macroscopic behavior of
the particle system defined by 7.. First we motivate the meso- and macroscopic scales through
a formal discussion. Assume that the initial distribution pg of the process 7. is a product
Poisson measure on X, i.e. for any B ={n € X : n(i,0) = ki, (i,0) € Z, x {—1,1} },

IU‘O(B) = H Vpo ({7’(170) = ki,a}) s

(iia)GZVx{_lil}
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where v,, is a Poisson measure with varying density on Z, x {—1,1}, po = po(%,0), (i,0) €
Zy x {—1,1}:
.k
Voo ({03, 0) = ) = e 2B

Then, Doob’s Theorem(25) implies that, under solely the influence of the streaming mechanism
Ly, the distribution yu; at any time ¢ is still a product Poisson measure with possibly different
densities. For the particle system generated by L” = v~ 'L, + L., we expect that, since
the streaming mechanism L; is dominant for v << 1, the distribution u; of 7; will also be a
product Poisson measure in the asymptotic limit v — 0. This observation suggests the “prop-
agation of chaos” property, i.e. that the occupation numbers 7;(i,0) become independent -
for different (i,0)’s and all times - as v — 0, if they are independent at ¢ = 0. Furthermore,
it suggests that, given an initial product Poisson measure pg, then for all positive times the
process 7). is at an approximate local equilibrium described by a product Poisson measure. The
limit product Poisson measure on X is characterized by the expected occupation numbers
E,,m:(i,0) at each point (i,0). These satisfy

d ) |4 . . . .
%Eﬂont(% ]‘) + ;[Eﬂont(z’ ]‘) - Eﬂont(l - 17 1)] = KENO [C(nt’ —].,’L) - C(Wta 172)] 3

(22) i
EEuont(ia _1) + ;[Euont(ia _1) - Euo'r]t(i + la _1)] = Euo [C(ﬁt, 17";) - C(m, _1ai)] .

Equation (2.2) is a semi-discrete approximation of a semilinear hyperbolic system provided the
following conditions are met: (a) vy is interpreted as a space discretization Az of [0, 1], and (b)
the term E,, [c(n:, —0,1) —c(ne, —0,1)] can be written as a function of the expected occupation
numbers E,, n;(i,0). Condition (a) can be easily met; condition (b) is only expected in the
limit v — 0, due to the assumptions on the interaction rates ¢(7,0,7) and the heuristic
discussion on the anticipated asymptotic behavior of the distribution of 7; (propagation of
chaos property).
Henceforth, the process 7). is set on the periodic lattice

ZV = Z’Y = {O’ 1’ "'77_1} ?

with y~! an integer. Then {vyi}icz, is a discretization of the interval [0,1] with step size

Axz = . We consider the quantities

Euont(i’ 1) ) Euoent(ia _1) ;

describing the expected values of the masses of the particle system. From (2.2) and the
“propagation of chaos” property, their limiting values, as v — 0, p*(i,t) and p~(i,t) are
expected to satisfy the relaxation system

{ pi +Vpi =Gpt,p7)

(2.3) " " - ,
py —Vpz =-G(p*,p7)

(z,t) € [0,1] x (0,T),
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where
Glpt,p7)=p"—g(p"), glp*)=12(p")".

subject to periodic conditions in [0, 1]. We emphasize that (2.3) is derived from the expected
values of the mass occupation numbers E, n:(i,1), E, ¢n:(i,—1) and, for convenience, we
define a new process 7). as follows:

0 (3, 1) = ne(3,1),  0e(d, —1) = Ine(d, 1) .

The derivation of (2.3) from the process 7, is justified in Theorem 2.1: if the initial data
of (2.3) are the limits of the average occupation numbers associated with the initial measure
[0, then the average (mass) occupation numbers (Ey 7 (i, 1), E,,f:(i, —1)) converge to the
solution (p*,p~), as v — 0.

Returning to Remark 2.1(c), we note that the rates c(n,o,i) can be selected so that
G(pt,p~) =ml(p~ /&)™ — (pt/m)*], where m and £ are positive integers; the analysis below
applies to all such models.

After the space/time hyperbolic rescaling

(2.4) (z,t) = (/e t/e),
the system (2.3) - defined on [0,1/¢] x (0,7'/¢) - becomes a relaxation system,

+ _1 -
(2.5) {pt+vp“_EG(p+’p) . (z,t) €[0,1] x (0,7T),

py —Vpz =—2G(pT,p7)

equipped with the conservation law

0 _ 0 _
(P +p )+ V- (pt—p7) =0,

(2.6) 5 %

and admitting the local equilibria
C=A{(p*,p7) e R :G(p*,p7) =p~ —g(pT) =0}.

For G decreasing in p* and increasing in p~, the system (2.5) is an L' contraction and, as
e — 0, the “mass density” u® = p* + p~ converges to the entropy solution v = p* + g(pT) of
the conservation law

(2.7) 0 (p* +9(p™)) +Vu(p™ — g(p™)) =0, (z,¢) €[0,1] x (0,T),

with periodic boundary conditions. (See Ref. 2 for the initial value problem; the proof for
periodic boundary conditions follows without serious modifications.)
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Next, we ask if there are space/time scalings so that the IPS 7. yields in the limit entropy
solutions of (2.7). It is proved in Theorem 2.2 that there is a positive number 7* and a
continuum of hyperbolic scalings,

Zoy % (0,T) v Z~e x(0,T/e),

1

where y~1e7! is a positive integer and € = 4" for any 7 < 7*, such that, when the process 7. is

observed in this space/time window, the averaged total particle number E,, 7 (i, 1) +n:(i, —1)
converges to the entropy solution of (2.7).
Before stating our main results we introduce some notation. For n € N, define the sets

={¢(=(C,---,Gn) 1 @ # -+ # Guand G = (ik, 0) € Zy x {~1,1}}

and

M2 ={C= (G, ,Gn) i QL # -+ # Cnand G = (ik,0%) € Zye X {—1,1}}.

Also recall that
0 (4, 1) =ne(3,1),  De(d, —1) = Ine(d,—1) .

A. Mesoscopic limit. We consider the process 7, defined on the periodic lattice Z.. Let
pg be a slowly varying Poisson product measure on X such that

(2.8) E,yii(i, 1) = pg (vi) and E,yii(i,—1) = py (), i € Lo,
where pf are periodic in [0, 1].

Theorem 2.1 Let (p+ (z,t),p~ (z, t)) be the solution of (2.8) emanating from periodic initial
data p{,py; € BVNL*®([0,1]). Then, for T > 0 there exists #* determined by (4.17) such that
for any v >0

n

where O(-) depends on n and the L and BV norms of the initial data.

B. Macroscopic limits. Here we define the process 7. on the periodic lattice Z,. and
assume that:
(i) pg is a slowly varying Poisson product measure on X such that

E,qi(i,1) = pf (vei),  Eugi(i,—1) = pg (vei), i € Zne.

(i) pE € BV N L>([0,1]).
(i) luoe — wollz1 &) = o(1), where ug. = pg + py , and € = () = 7"
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Theorem 2.2 Let u be the solution of (2.7) corresponding to the relazation limit of (2.5).
There is a constant r* > 0 determined by (4.14) such that for r < r*, e = 4", any fized n
and T > 0, we have

n
lim sup (ye)" )| H[m ik, 1) + e (i, —1)] H (yeix, et)| = 0.

10 ¢¢g[0,T/¢€] i1 i k=1

In addition, if |G(pg, py)|lz1 (jo,17) = O(€), we have the error estimate
n
sup (7€)n Z ‘E H[Wt Uk, )+7’t ik, _1) H ’Yﬂkaﬁt | - (\/‘E)a
t€[0,T/¢] b1F e Fin k=1 k=1

where O(+) depends on n and the L* and BV norms of the initial data.

Remark 2.2 Similar statements to Theorems 2.1 and 2.2 can be proved for the general
correlation functions of the process 7, : for any n points (not necessarily distinct), (1,... , (.,
where ( = (ig,0x) € Z, x {—1,1} ,k = 1,...,n, we define the n-correlation function

ft(fa ,U‘O) = EMOD(fant) )

where £ : Z, x {—1,1} = N, £(¢) = >r_; 6¢,(€), (0¢, (¢) =1 if ¢ = {x, and 0 otherwise) and
€1 =22¢ €(€)- Also,
p¢m=JI Deo@@),

CEZ,x{—1,1}

where
1, k=0,
Di(n) =< 0, kE>n,

nn—1)---(n—k+1), k<n.

If (1 # - # Cn, then Ey D(€,m¢) = Eyyy [17—1 7t (ik,0%), as in the statements of Theorems
2.1 and 2.2. On the other hand, if (; = --- = (,,, then

D(&,me) = Eyon(in, o1)[n(in,01) — 1] -+ [n(i1,01) —n + 1].

Without significant changes —we only need to modify the definition of the v-functions in
Section 3—we may show a more general version of Theorem 2.1 for the correlation functions:

(2.9) sup " > |EaDEm) — [ o7 (vi, )59 = 0(y).

0T fgj=n ¢=(i,0)

An analogous statement, corresponding to Theorem 2.2, also holds. As pointed out in the
formal discussion earlier, Theorems 2.1 and 2.2 and more specifically their versions for general
correlation functions indicate that the process 7). remains in both space/time windows in
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approximate local equilibrium, i.e. as v — 0 its distribution is a product Poisson measure
with slowly varying deunsities, given by the solution of (2.3) in the case of the mesoscopic limit
and by the entropy solution of (2.7) in the macroscopic case.

We conclude with remarks on the technical aspects of the proofs. In view of the relationship
between (2.3), (2.5) and (2.7), to prove Theorem 2.2 it suffices to demonstrate that, for a
long time interval [0, Te~!],

(2.10) B, (i,£1) ~ p*(vi, 1),

where (pt, p~) solves (2.3) and € = 4", for some 7* > 0 to be determined. (For Theorem 2.1
the same asymptotic estimate must be established in the shorter interval [0,7].) An important
tool for handling such questions is the correlation function method in Refs. 20, 4 and 5. There
are the following problems to resolve. While the IPS and the systems in Refs 4 and 5 conserve
the total number of particles for v > 0, it is conceivable that as v — 0 the number of particles
at a given site tends to infinity. In fact, the correlation function method yields (2.10) for short
times, but, as there is no available global a priori bound for the correlation functions (as it
happens in birth-death IPS), it is conceivable that they blow up in finite time. This suggests
to discretize in time, in order to obtain the required asymptotic approximations in [0,7] or
[0,Te~1]. A second problem, associated with the macroscopic limit of Theorem 2.2 (and not
present in the mesoscopic limits of Refs. 4 and 5 or in Theorem 2.1), is that the time scale
t — t/e is long and the errors in the approximation (2.10) can add up as € — 0. Both are
overcome by controlling the error at each time step, using the L!-contraction property and
the L stability of (2.3) (see Lemmata 4.1-2).

Finally the IPS, being a jump process, is close only to a semidiscrete approximation of
(2.3). The aforementioned strategy will work provided that semidiscrete schemes converge to
the entropy solution of (2.7). The convergence, stability and error estimates for semidiscrete
schemes are addressed in Section 5. The convergence rates, in Theorems 2.1 and 2.2, follow
from a combination of error estimates for semidiscrete schemes and the short time analysis

for the correlation functions, presented in Section 3.

2b. The multidimensional model. We present a generalization of the interacting particle
model in several space dimensions, which at mesoscopic scales is expected to give rise to the
relaxation system (1.1), while at macroscopic scales is expected to converge to the conservation
law (1.2). The particle system is set on the discrete torus of the lattice Z%,

7Y =7Y mod (M),

where v = M ™! is the inverse of the positive integer M. At each lattice site ¢ € Z. there
are N + 1 species of particles each moving with their velocity o € U = {ey, €1,...,en }. For
velocities we take eq,...,ey to be the usual basis of RY and ey = —Zi-v:l w;ie;, where w;
are positive constants such that q + ey € ZY for all ¢ € Z)Y. We denote by 7(q,0) the
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number of particles at the site ¢ € ZY with velocity ¢ € U and define the configuration
space X = NZ2'*U | The IPS is set on the periodic lattice Z2, the updating is done through
mechanisms of ”streaming” and ”interaction” of particles, and it gives rise to a jump Markov
process,

.= {m(g,0) eN:t>0,(g,0) € ZJ x U},
on the configuration space X.
I. Let V5,Vi4,..., VN > 0, v > 0. In the streaming mechanism, a particle (g, e;), located at
the site ¢ € Z with velocity o = e;,i = 0, ..., N, jumps to (q + e;,e;) keeping the same
velocity, at a rate V;y~! with v << 1.
II. The particles moving along perpendicular directions or in the same direction do not
collide with each other. The particles at (g, ep) collide with particles at (gq,¢;),i = 1,...., N
and exchange velocities: eq is converted to e; with rate c(n, eg, €;,q) and e; is converted to e
with rate c(, e;, eg, q), for all i = 1,..., N and ¢ € Z2. The rates satisfy the conditions:
(i) ¢(n,0,0',q) is a polynomial in (g, o),
(ii) ¢(n,0,0’,q) > 0 for all n € X with equality holding if 7(g,c) = 0, and
(iii) if p is a product Poisson measure on X such that E,7n(q,e0) = w(q) > 0, E,n(q,e;) =
2i(q) > 0,q € ZY , then

EMC(’f], €i, €0, q) = Zl(q) ) Euc(n’ €0, €4, q) = gl(w(q)) )
for given increasing polynomials g; ,7 = 1, ..., N, with ¢;(0) = 0.
The resulting process is described by its generator LY = y~!L, + L., where

N
Lof(n) =Y > Vin(g, e)[f(n+ Sgreser) — Oigen)) — F(M)];

1=0 gezZ

Lef(n) =3 D {clneire0,0)[f 1+ Sgen) — Otgen)) — FI+

i=1gezl

0(77, €0, €4, Q)[f(ﬁ + 6(q,e,~) - 6(q,eo)) - f(ﬁ)] }a
[+ X = R cylindrical, and 64, (¢';0") = 1if (¢',0') = (¢,0), and equal to 0 otherwise.
Following (2.2) we formally see that the average particle numbers

Euone(a,e0) = w”(7¢,8),  Eueme(g,e) = 2 (yq,t), i=1,...,N,

converge to a solution (w,z1,...,zy) of (1.1), where ¢ = 1, G;j(w,z;) = 2z — gi(w), U; =
Vie;,i =1,...,N, and Uy = =Vp(w1,...,wn) = Vpep. Note that |U;| =V;, i =1,...,N, and
|Uo| = Vileo|- At macroscopic scales we expect to obtain the conservation law (1.2), as in
Theorem 2.2. In fact, the analysis in Section 5 holds for more than one space dimensions, so
we could conclude the proof with the techniques of this paper, provided one shows that the
Lemmata in Section 3 hold for the multidimensional model for certain classes of rates.

Observe that the particle system introduced in Section 2a fits into the above form, and
one could easily state special multi-dimensional models that satisfy detailed balance of mass.
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3. Preliminary Lemmata

In this section we present some background material necessary for the sequel. The proofs
are straightforward modifications of results in Refs 4 and 5 for the Carleman and Broadwell
systems. We also refer to the monograph by De Masi and Presutti(!).

We first comment on the convergence of the particle system of Section 2a to the semilinear
hyperbolic system (2.3). The proof for short times follows along the aforementioned results
for the Carleman and Broadwell systems; the basic technique goes back to Lanford®9), who
derived the Boltzmann equation from the hard sphere dynamics for short times (see also
Spohn(zs)). We briefly sketch the steps of the proof and we refer to Ref. 1 for more details
and references to related works.

We consider the n-correlation functions defined in Remark 2.2, fi(&; po) := EuyD(&,n)-
Instead of studying directly the hierarchy of equations for f;(&; po), we define a suitable dual
process ¢, with generator y~1L* + L, where L is the formal adjoint of L, and the operator
Ly will be defined below. Then we consider the direct product of the ¢ and 7. processes and
denote by E the corresponding expectation. We have,

%ED(ét—sa 7]5) = EALCD(gt—sa 773) - ELID(ft—sans) :

The operator L; is selected so that in the previous relation the quadratic and higher order
terms cancel, and thus the right hand side depends only on combinations of terms of the type
E{t_s(i,a)D(Et_s,ns), where &,_, denotes perturbations of &_,. As a consequence of this
fact, we have that ED({O, ne) = ft(€o; po) is bounded for small enough ¢’s. The convergence
for short times follows by direct comparison of f;(; po) and [[.—; 5 p7 (Vi £)§() (see Remark
2.2), and use of the Central Limit Theorem for the independent process corresponding to L.
Again, we refer to Ref. 1 for the details.

We introduce the upwind discretization of the relaxation system (2.3):

%p(ja lat) + %(p(.ja 17t) - p(j_la lat)) = G(p(Jv l,t),p(j,—l,t))

A %(puﬂ,—l,t) ol —1,8) = ~G (ol 1,800, ~1,1))

ot
(]at) € Z’Y X (0,00),

with periodic boundary conditions at 5 = 0, 5 = 7~ !. Note the relation between (3.1) and the
equation (2.2) for the average occupation numbers. We denote by p(j,+1,¢ | f) the solution
of (3.1) when emphasizing the dependence on the initial data p(j, £1,0) = f*(j), j € Z,.

Solutions of (3.1) are defined for all ¢ > 0 and are periodic with period y~*

, see Sec. 5. In a
similar way, we define (3.1) on the periodic lattice Z...

Also, given n distinct points (x = (ig,0%) € Z, x {—1,1}, we define ( = (¢1,... ,(,) and
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the v™-functions,

(3.2) R I = B[ IT (linro0) - plinsonst | )]

k=1
where E, denotes the expectation conditioned on 79 = 7. A more general definition of v-
functions is needed if we want to prove (2.9) (see Refs 4 and 5), however the technical results
below remain essentially unaltered.

Lemma 3.1. For each v > 0, let n € X be such that

n(i,0) <y~¢, forall (i,0) € Z, x {—1,1}.
Then, for ¢ < B < % and all n € N, there is a positive constant c, depending only on n such
that for all ¢ and 0 <t < 78,

Il < e (7)™,

Proof. For the proof we refer to Ref. 1 (Ch. 5), where the same property is proved for the
Carleman system. See also Refs. 4 and 5, and references in De Masi-Presutti(), for similar
estimates on correlation functions for stochastic cellular automata, the Broadwell model and
Glauber-Kawasaki dynamics. [

Now we define the set of “good” realizations of the process 7., i.e. the ones that are close to
the discretized equations (3.1) in a suitable metric defined below. First, let P, ((4,0), (4,0))
or P/ (i,j;0) for simplicity, be the Green’s function associated with the discrete part of (3.1),
i.e., the probability a particle at the site 7 € Z., with velocity ¢ lands after time ¢ to the site
J € Z., keeping the same velocity. We define the seminorm

(3.3) 11y =sup | 32 Pyusatis s o) S (n(,0)
LG
where f € L™ (X).
The choice t = '/* in the definition of the seminorm is not the only one possible. Notice
that by such a choice, the main contribution of P,./4(i,;0) is on the sites j in an interval

1/4 with length approximately y—3/8 = (7_171/4) 1/2. Thus the seminorm

centered at i—oy 1y
is an average over a mesoscopic interval of size y~3/8 (since 3/8 < 1), and is sufficient to
suppress the local fluctuations of 7; in a rough analogy to a law of large numbers.

Let {t;}7-, be a partition of [0,7T] with mesh ;41 — t; = h and define H,, j, as the set of
all configurations 7. satisfying the following properties:

i) 7® <yt
(3.4) i) [99C) = po()lly <*

(i) [[9®() = pCh | AE D)y <9 k=1,...,m,
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where 7, = 7*®) and the parameters 0, h, ¢ will be determined later. Then, Chebyshev’s
inequality, Lemma 3.1 and the decay estimate P} (i,j;0) = O(¢/?t='/2) on the Green’s
function give the following (see Ref. 1 for a similar proof):

Lemma 3.2. Let the initial measure of the process be a product Poisson measure p} satisfying
(2.8) and let

(3.5) E<p<0<y,

For any k > 0, there exists a positive constant c,, depending on k, & and 6 such that for any
v > 0 and mesh tyy1 — ty, = b = v we have

Pu(')y (Hm,h) >1-— C,.;")/"i .

4. Proofs of Theorems 2.1 and 2.2

We first present the proof of Theorem 2.2; the proof of Theorem 2.1 follows along the same
lines but it is simpler, since it is not necessary to work on long time intervals of size ¢~ *.

Consider the process 7. and the semi-discrete scheme (3.1) on the periodic lattice Z..
(note that Lemmas 3.1-2 remain true if Z, is replaced by Z... For simplicity of notation
we write from now on 7 instead of 7 and we will return to the original notations at the end
of the section. Recall that 7 is just a rescaling of 7 (see Sec. 2). In the proof of Theorem
2.1 (respectively Theorem 2.2), we denote by p(i,0,t) be the solution of (3.1) defined on Z,
(resp. Z.) and emanating from data pi (vi) (resp. pi(e7yi)). We use the notation p(i, o, t|f)
for solutions of (3.1) emanating from data f*. Finally, p?(z,t) with ¢ = £1 will stand for
solutions of the relaxation system (2.3) (or (2.5)) defined on [0, 1].

Lemma 4.1. Let H,, ) be the set of realizations defined in Section 3 with corresponding

partition mesh,
(4.1) thp1 —te=h=7", 1<k<m,

and ty = 0 and t,, = 7. If the parameter & satisfies, in addition to (3.5),

1

where £ is the positive integer arising in the definition of the generator L., then for any
T €[0,Te"1],

ve Y Ipli,o,h [ ™)) = p(i, 0, tkg1)| <ve D o0,k [ 9*D) = p(i, 0, 1)
i€ i€Lye

+0(y" 4145,
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Proof. First observe that, for any (i,0) € Z,. x {—1,1},

(43) p(’l’ g, h | n(k)) - p(’L, g, tk-l-l) = P(’L, g, h — 71/4 | p('a 71/4 | ﬁ(k))) - p(‘l, g, tk+1) .

Using the variation of parameters formula, we obtain

1/4

,
pliy o,y | g ®) =17, + /0 T2 G (o151 18,00, 1,5 | 1®) ) ds

where 7T, the semigroup associated with the kernel P/ (i, j; o).
Recall that G(w, z) = z — g(w) = z — fw’; since 7. € Hy, , and due to (4.2) and Theorem
5.1 (ii), we obtain that

¥
(4.4) /0 T31/4_3G<p(., 1,s| n(’“)),p(-, —1,s | n(k))>ds — 0(71/4—;:@),
where O(-) depends only on £. Therefore by (3.4)(iii),

p(i, o, 71/4 | n(k:)) = T;Yl/m(-,o,h | n(k—l)) + O(’YH + 71/4—§e)
(4.5) = pi, 0,7 | (-0, h [ n*7V)) + O + 417475,

By Theorem 5.1(i) we have, after summing (4.3) over all ¢ € Z,., multiplying with the lattice
size ye, and using (4.5),

ve Y Ipli, o h | n™) = pli, 0, tkg)| < ve D o609 | n™) = pli, 0yt +414))
i€hmye i€Znye

=7e D lpli:0, 7 [ (oo h |0 7) = plis 0yt + 14| 4+ O(7 + 9147
1€Z~e

<ve 3 loli, o0k | 7%V) = (i, 0, 1) + O +M/47E0) .
(€L e

Lemma 4.2. Under the assumptions of Lemmata 3.2 and 4.1 we have that for T = mh €
[0,Te™1], and 0, € Hyp -

(i) ve Y lpGi,00h | n™0) = pli,0,7)] < Te™'RT1O(y" 44147,
1€ e

(ii) There is a positive constant ¢ such that
0<p(i, Lh[ 9™ V) <c+L
0 < p(i,~1,h 7™ V) < g(c+ L)

where g(w) = ewe and L = T?E_lh_lO(’yG + 71/4—65).
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Proof. (i) Let 7 > 0 be fixed, 7 € [0,Te¢~!]. We divide [0, 7] in m subintervals as in the

statement of Lemma 4.1. Note also that working as in Lemma 4.1, (3.4) implies that
(46) p(i,a, 14 | 770) - 1/4p0 + O("}’ + ’)’1/4 §£) = p(’L g, 1/4) =+ O(’y + 71/4 fe)

therefore, by Theorem 5.1 (i),

€T e

By iteration and using Lemma 4.1, we obtain that

e Y 1plio b | 9™ V) = pli, 0, tm)| < mO(’ +117E).
1€ e

Since t,,, = hm = 7 < Te~1, we conclude

ve Y Ipliy o, b | n™D) — p(i, 0, 7)| < Te ' 0O(y" + 41478,
€

(ii) The left hand inequalities follow from the positivity of 7. and (5.7) in Theorem 5.1. Select

¢ so that ¢’(w) > 1 for w > ¢, and pf < ¢, p; < g(c) are fulfilled. Then
g(w)+a<g(w+a) forw>canda>D0.
We set Iy = O(y? + y/4=¢%), as in (4.5) and (4.6), and proceed to prove recursively:

p(i,1,h | n™ 1) < ¢ +mlo
p(’i, _17h | ﬂ(m_l)) < g(c-l— mlﬁ)

Equation (4.6) and Theorem 5.1 (ii) imply the result for m = 1. Similarly, (4.5) and Theorem

5.1 (ii) imply the result for any m. O

We now turn towards the proof of Theorem 2.2:

Proof of Theorem 2.2. Let 7 > 0 be fixed, 7 € [0, T¢~]. We divide [0, 7] in m subintervals

as in the statement of Lemmata 4.1 and 4.2. We set
(4.7) e=e(y) =" and h=h(y)=7",

where 7, 8 will be chosen in the course of the proof.

As in the definition of the v"-functions in (3.2), we pick n distinct points iy, € Z..,k

1,...,n. Then,

[H (ik, 1) + 17 (i, = )] = [ loin 1,7) + plir, ~1,7)]]

k=1

(4.8) -
(I) + (IT) + (III) + (IV),
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where

(1) =E,; (1 — x&,, H e (ik, 1) + 07 (i, —1))

’:]:

(11) =Byt | TT (10 Gins 1) + 20, —1))

B
Il
—

n
~TT (ol 11 [0 ) o+ pig, =1, [ ")
k=1
n
(III) =E, x#,,, [ H (p(ik, LA 7™ YY) + p(ig, —1,h | n(m—l)))
k=1

- H (bl 1,7) + plir, =1,7))]
k=
(IV) = - By (1 - xa,..,) [ﬁ (iks1,7) + plix, ~1,7))]

Since p(-,£1,7) is bounded in L*° (cf. Theorem 5.1(ii)), Lemma 3.2 yields that
(4.9) (IV) = 0(v"),

where k can be chosen arbitrarily large and O(-) depends on the L*° bounds of p(-,+1,7)
and the constant ¢, in Lemma 3.2.
Furthermore, we can rewrite the term (I7),

=

(II) = EMgXHm,hET)(m_l) [ (ﬂv(’ik, 1) + ﬂv(ik, _1))_

k

Il
—

=

(Plins 1 1 | 1) + plin, =1, b | ™))
k

Il
—

We now substitute 7, (ix, 1) = w, (ix, £1) + p(ix, 1, h | p™~D); recall that for any | =
1,...,2n, the correlation functions are defined as v}, ({ | n) = B, H5s=1 wy (i, 0%), where { =
((i1,01), .., (i1,07)). Using Lemma 3.1 we get, after some rearrangements, that the term (IT)
is dominated by a linear combination of v!-functions, I = 1, ...,2n and finally obtain:

(4.10) (1) = O(M/4=¢h=114),

where O(-) depends on the constants ¢;, [ = 1,...,2n in Lemma 3.1 and the L° bounds of
p(-,£1,7) and p(-, +1,h | n{™=1); notice that the latter are also bounded by Lemma 4.2(ii)
and the choice of € and h in (4.13), guaranteeing that Te 1h~10(~? + ~!/4~¢¢) vanishes as
v — 0.
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We now turn to the term (I17). For suitable positive constants I,k = 1,...,n depending
on L*® bounds of p(-,+1,7) and p(-,+1, h | (™), we have,

(III) < EngHm,h Zlk[p(ikaakah | ”I(m_l)) - p(ikaakaT)] 3
k=1

therefore by Lemma 4.2,

(v > @) <Cye > |pli, 04, h | nt™V) = pli, 03, 7))

t1F e Fin ieZ'ys
(4:1].) :Tg_lh_lo(fyo + 71/4_6‘6) ,

where C = nmaxy [;.
We conclude with the term (I). By Lemma 3.2 and the Cauchy-Schwarz inequality we
have that for any k € N,

n n
. . . 2
|E, 7 = XHp,1) H Nr (i, 1 +77*r(zk,_1))|2 < Cw“Eug(HTIT(Zkal)+77¢(Zk,—1))
k=1 k=1

n
. . 2
< Cn’YnEug ( ZnT(Zka 1) + nT(Zka _1)) "
k:l
. . 2
< e Bz ( Z (i, 1) + (3, 1))
i€Zye

Since the total number of particles in the system is conserved, then the last term in the
previous relation is bounded by

CKIYKE;L;)’( Z 770(i71) +n0(ia_1))2n

=/

Now notice that Ez‘ezw Mo (4, 1) +no(¢, —1) is Poisson with mean Ez‘ezw pd (i) + py (i), which
in turn implies that its 2n-th moment is bounded by a linear combination of the 2] powers of
the mean, [ = 1,...,n. In view of the boundedness of the initial data of (3.1) in L', we have

. . 2 _ _
B () moli, 1) +mo(i, —1))™" < Cy~2re",
1€Z e

for a constant C' depending on the L' norms of poi. Thus,
(4.12) (1) = Oy /> "),

where O(-) depends on ¢, and the L' norm of the initial data. Note that the right hand side
vanishes for x large enough and e polynomial in ~.
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Henceforth, we return to the notation of Section 2 — recall that throughout Section 4 we
used 7) instead of 7). Putting together (4.9)—(4.12), we obtain

n

> |Bug TT (G 1) + e i, 1)) = TT (o, 1.7) + pli, =1,7) |

(4.13) i17Fin k=1 k=1
— 0(75/2—n6—n +,yl/4—§h—1/4 + (70 + 71/4_§E)€_1h_1 +,Yn) ’
where x can be chosen arbitrarily large. Set € = 4", h = v#. We now pick r, 3, € such that
(4.1), (4.2) and the conditions of Lemma 3.2 are satisfied, and the exponents in (4.13) are
positive, i.e.
1
§<ﬂ<0<1
1
< J—
(4.14) ¢ 40
B<1—4¢
7‘—|—ﬁ<m1n( - —{é)
The pair (p(4,1,te™1), p(i, —1,te71)) ,i € Zns, t € [0,T], solves (5.1,) with y replaced by
«ve. By Theorem 5.7, we then have

(4.15) oS e > 1(p(i, 1,7) + pli, —1,7)) — u(yed, 7€) = O(Ve +7e).

1€~ e
We conclude by comblmng (4.13) and (4.15). O

Finally, we turn towards the proof of Theorem 2.1:

Proof of Theorem 2.1. The proof proceeds along the lines of Theorem 2.2, when we set
e = 1: we first obtain (4.13), with e = 1,

n
’Y Z |E Hnt Zkao-k H zkao-ka
(4.16) CEMT k=1
_ O( K/2—n _|_71/4 Eh 1/4 (,y +71/4 §K)h +’Y )

Again we set h = v? and pick 3, £ such that (4.1), (4.2) and the conditions of Lemma 3.2 are
satisfied and the exponents in (4.16) are positive:

1
§<ﬂ<0<1
1

1
B < min(1—4§,0,1 —¢&l).
By Theorem 5.6 (a), we have
(4.18) supy Y |(p(6, £1,7) — p*(vi,7)| = O(7),

where (p*,p7) solve (2.3). We conclude by combining (4.16) and (4.18). O
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5. Semi-discrete relaxation schemes

In this section, we consider an upwind space-discretization of the relaxation system (2.5).
To simplify the forrest of indices and superscripts, we replace (pt,p~) with (w,z). The
discretization then reads:

0 1
50t wi —wj—a] = —Glwj, 2)
(5.1,) 7
0 1% 1
a0t~ ol al =Gl ),

with initial data
w;(0) = wjo, 2(0) = 2o,

where (j,t) € Z x (0,00) and 7 > 0 is the (uniform) grid size. Solutions of (5.1,) satisfy the

conservation law

0 Wi — Wi_1 Zj41 — %
5.1 —(wj +2z)+VL—"2— _vZ I =0.

We assume that G € C!(IR?; R) satisfies the properties: G(0,0) = 0,

(A) G(-, z) is strictly decreasing, G(w,-) is strictly increasing.
(B) The zero level set of the graph of G is a C* curve (w, g(w)),
with g strictly increasing and g(£o0) = £00.

(C) Given R*?, there is ¢ = ¢(a, b) > 0 such that
G(w,2) (g7 (z) —w) > c[z — g(w)]?, for w,z € R*?,

where R*? := [a,b] x [g(a), g(b)]. At times (C) is replaced by the hypothesis:

Given R*?, there is ¢ = c(a, b) > 0 such that

!
(@) |G(w, z)| > c|z — g(w)| and G, (w,z) — Gy(w,2) > ¢, for w,z € R¥P.

Both (C) and (C’) follow from the assumption G,(w, z) > r for some r > 0. All hypotheses
are satisfied for G(w, z) = z — g(w) with g strictly increasing.

In Sections 5a and 5b, we develop an existence theory for the semi-discrete scheme (5.1).
In Sections 5c¢, 5d and 5e, we investigate the convergence to the relaxation system (2.5) as
e is kept fixed and v — 0, and the convergence to the scalar conservation law (2.7) as both
v — 0 and € — 0. The theory proceeds along the lines of Ref. 2; the point is that upwind
space discretization preserves the estimate structure of the relaxation system (2.5).
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5a. Preliminaries. In the sequel, 7, denotes the space of bounded sequences f = {f;} ez
that are periodic with integer period M = v~!, that is fj;m = f; for j € Z. Also, I? will
stand for the space of p-summable sequences f = {f;};ez if 1 <p < oo, and I*°® for the space
of bounded sequences with the usual norms; recall that I C [P C [®°. We pursue two parallel
existence theories: (i) for initial data wg, zo in I}, and (ii) for initial data wy, zo in 7, that
are periodic sequences with period M.

If we set w(t) = {w;(t)}jez, 2(t) = {2;(t)};ez, then solutions of (5.1) may be visualized
as functions w, z : [0, 7] — RZ. (The dependence of w and z on 7 and & will be suppressed.)
For local existence, (5.1) is viewed as an infinite system of ordinary differential equations
indexed by j € Z. One can check that the right hand side (consisting of the convective and
the reacting terms) is a locally Lipshitz map from [*° to [*°, and that the standard existence
theory for ordinary differential equations can be extended to this case, and yields:

(a) If wg, zp € [°° then there exists a unique solution w, z € C([0,T];1°°) of (5.1) for some T'
small.

(b) If T* is the maximal time of existence then lim sup,_, 7.
(c) If wo, zo € 7, then the solution w(t), z(t) € m, for each ¢.

The time regularity of this solution depends on the smoothness of G. If G is Lipshitz then

w(t)][oo + [|2(£)]|00 = oo

w, z € CY([0,T];1°), if G is more regular then the time-regularity of w, z also improves.
Finally, if there is an a-priori bound for (w(t), z(¢)) in [*° then (b) implies that the maximal
time of existence T = oo.

Given a function v : Z — R, we define for ;7 € Z the backward and forward differencing
operators

Vi — Vi Vit — Vs

(5.2) Spv; = 2—I7L and pu; = LI
Y Y

The operators d, and ¢ satisfy the relations

(5.3) dp|vj| < (sgnv;)dpv;,  —blvs| < —(sgnv;)ésv;,
and, for any convex, twice differentiable function ¥(v),
(5.4) 5b\If(1}j) < ‘IJI(Uj)db’Uj and -— 5f\I/(’Uj) < —\Ifl(’l}j)5f’l)j .

Property (5.3) can be established by direct computation, while (5.4) follows from an applica-
tion of the Taylor theorem

T(b) = U(a) + '(a) //qf (b+ (1~ s)a) dsd] (b — a)’

to the convex function ¥. In fact, if ¥ is strictly convex, with ¥"(v) > ¢ > 0, then we have
the stronger variants of (5.4)

b (v;) + = (6,,1;3) < U (v)dpv;

—65T(v;) + L (5f'”y) < =0 (v;)d5v; .

(5.5)
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5b. Global existence theory and estimates. This section carries the existence theory
for the system (5.1).

Theorem 5.1. Let G satisfy Hypotheses (A — B) and wg,zy € [°°. There exists a unique
globally defined solution (w,z) of (5.1) such that

(a) if wo, 20 € I* then (w,z) € C([0,T);11), for any T > 0,

(b) if wo, 29 € m, then (w,z) € C([0,T];1°°), T > 0, and w(t), z(t) take values in m,.

In either case (a) or (b) the following hold:

(i) If (w, z), (W, Z) are two solutions of (5.1) then, fort > 0,

(5.6) Z |w;(t) ]+ [2;() — 2 ()] < Z lwjo — wjol + |zjo — Zjol -
Jj€J JeJ

(i) If (wy0, 230) € [a,b] X [g(a), g(b)] for j € Z, then

(5.7) (w;(t),2(t)) € R™" := [a,b] x [g(a), g(b)]  for jE€Z, t>0,

i.e., the region R®® is positively invariant.
(i7i) For t > 0, we have the Total Variation Diminishing (TVD) property,
(5.8) Y |w;(t) —wima ()] + |2 (#) — zi—1 (0] <D [wjo — w1yl + |20 — 2(—130 -
JjEJ JjeJ
The sums in (5.6) and (5.8) are over J = Z for the case (a) of I* initial data, and over one
period, J = Z,, for the case (b) of periodic initial data.

Proof. Let (w, z) be the solution of (5.1) defined on a maximal interval of existence [0, 7™),
and let T < T*. Since w,z € C([0,T];1*°), it follows that for some r > 0, |w;(t)| < r and
|zj(t)] < r for j € Z and t € [0,T].

First we consider /! initial data and prove (a) and (i-iii). We begin by showing that
w(t), z(t) € I* for t € [0,T]. In the ball B,, we have |G(w, z)| < C(|w| + |2]). Then, a rough
estimation on (5.1) gives

n

0 & 2V 20
EZ(|1U;'|+|ZJ ST Z (lw;] +1251) +?Z(|wj|+|zj‘)a

j=-n Jj=—n-— j=-n
and the function .
n(t) =Y |wi®)] + |z ()]
j=—n

satisfies the recursive relation

t
fal) <a+b /0 froa(s) ds

fn(t) < M,

with b = (% + 29), M,, = 4nr, and a = |jwo||1 + ||20]/1. As the following Lemma shows,

(5.9) yields an exponential bound on f,():

(5.9)
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Lemma 5.2. Suppose the functions f,(t) > 0, n = 1,2,..., satisfy, for some positive con-
stants a, b, T and M,, the recursive relations (5.9). If M — 0 as n — oo for each
k=1,2,... ., then

(5.10) o) <ae, forn=1,2,... and 0 <t <T.

Proof of Lemma 5.2. Iterating (5.9) we obtain, after k iterations,

bktk bk+1tk+1

Passing to the limit ¥ — oo, yields (5.10). O

For the case at hand, Lemma 5.2, in conjunction with the bound M,, < 2nr, implies

=5 s @)1+ 50 < (Junll + z0l) e

j=-n

w(t), 2(t) €1 for 0 <t < T, and win(t) = 0, 24, (t) = 0 as n — co.
Let now (w, z) and (w, Z) be two solutions of (5.1). They satisfy the equations

15] 1 _
a(wj wj) + Vp(w; —wj) = E[G(wj, zj) — G(w;, Z;)]
0 _ _ 1 -
E(Zj — Zj) — V5f(Zj — Zj) = _E[G(wj’ Zj) — G(’UJj, ZJ)]
and the conservation law

0

57 (Wi = W3) + (2 = Zj) + Vy(wj — ;) = Vs (2 — 2j) = 0.

We multiply the former equations by sgn(w; — @;), sgn(z; — Z;) respectively, and use (5.3)
and Hypothesis (A) to obtain:

8 U z T —
(5.11) 5z (w5 = @51 + |2 = Z]) + Vplw; — 0] = Viglz; - %]

< é[Sgn(wg' — ;) — sgn(z; — 2;)[G(wy, zj) — G(w;,2;)] < 0.

In turn, this yields

%( zn: wj — @] + |z —5j|)

j=—n

Vv _ _ _ _
o [l = @n| = [0_n—1 = B 1| + |2on = Zon| = 241 = Zasal] < 0.
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Letting n — oo, we deduce that (w, z), (w, Z) satisfy

(5.12) Z lw; () — 5 (¢)] + [2;(¢) — 2 ()] < Z lwjo — Wjo| + |2j0 — Zjol,
JEZ JEZ

and (5.5) follows for wy, 2z € I1.
To see (ii), note that the conservation law gives

(5.13) D (wi(t) —w; (1) + (2(1) — 2(1) =D _(wjo — Wjo) + (250 — Zjo)

JEL JEZ

which, together with (5.12), implies

(5.14) D (wj(t) — mi ()T + (2 (1) — 2(1)T <Y (wjo — Wi0)t + (zjo — Zjo)™

JEZL JEZ

Using the the stationary solutions w;(t) = &, Z;(t) = g(k), kK = a, b, as comparison functions
in (5.14), leads to (ii). The invariant regions (5.7), in conjunction with Hypothesis (B), imply
that solutions of (5.1) emanating from [*° data stay uniformly in j in an invariant set, and
thus solutions of (5.1) exist globally in time. The Total Variation Diminishing property (iii)
is an immediate consequence of (i).

If wg, zp are in 7, the solutions w(t) and z(¢) take values in 7, for ¢ > 0. When summing
(5.11) over a set of indices Z, with length one period M, the contributions at the endpoints
cancel and we obtain

D () =@ ()] + 2(t) = Z;(B)] < D |w;(0) —@;(0)] + |25(0) — 2;(0)]
JEZ, JEZ,

The rest of the proof proceeds along similar lines. [

The semidiscrete scheme (5.1) satisfies two variants of discrete, Kruzhkov-type inequalities.
Relation (5.16) is a discretized version of the Kruzhkov entropy conditions for the conservation
law (2.7). Relation (5.15) is a semidiscrete version of the entropy inequalities for the relaxation
system (2.5); its importance is seen in Theorem A.2 of the Appendix.

Corollary 5.3. Under the Hypotheses (A-B), solutions of (5.1) satisfy:
(i) For k, \€R, j € Z andt >0,

O (Jwj — K| +|2; — Al) + Vip|lw; — 6| — Vig|z; — A|)
(5.15) 1
< EG(wj’ ;) (sgn(wj — k) —sgn(z; — )\))
(ii)) For k €R, j € Z and t > 0

(5.16) O (Jwj — K|+ |25 — g(r)|) + Vs|lw; — k| = Vés|z; — g(k)]) < 0.
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Proof. For k, A fixed, (5.1,) and (5.2) give

1
Otlw; — k| + Véplw; — k| < EG(wj’ zj)sgn(w; — k),

1
Oclzj — Al = Vidglz; — Al < —EG(UJjaZj)SgH(Zj -2,

whence (5.15) follows. Relation (5.16) is a consequence of (5.11), when (w, ) is selected an
equilibrium solution (k, g()). O

5c. Distance from equilibrium. For the remainder of the section, we present the state-
ments for data wg, 29 € m,. Analogous statements hold for /! data with minor modifications.
There are two mechanisms for controlling the distance of a solution (w, z) from the line of
equilibria (k, g(k)). The first is based on an “entropy” estimate in conjunction with Hypoth-
esis (c): Consider the strictly convex functions ®(w) = jw? and ¥(z) = [ g~ *(£)d¢. We
multiply the first equation in (5.1,) by w;, the second by ¥'(z;), and use (5.4) to arrive at

0

1 1 1, _
at( w? + (2 ))+V(5b§wjz-—V(5f\I!(zj)+g(g Yz;) — w;) Glwj, z) < 0.

In turn, the periodicity of (w(t), 2(¢)) and Hypothesis (C) imply

(5.17) gz: (U + vt / Z ds
5.17 v
< Z 7(2 30"“1’(330))

jGZu

The second way for controlling the distance from equilibrium is based on a Lyapunov
function for the associated system of ordinary differential equations.

Lemma 5.4. Under Hypotheses (A), (B) and (C"), solutions of (5.1) satisfy

1 1 _.
= D G (0), 5(1)] <Ze ™ Y 1Glwjo, zj0)
(5 18) JELy JELy

C
+ - Z lwjo — wi—1y0l + [2(-1)0 — Zjo|
JGZV

where c is the constant in Hypothesis (C'), and C depends on the invariant domain R®® and
V.

Proof. The function G; = G(wj, z;) satisfies the equation

1
8th + g (Gz(wj,zj) — Gw(wj,zj))Gj = —VGw(’LUj, zj)dbwj + VGz(wj,Zj)éij
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Using (C’), (5.7) and the TVD property (5.8) of the scheme, we see that

d c
= D NG+ 2 Y G < C Y dvws] +6s2
JEZ, JE€EZy J€Zy

<C Y lwjo — wii—ayol + 12G-1)0 — Zol
JEZU
where C' depends on the invariant region R%* and V. Then (5.18) follows from integrating
the inequality. O

5d. Compactness and convergence properties of semi-discrete schemes. We now
consider the relation between solutions of the semidiscrete scheme (5.1) and 1-periodic so-
lutions of the relaxation system (2.5) or the conservation law (2.7). As we are interested
in constructing 1-periodic solutions, the number of grid points per interval I, of length one

1

period, is M = y~* with M an integer. The grid size -y is taken uniform and Z, = Z,,.

We assume that the data {(w;o, 2j0) }jez of the semi-discrete scheme are in 7., and satisfy

(hl) Z 'y|wj0| +’)’|Zj0‘ <, (’wjo, Zjo) € R for j € Z,
JEZy
(h2) > lwgy0 — wiol + |zG+1y0 — zjol < K
JEZy

for some constants C', K and a, b independent of v and €. To see the relevance of these
assumptions, note that if w§(z), 2§(z) are stable in L' N L°°(I) and 1-periodic, then w§, 25
can be approximated in L!(I) by the piecewise constant approximants
(5.19) wy® = ij() x1, (), 2" = Z zjo x1, () ,

JEL JEL
where I; = [j7,(j + 1)), xz; is the characteristic function of the interval I;, and the inter-
polants (wjo, ;o) satisfy (h1). If w§(x), 25(x) are also stable in BV (I) then the interpolants
satisfy (hi1) and (hs).

Let (w;(t), 2;(t)), j € Z, be the corresponding solution of (5.1) and define the approzimate
solution (w?*%,27¢) of (2.5), for (z,t) € R x [0,00), by piecewise constant approximation
(5.20) w(z,) =Y wit)xr,(z),  2(x,t) = z(t) x,(x).

JEL JEL
Then (w7°F, 27¢) is 1-periodic in z, uniformly bounded

(5.21) (w?®,27¢) € R¥® for z € R, t > 0,

and its total variation measure is

/I Dy ™| (5,8) = 3 Jwj41(t) — w5 (8)

j€n
/ |Dyz7"
I

(2,1) = Y |zj41(t) = 2 (2]

€L

(5.22)
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Theorem 5.5. Let {wjo, zjo }jez satisfy (h1 — h2).

(a) Assume that G satisfies (A-B). Then {w" ¢}, {27¢} are precompact in L*(I x [0,T)),
when ¢ is fized and v — 0. Along a subsequence (w™° | 270¢) — (w®,2¢) in L*(I x [0,T)),
where (w®, 2°) is a 1-periodic solution of the relazation system (2.5).

(b) Assume that G satisfies (A-B) and (C) and let u?V® = w™® + 2V°. Then, the family
{u#} is precompact in L*(I x [0,T]) as € — 0 and v — 0. Along a subsequence u?"*» —

u=w+ g(w) in L (I x [0,T]), where w is a 1-periodic entropy solution of the conservation
law (2.7).

Proof. First we show (a). It follows from (5.8), (5.22) and (h2) that, for h € R,

/ e (& + o) — 0 (2, 1) da < [B] / Dyt
I I

(z,1) < K|h|.
For k£ > 0, (5.20) and (5.1) imply

/I 7 (2,1 + k) — w7 () d = 3 Al (£ + F) — ;1)

JEZLy
t+k 1
<Y [ IVIue) = wia (o)l + 16w, (s), 25) Jas
JEZL~ ¢
SVE D |wjo —wg |+9k§:7:Uf+gm
Vi, j G-nol T 2% e’
JEZ JELy

Similar statements hold for the functions z7*. We conclude that {w”¢} and {27*} are
precompact in L' as v — 0 and ¢ is kept fixed.

Consider now a subsequence 7y, — 0 such that w?¢ — w®, 27»¢ — 2¢ in LY(I x [0,T])
and a.e., and w¢(-,0) — w(-,0), 27¢(-,0) — 2°(-,0) in L*(I). Using (5.1,), we see that
(w®, 2°) is a 1-periodic function in z that satisfies (2.5) in D’ and emanates from the data
@U5070)’260’0)y

We turn to (b). Observe that v = w?* + 27¢ satisfies
[+ bty = o) do < K
I
for h € R. For k£ > 0 a time increment using the equation (5.1;) we deduce

/I|u%s<w,t+ B) P (@, t) do =7 Y [(wj + 2) (4 k) — (wj + 27)(8)]

JEL,

t+k
<V [ hy(s) = wgma (9] + Iz (5) = 2 (s)ds < VECE.

€Ly
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Hence, {u?¢} is precompact in L! as ¢ — 0 and vy — 0.
Next, (5.20), (C), (5.17) and (h1) together imply

//|z7€— (w#) Pdrdt = / Z zj — g(w;))?ds < Ce.
JEL.

Let ¢ € CX(R x [0,00)) be a test function. A straightforward calculation, using (5.1) and
(5.20), shows that

t) — ¢ —y,t) —
// got(w7’5+z7’5)—V(p($’ ) —plz+1, )w%€+v"0($ 18 = P(@,t) e o
R x[0,00) Y Y

+ / o(z,0)u”*(z,0)dz = 0.
R

Consider a subsequence v, €, — 0, such that u”¢*» — v in L'(I x [0,7]) and a.e.,
wYnoen (- 0) = wnoen (- 0) 4+ 278 (-, 0) — u(-,0) in L1(I) and €5 = 2In:en — g(gmen) — 0
a.e. Since g is strictly increasing, there is w such that w + g(w) = u, w'*» — w a.e., and
ZTmofn = g(wmtn) + e’ — g(w) a.e. Passing to the limit v,, &, — 0, we conclude that
u = w + g(w) is a 1-periodic weak solution of (2.7) emanating from the initial data u(-,0). A
similar argument, starting from (5.16), shows that w satisfies, for x € R,

O(lw — &[]+ |g(w) — g(K)]) + VOu(lw — &[] — |g(w) — g(x)[) <0
inD'. O
5e. Error estimates. In this section we use the results of the Appendix, to obtain error
estimates for the limit processes: (i) € fixed and v — 0, and (ii) € — 0 and v — 0. We employ
the notation: (w*®,2°) for solutions of the relaxation system (2.5) associated with the data
(w§, 2§5); u or w, u = w + g(w), for the solution of the conservation law (2.7) associated with
the initial data ug = wo + g(wp); finally, (w”%, 27°¢) for the approximate solution, defined in
(5.20), associated with the piecewise constant data (wg™, 2J"°) in (5.19).
Theorem 5.6. Let G satisfy (A-B) and suppose that (w§, z§5) € BV (I).
(a) If (w)°, z3°) satisfy (h1 — h2), then for any T > 0 there is a constant C, depending on
T, €, the bounds in Hypotheses (hy — ha) and the BV -norm of (w§, 25), such that

lw?e (-, 8) = w (5 Dllpr ey + 12770, 1) = 25, Ol )

(523(1) v,€ £ € £ A 1/2
< lwg™ = willzray + 1120 = 26llLr ) + Cy/”-
for0<t<T, as vy — 0.
(b) If (wl®,2]°) satisfy (h1), then for any T > 0 there is C, depending on T, €, the bound
in Hypotheszs (hl) and the BV -norm of (w§, z§), such that

lw?* (-, 8) = w (5 Dllpr ey + 1275, 1) = 2° (5 D)l

(5.23) .
< llwd® —wllz + 1120 — 25l + C*2.
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for0<t<T, asy— 0.

We note that in part (b) of the previous Theorem, the hypothesis w§, z§ € BV (I) refers
to the approzimated solution of the relaxation system (2.5), while the assumption (k1) is on
the data of the semidiscrete approximating scheme (5.1). As noted at the end of the proof of
Theorem 5.6 (b), the hypothesis w§, z5 € BV (I) can be replaced by a weaker hypothesis on
the L'-modulus of continuity of w§, 2§ at the expense of obtaining a slower rate of convergence
than 41/3. In this case we may also obtain a weaker version of Theorem 2.1.

The next theorem provides error estimates for the convergence v — 0, € — 0 to the
conservation law. We assume, without loss of generality in the BV framework, that g is
globally Lipschitz. The data (wjo, 2j0) are assumed to satisfy

(hs) > 1IG(wjo, zjo)| < Ce

j€L.,
with C independent of v and €. Then we have:

Theorem 5.7. Let G satisfy (A— B) and (C'), and suppose that ug € BV (I) and (w], z3°°)
satisfy (h1 — h3). Then for any T > 0 there is a constant C’, depending on T, the Lipshitz
norm of g(w), the bounds (h1 — hs), and the BV -norm of ug, such that

(5.24) 1 (- 8) = u, Ollzray < Nug® = wollzray + Cle+ )12,

for0<t<T, asy— 0 ande — 0.

Proof of Theorem 5.6. We first show that (w7>¢, 27°¢) is an approximate solution of (2.5),
in the sense that (A.11) in the Appendix is satisfied. Fix x and A € R and T > 0. Using
(5.20) we compute for (z,t) € R x [0,T]

W — k| =Y |w; —Klxg, 1277 = A=) 17— Alxy, -
JEL JEL

Then (5.15) implies that (w?>%, 27°%) satisfies, in D’,

S =0y (lw"* — K|+ [27° = A|) + VO, (Jw* — k| — [27° = X|)
1

— EG(wA”E, 27°) (sgn(w”® — k) —sgn(27° — X))

=3 (( lwy = 5l + |25 = Al) = Glw, 2;) (sgn(w; — ) —sgn(z; — N)) xs,
JEZ
+ VS (volws = 6l = ¥y]25 = Al)é(z — )
JEZ
(5'25) S Vfw - VfZ7
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where f,, and f, are given by

fw = Z5b|wg' - '<6|(”75(”C —37) - X’J‘)
(5.26) -

£2 = D2 8ulzs = A (v = ) = x, )

JEZ

and §(z — jvy) stands for the delta function at the point j~.
We proceed to estimate the error terms f,, and f,. First, we operate under the framework
of both Hypotheses (h; — hy). Let ¢(z,t) be a test function and let a; = d|w; — x|. Then

(fur0) = 3 a5 (v i) = /1 ey, t)dy)

JEL
Y 9y Oy
N (2, t) dzdy = —(Fy, ==),
j% J/Ij /jv o ox

i.e. fy = 0yzFy in D'. Furthermore, F;, can be viewed as a Radon measure on I x [0,7],
defined by

Y
(Fuy) = 3 aj/I'/m Pz 1) dzdy, for € CO(I x [0,T]),

JEZL~

and F,, is estimated in M(I x [0,7]) by

(Fur ) < 3 (32 i () = w0 ) [ llco

j€z,
Under Hypotheses (h; — hs), (5.8) implies that
(5.27) fw = 0:Fy, with ||Fylm,, < K7,
and, in a similar fashion,
(5.28) fo=0uF;,  with [[Fy|[pm,, < Ky,

where the constant K in (5.27) and (5.28) is as in (hs).
In summary, (w?¢, 27:¢) satisfies

S <Vo,F,—-Vo,F,.

where F,, and F, are bounded in measures as in (5.27-5.28). For the selections R = m any
integer, 6 = A >0,v=0, M =V, and B, = B(0,m+ M (T —t)+ J) we apply Theorem A.2.
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We set mg to be the smallest integer larger than MT + §, and take account of the fact that
the moduli of continuity E* and E? of the solution (w?, z¢) of (2.5) are estimated by

(5.29) E' < (m+mp)C16, E* < (m+mg)Cad,
where C;, Cy depend on the BV-norm of (w§, z§), and Cy also depends on e. Also, that

EH (m + mo)ng

where C3 depends on T and K in (5.27-5.28). Then Theorem A.2 implies that, for § > 0 and
m any integer,

/|’LU7’E(.’I,',T) - ’ws(:,lj,T)| + |z7’8(x,T) - zs(x,T)|dx S
I

(1+ %/,W(w, 0) — (2, 0)| + |27 (2,0) = #(z,0)|dz + C(1+ “2)(3 + ).

The optimum estimate follows from the selection § = 4'/2 and m — oo and leads to (5.23,).

We indicate a second way for treating the errors f,, and f, that requires the weaker
Hypothesis (h1), but still requires knowledge on the L!-modulus of continuity for (w®, 2¢).
Let ¢ be a test function and set &|w; — k| = %, where b; = |w; — k| — |&|. Then (5.26)

implies

(fwr ) = — Z%/ /y gi(z t) dzdy

JEZ

y
_——Z // 6¢zt ) dzdy — / / ztdzdy)
I J+1)’Y

7 ez
=+ 5 2
_1 _sﬂ _ (. O
= Zb/// 902 wt)dwdzdy—(}"w,awz),

i.e. fu = 02F, in D'. The error term F,, is viewed as a Radon measure on I x [0, 7], defined
by

(Fu, ) = Zb/// Y(w,t) dwdzdy for 4 € C°(I x [0,T)),

and estimated in M (I x [0,7]) by

2
(Far )] < T2 105 llo < 2( 3 A [l -

J€ZL~ JE€EZL~

Under Hypothesis (hi), (5.6) implies

(530) fw = aifw’ with ||~7:w||Mz,t < 07’
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and, in a similar fashion,
(5.31) fo=0F., with |Fllm,, <Cv.

Now (w"#,27¢) is viewed as an approximate solution, based on the inequality
(5.32) S<VOiF, - VOiF,.

Applying Theorem A.2 on the domain By = B(0,m + M (T —t) + §), with m any integer and
0 > 0, and using (5.29) and the implication of (A.10)

Y
EL S (m + mo)C46—2 s
we obtain

/ [ (2, T) — 0 (2, T)| + |27 (2, T) — 2 (a, T)\dw <
I

m
(1+ 1) / ™ (2,0) — w (2, 0)| + |27 (2,0) — 2 (, 0)|dz + (1 + 2005+ L).
m’ J; m 0
The optimum estimate corresponds to § = v'/3 and m — co and yields (5.23;). The hypoth-
esis w§, 2§ € BV (I) can be replaced in part (b) by a weaker hypothesis on the L!-modulus
of continuity of wg, z; at the expense of obtaining a slower rate of convergence than 3.0

Proof of Theorem 5.7. Let u”¢ = w”¢+ 27¢. We show that w”>¢ satisfies the approximate
entropy inequalities (A.8). Given k € R define k € R such that k¥ = k + g(k). Since g is

increasing we see that

[w?" = K| + [g(w™?) = g(r)] = |w"* — k| +[27° = g(x)| = T,

5.33
G Ve — al = Vigw™) — g(m)] = VIw™® — sl — VI — g(s)] + VI
where
T (@,8) = |27 — g(n)] — g(w™) - g(s)],
(5.34)

[TV (2, 8)] < |g(w™) — 277
Next, (5.16), (5.25) with A = g(x), and (5.33) imply
L= 0y (Jw™® — k| + |g(w”?) = g(k)]) + VO (Jw"* — &| — |g(w”*) — g(k)])

(5.35)
< VO,Fy — VO, F, — 0,J7° + Vo, Je
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where F,, and F, are estimated as in (5.27-5.28) and J7¢ is given in (5.34). On account of
Lemma 5.4 and Hypotheses (C’) and (h2), (h3), we have

sup /|J%E dz < sup Z 1|G(wj(t),zj(t))|
tefo, 7 J1 te[o,T]j€Z7 c

(5.36) <O Y G (wjo, zjo)| +Ce Y lwjo — wii—1yol + 254130 — 2jol < Ce.
€ j€Ln

We now apply Theorem A.1 on the domain B; = B(0, m + M(T —t) + §) with m integer and

d > 0. For ug € BV (I) the moduli of continuity E* and E* of u are estimated by

E' < (m+mg)C6, E* < (m+mg)C6

with C independent of €. Then Theorem A.1, in conjunction with (5.36) and (A.10), implies
that for any 0 > 0 and m integer

[ 1@ 1) = ute )lds < (@ + 043 (2,0) — e O z20r
I

mo

)6 4+e4+21EE
m

) )
The optimum bound is obtained for § = (y + £)!/2 and m — oo and leads to (5.24). O

+C(1+

Appendix: Kruzkhov estimates for relaxation systems

In Ref. 2, a class of N + 1 semilinear hyperbolic systems is studied, set in RN x [0, ),
describing the dynamics of the state vector (w, Z), with Z = (21,...,2n):

N
1
(‘)t’w + UO -Vw = - ZG'L(U]’Z’L)
(A.1) £ =

1 .
Oz +U; - Vz; = _EGi(w’ Zi), 1=1,...,N.
Here Uy, Uy,..., Uy € RN are convective velocity vectors, G; : R x R — R are smooth
functions, strictly decreasing in the w variable and increasing in the z; variable, and € > 0 is

a relaxation parameter. It is assumed that the equations G;(w, z) = 0 have a unique solution
z; = gi(w) with g;(w) strictly increasing and (globally) Lipschitz. The curve

w = (wagl(w),'--agN(w))a w e Ra

constitutes the manifold of local equilibria (or Maxwellian states).
Solutions of (A.1) satisfy the conservation law

N N
(A.2) O(w + Z zi) + div(Upw + Z Uizi) = 0.

=1 =1
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As € — 0, the local equilibria are enforced, and the limiting dynamics is described by weak
solutions of

(A.3) Ay (w + Z gi(w)) + div(Uow + Y _ Usgi(w)) = 0.

=1

It is shown in Ref. 2 that solutions of (A.1) emanating from BV -stable data are compact in the
strong L!-topology, and the moment u® = w + vazl z; converges, in the zero-relaxation limit
¢ — 0, to an entropy solution of (A.3). In addition any scalar multidimensional conservation

law
N

(A.4) ut—I—ZaxiFi(u):O, z€eR" t>0,
i=1

can be written in the form (A.3) and thus be recovered as an asymptotic limit of a relaxation
system (A.1), provided its characteristic speeds satisfy, relative to the convective velocities of
(A.1), a multidimensional analog of the subcharacteristic condition.

It is a well known fact that the Kruzhkov(®!) entropy conditions

(A.5) Oslu— K|+ 0, [ (Fi(u) — Fi(k))sgn(u— k)] <0, D, forallkeR.

=1

guarantee uniqueness of weak solutions of (A.4). The system (A.1) is equipped with a family
of entropies,

0, (lw — K| + Z 2 — )\¢|)+div(U0\w — K|+ ZUM — A1-|) <
(A.6) ' 1 ’
- Z G(w, ) [sgn(w — k) — sgn(z; — Ni)]

for k,\; € R, = 1,...,N. If \; are selected \; = g;(k), then the right hand side in (A.6)
vanishes, and in the ¢ — 0 limit we obtain the entropy conditions (A.5) for £k = k + g;(k),
(see Ref. 2).

The following theorems use the technique of doubling of variables of Kruzhkov(®?) and
Kuznetzov(®®), in the form formulated by Bouchut and Perthame(®3), to provide error esti-
mates. Theorem A.1 provides estimates between approximate solutions of (A.1) and entropy
solutions of the conservation law (A.4), and is an adaptation to (A.3) of Ref. 23 (Thm 2.1).
Theorem A.2 deals with estimates between approximate solutions of (A.1) and weak solutions
of (A.1) for € > 0 fixed, and it indicates that the entropy conditions (A.6) allow to extend
the Kruzhkov theory to the class of contractive relaxation systems (A.1).
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Theorem A.1. Letw,w € L ([0,00), L} (R™)) be right continuous with values in L} (R"™).

loc loc loc
Assume that w satisfies, for k € R, the entropy conditions

(A7) O (lw— x|+ Z |gi(w) — gi(k)]) + diV(Uo\w — K|+ Z Uilgi(w) — gz'("&)|) <0,
and w satisfies, for k € R,
0 (lw — k| + Z |gi(w) — gi(ﬂ)|)+diV<Uo|7II — K[+ Z Uilgi(w) — 9¢(5)|>

(A.8) N g
<K, + 8tJI<; + divH,, + Z aximjL;(J]) 3

3,j=1

in D', where K., J., H., L,(fj) are local Radon measures that satisfy, for some nonnegative
k-independent Radon measures ag, oy, oty and oe(L”), the bounds

|Ky(z,t)| < ax(z,t), |H'(z,t)| <ay(z,t), i=1,2,..N,
[ Te(2,8)] < as(z,t), L0 (2, 8)| < @ (z,t), i,j=1,2,..N,

in the sense of measures. Moreover, we assume ay € L2 ([0,00), Li,.(R")). Then, for any

T>0,z0cRY, R>0,5>0,A>0,v>0, and letting

M:Lz'p(Uow—I-ZUig,-(w)), Bt:B(.'L‘Q,R-FM(T—t)—I-A—l-I/),

we have
/I— |<R|w($’T) — (@, )|+ 3_lgi(w(w,T)) = g:(w(z,T))|dz

(A.9) < /B 0(z,0) = (o, 0) + 3 lgs (w(,0)) — gs(9(,0)) s

+C(E*+E*+EX + B/ + E¥ + EL),

where C is a uniform constant and

E' = max sup |lw(z, s) —w(z,t)|d,
t=0,T 0<s—t<5 J B,

E® = max sup |lw(z + h,t) — w(z,t)|dz,
t=0,T |h|<A J B,
N

1 )
A.10 EX = // ag(z,t), Ef = — // oy (z,t),
( ) 0<t<T,x€B¢ A ; 0<t<T,x€EBy a

1 ..
EL = — // Oj”(.’E,t),
A? Z 0<t<T,x€B; g

1<i,j<N
T MT
El=(1+~4 —- sup/ aj(z,t)dr.
( 0 A+V)(o,2:r) B, (@)
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Proof. The theorem is an adaptation from Theorem 2.1 in Ref. 23. To see that, let u =
w+ Y, 9i(w), and for k£ € R define x € R such that k = k + ), gi(x). Since g; are strictly
increasing, sgn(u — k) = sgn(w — k) and

fu— bl = fw = |+ 3l (w) — ()]

(F(u) — F(k))sgn(u — k) = U lw — 5| + Y _ U7|gi(w) — gi(r)],

%

where U; = (U},...,UY), i = 0,1,...,N. Thus, the entropy conditions (A.7), (A.8) are
written in the form (A.5) and Theorem 2.1 in Ref. 23 provides the result. O

We now turn to Kruzkhov estimates for (A.1) away from the local equilibrium € = 0:

Theorem A.2. Let (w,Z),(w,Z) € LZ.([0,00), L}, (R*)) be right continuous with values

in Lj,,(R"). Assume that (w,Z) satisfies for K € R, A = (A1,...,An) € RN the entropy

conditions (A.6) and (w, Z) satisfies, for k € R, A € RV,
On(jw — sl + 3 12 = Xal) + diV(U0|U7 — K[+ Uiz - Ai|)
1 7y ~ — —
(A.11) < 2 Glw,z)[sgn(w — k) - sgn(zi — A)]
N ..
+ KK,A + atJ,.i7A + diVHK,A + Z aﬂhij,(.Z’J/z ’
i,j=1

in D', where K, p, Jy A, H};’A, L,(JJX are local Radon measures that satisfy, for some nonneg-

ative (k,A)-independent Radon measures ax, ay, oby and a(Lij), the inequalities
| K a(z,t)| < ak(z,t), |H;,A(w,t)| < aly(z,t), i=1,2,..N,
Teal@ )] < as(@t), LI @H] <afP(@1), ij=1,2..N,

in the sense of measures. Moreover, we assume oy € LS ([0,00), Li,.(R™)). Then, for any
T>0,20 e R, R>0,6§ >0, A>0,v>0, and for M = maxo<i<n U], By =
B(zo,R+ M(T —t) + A+ v), we have

/ lw(z,T) — (x,T) \+Z|zl 5. T) — 7 (2, T)|dz
|z—xo|<R

(A.12) / w(z,0) — @ (z,0)| +Z\zz (z,0) — Zi(=,0)|dz

CEt+E“+EK+EJ+EH+EL)

where C is a uniform constant,
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E* = max sup w(zx,s) —w(z,t) + 2i(, 8) — z(z,b)|dz
t=0,T < s—t<§ Bt| (w9) (,0)] ;'1( ) i(@,)]

E* = _ A .
E%ﬁELB'Mw+“” w@iﬂ+2]%@+hﬂ zi(z,t)|dz
t 7

and EX, E# | EL and E’ satisfy (A.10 c-e).

Proof. In contrast to Theorem A.1, the terms 1G;(w, z;) cannot be treated as errors because
€ is not necessarily small. We first perform a doubling of variables in (A.6) and (A.11). Given
two functions ® € C°((0,00) x RY) and ¢ € C°((—00,0) x RY), with ® > 0, ¢ > 0, we set

(A13) ¢(‘7"at,y7 S) = (I>(.’E,t)C(CE —Y,t— S) > 0.

Consider the weak form of (A.11) for the test function ¥ = ¢(-, -, v, s) with (y, s) € RY x(0, c0)
fixed and Kk = w(y,s), \; = z;(y, s). Similarly, consider the entropy inequality (A.6) for the
test function ¥ = ¢(x,t,-,-), for (z,t) € RN x (0,00) fixed and k = w(z,t), \; = z;(z,t). We
add the two relations, integrate with respect to all variables and use the relations 0;( = —305(
and V;( = —V,( to obtain

_ ////C(t s,z ) [y, 8) — (2, 1)| (B + VoV, 8) (2, 1)

+ Z |zi(y, s) — zi(x,t)] (@t + Ung;(I)) (z, t)] dsdtdydz

< 1 ][ #@t0.9 % (6w 5),2(0.5) - i (w0(a,1), 5(2.1))

(A.14) X [sgn(w(y, s) — w(z,t)) —sgn(zi(y, s) — z(z, t))] dsdtdydz + R®
where

R* = ////QK(t,$)¢(t,$,S,y) +aJ(t’x)|8t¢(t7$7say)‘
+ Y (t0)| 0, p(t x5, ) |+ D o (t,2)]03,4,6(t, 3, 5,y) |dsdtdyda .
7 1<i, J<N

The monotonicity assumptions on G; imply

> (6w, 9),z(.9) - Gi((a,8), 5(x,1))

X [sgn(w(y, s) — w(z,t)) —sgn(zi(y, s) — Zl(a:,t))] <0,

and thus, for any € > 0,

- //// (t =50 =) (lwly,5) = (a0 + 3 ey, 5) = (o, 1)) @1l )
15) '

(A.
+ (Uolw(y, s) — w(w,t)| + Z Uilzi(y, s) — zi(z,t)]) - V$<I>(:c,t)] dsdtdydz < R*.
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Although (A.15) involves differences of N + 1 functions, because of the Lipshitz continuity of

the flux relative to the conserved quantity,

Uo|lw — w| + ZUJzi -zl < [ max |UZ|(|w —w|+ Z|zz - Zl|) ,

we may conclude the proof by selecting suitable ® and ¢ and reproducing the steps in the
proof of Theorem 2.1 in Ref. 23. O
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