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Abstract— Computational models for the solution G(U) = q142 qﬁ 1 B2
of the two-dimensional shallow water equations 2 '

(SWEs) are presented.We describeaggneralized glass System (1) describes the flow at timie> 0
of first and second order in space and time relaxation . .
schemes for the SWEs in two dimensions. We extend at point (z,y) € €, whereh(z,y,t) > 0 is the
in 2D classical relaxation models combined with height of the fluid at poin{z,y) at time t, {2 de-
Runge-Kutta time stepping mechanisms as to include notes the projection of the domain occupied by the

also a forcing source term. To illustrate and validate fluid onto thexy plane andZ(zx,y) is the bottom

the capabilities qf the proposed models, results _are height function. The vector fieldus, us) is the

presented for various well known test problems with horizontal velocit th itati |

or without the source term present. average 'OrIZOI"] al velocity, anglthe graVI a IF)na
acceleration. Finally, the conservative varialje
(discharge) is given bYqi,q2) = (huy, hus). In
the homogeneous case, the system is equivalent to

that of isentropic Euler system. However due to the
The mathematical model used here consists gfesence of the source term the properties of the

the 2D SWEs, in their classical form, obtained fron%.ystem change substantially. The above system is
the incompressible flow continuity equation a”‘ﬁuite simple in the sense that only the topography
th? mo.m.entum t_)alance Nawe_r-Stokes equa_ltlor@-,the bottom in taken into account, but other terms
written in its physical conservative form as a singl@gy|d be also added in order to include effects such
vector equation as friction on the bottom and on the surface as well
U;+F(U),+G(U), =S(U), (x,y)€Q, (1) 3 variations of the channel width.
Substantial effort has been devoted over the past
20 years to the development of computational tech-
U= ( h, huy, husy )T = ( h, q1, qo, )T’ niques for fluid flow simulation, in particular in the
- field of finite volumes for systems of conservation
0z 0z
S(U) = ( 0, —gha—(x,y), —gh %% (2, y), ) ’ laws. More rec.ently many.met.hods were proposed
z for the numerical approximation of solutions of

|. INTRODUCTION

where

y

1 o qige )T hyperbolic conservations laws with source terms.
h*, —= )

2
— 41
F(U) = ( a5 + 99 h There has been a growing trend in favor of Riemann



or Godunov-type based methods constructed withgystem (1) can be written as
the finite volume framework, see for example [11].

Such methods are noted for their good conservation 1
and shock capturing capabilities. Two dimensional v, + C?u, = *E(V —F(u)) 2)
Riemann solvers do not appear to have matured
enough to be used in the construction of multi-

dimensional schemes. Even if such solvers we(ghere C2, D2 € R3*3 are positive diagonal ma-
available the resulting schemes are likely to bgices, e.g.C2? = diag(c?, 2, ¢2). System (2) can
too complicated for common use. The purpose @fow be further reformulated as,
the present work is to report on the applicability - S

u; + v, +w, = S(u),

1
Wi+ D7y = —(w — G(w))

of recently developed relaxation algorithms for u 0 10 u

shallow flows, introduced in [4] in one-dimension, v +[C 00 v

for computing solutions in two-dimensions. We use w1 - 000wl

finite volume shock capturing spatial discretizations 0 0 I u

that are Riemann solver free, while a Runge—Kutta +1 0 00 v | =
method provides the time stepping mechanisms. | D* 0 0] | w ] )

The proposed schemes combine simplicity and S(u)

high efficiency. Their performance in various test =| -Y(v-F(u) |. (3a)
problems shows that provide a reliable alternative ~L(w - G(u))

for shallow water wave computations in one and ] ) ]
two dimensions. Numerical results are presented We also c9n5|der the following variant, of the
for several test problems with or without the sourcgb ove relaxation system, based on a novel approach

term present. The presented schemes are verified'%rﬁsemed in [4] for the 1D case, written in vector

comparing the results with documented ones. form as
u 0 I O u
v +]1C%2 0 0 v
Il. RELAXATION SYSTEMS FOR THE2D SWES Wil L 00 0] [w] x
0 0 I u
Relaxation systems for the 2D SWEs are moti- + 0 00 v =
. 2
vated by the general relaxation systems presented L D® 0 0] [ w] y
in [6] and the relaxation systems introduced in [4] 0

for the 1D SWEs. Following from the above we
write a relaxation system for the SWEs replacing

|

!
<

|
=
£

|

|
u
£

the conservation law (1) by a larger linear system, (3b)
setting
where
h’a V1, wy,
u= qi, y V= V2, , W= w2, ) S(u) - —fwgh(s7y)g%(s,y)ds

q2 U3 w3 0



and the discrete valueu’

i, is the approximate cell

0 average of the variable in the cell(z;, 1, 2; 1) x
S(u) = 0 . (Yi41,y,—1) attimet = ¢". The approximate point
— Y gh(%s)%(%s)ds vaIue ofu at (z,y) = (z i+%7yj+%) at timet¢ = t"

The original conservation law, in both formula- is denoted byu? it3.0+s

tions, has now been replaced by a linear hyperbolic Ve start by considering the following one-step
system with a relaxation source term which rapidlfonservative system for the homogeneous case

drivesv — F(u) andw — G(u) in the relaxation 9 1
limit ¢ — 0. In some cases it can be shown analyt- 8tu” + Ax (v Vitl,j Vi—é,j)
ically that solutions of the linear system approach 1
y. . .y PP + F(Wi,j-&-%, - Wi,j—%) =0, (5a)
solutions to the original conservation law. Y

A general necessary condition for such con- ﬁvij +LC2(U,+1 i) =
1+5, =3,
vergence is that theubcharacteristic conditiors ot Alx ’
satisfied. For systems (3) we require that for the - ;("ij — F(uy)), (5b)
: i / i ) 0 1
eigenvalues); of F'(u) g_nd elgenvaIL_Je.fpl of AN— 7])2(112_#l —u ) =
G’(u) the following condition to be satisfied ot Ay e 7T
1

A ) et e S - E(Wij - G(uli)) (5¢)

By doing so we insure that the characteristic speed$e linear hyperbolic part of the (5) has two
of the hyperbolic part of (3a) or (3b) are at leasRiemann invariants in each directiom,&= Cu in

as large as the characteristic speeds of the orighe z—direction andw 4 Du in the y—direction,
inal problem. Hence, by choosing the constantsssociated with the characteristic fieldsC and
c1,c2,c3 and dy, ds, ds, appropriately, so that the +D respectively. To construct a second order accu-
corresponding subcharacteristic condition hold trueate in space scheme, the MUSCL piecewise linear
in the relaxation limite — 0 we recover (1), interpolation is applied to thé&—th component of
for both relaxation systems (3a) and (3b). See far &= Cu, which gives respectively:

example, [9], [10], [8], [7] for discussions of this

condition and convergence properties. (vt eru)ips ;= (V4 )i + lAgjs.Iy-‘r

o
Il. SEMI-DISCRETE RELAXATION SCHEMES (v— Cku)i-‘,-l,j = (v —cpu)it1,j — Ax81+1,g’

We consider the classical second order MUSCL-(y;, 4 diu); ;41 = (w+ dgu)ij + 7Aysyz+

TVD scheme for the spatial discretization. For
brevity we present the semi-discrete schemes fofw — dku)i,ﬁr% = (v —dru)ij+1 — Ays IWERE
system (3b). To discretize the system of equations, (6)
a spatially 2D domain of integration, divided intoVhereu,v are thek—th (1 < k < 3 for the_ 2D
cells (4, 7), is assumed, with a uniform grid widthsSWES) components of, u and w respectively,
in each direction Az = z,1 — z, 1, Ay = with s the slopes in thé¢i, j)—th cell defined as
Yiy1 —Yy;—1 and time stepht = gl — t”, n= 1

2 ) x,+
0,1,2, . The approximate solution, denoted asi;” = A Vittg EChUiv; —vij Fewuig)o(6;;7)



with
got _ Vig T CpUiy — Vio1,j F Crlhi—1,j
Y Vig1,; £ CrUig1,j — Vij F Chli;
and
it = Iy(wz‘,j+1idk“i,j+1—wz’ﬁdkuij)(ﬁ(@?ji)
with
grE — wij £ dpti; — i i1 F dilij—1

)
Wi j+1 £ dptijy1 — Vi F dpt)

where ¢ is a limiter function. There are several

options on choosing a limiter function. Some of the

most popular ones are, the MinMod (MM) limiter

¢(0) = max(0,min(1,6)), the Superbee (SB)
limiter ¢(6) = max(0, min(26,1), min(0,2)),
the VanLeer (VL) limiter ¢() = ﬂ—m, and
the Monotonized Central (MC) limiters(6)
max (0, min((1 + 6)/2,2,20)).
Following from (6) we get
1
Uird g = 5 (Uij +Uivg) = E(Um,j — vij)
AI’ z + _
+ E( +8711,5)s
C
Vitdj = 5 Wi+ visng) = o (Ui — i)
Az, -
T(SUJF — Sit15)
(7)
1
Uiy = 5 (Ui + Uijt1) = E(wtj-ﬂ — wij)
Ay +
+ m( s ts 1]-&-1)
1 dp
Wiy = 5 Wi +wige1) = o (g1 — uig)
Ay _
+— 4 ( Zj 55},34»1)
(8)
Then

relaxation scheme is given componentwise by

1) b
¢ g
ek (Uit1,; — 2us5 + Uim15)
2Ax
_ di(wiip1 — 2w + w;j-1)
2Ay
]. + —_
+ Z(sfj - Sf—i—l,j Si— 1,] + S )
Loyt — + —
+ Z(S'gj — sl st tsi; ) =0,
9., L cR(Uit1) —uio1)
ot 2Azx
ck(Vit1,j — 2055 + vim1,5)
2Ax
Ck + <, z,—
+ Z( gt 52+1] S;'Ljij o Sfj )=
1 1~
- —(vij — Fie(uiz)) — ES’“(“”)’
9 di(uijy1 — wij—1)
—wij + - ’
2Ay
_ de(wijyr — 2wi5 + wi i)
2Ay
dy, N _
+ Z( sl sl sl ) =
1 1=
- g(wij = G(uij)) — ESk(uij),
9)

with Sy, Sy, Fi, G being thek—th components of
S,S,F and G respectively. Notice that in the case
the slopes® = 0 or ¢ = 0, the MUSCL scheme
(9) reduces to a first ordempwind scheme

IV. FULLY DISCRETE SCHEMES

In this section we present the time discretization
of the semi-discrete relaxation schemes applied to
the SWEs. We apply the implicit Runge-Kutta split-
ting scheme introduced in [6] as the time marching
mechanism to advance the solution by one time
step At. The splitting treats, alternatively, the stiff
source terms implicitly in two steps and the convec-
tion terms with two explicit steps. For the source
term application, corresponding to system (3b), and

the second order (in space) semi-implictemporarily dropping the subscript indices, given



{u™,v?*w"}, then {u"*! v*+lwn*1} are com-

puted by
un,l — un,
At At~
Vi = v (v = Futh) + S,
€ €
At Atz
whl = w" + —(w™! - G(u™")) + —S(u™!)
€ €
u = u™ — AH(AT V4 AL W™,
vl =yl AtCZAT U™,
W(l) — W"J _ AtDQAiu”’l;
un,2 _ 11(1),
A
vh2 = () _ —t(v"’2 — F(u"’2))
€
2At
_ 7(Vn,1 o F(uml))
€
At~ 2At ~
— S = ==S(u™,
€ €
At
n,2 _ (1) _ =% n,2 G n,2
Wit = wl = S - Gun?))
20, i}
el
Atz I
_ 78(11”’2) _ 78(11”’1);
€
u? =u™? — At(ALV™? 4 A w™?),
v = ym2 AtC*A%u™?
W(2) — W",2 _ AtD2Aiun,2;
1
un-‘rl — 5(11” + Ll(2)),
Vn+1 — %(V" 4 V(2))7
1
Wn+1 — 5(an —|—W(2))7

where the discretization operatafsare defined as

1
Al pij :E(Pwé,j ~Pi-1;);

1
A% pi :Ky(pi,j+% —Pij-1)

3

laxation schemes are stable undeZkL condition
At At 1

—, (m?Xdi)> < =

12
Ax Ay) — 2 (12)

max <(max ¢i)
K2

V. NUMERICAL TESTS AND RESULTS

In this section we present some classical numer-
ical tests and results that demonstrate the perfor-
mance of the relaxation schemes presented for the
2D SWEs. First two typical examples of 2D dam-
break problems are solved and discussed.

We choose the initial conditions for all the re-
laxation systems presented abovewds,y,0)
uo(z,9), v(z,94,0) = vo(z,y) = F(uo(z,y)),
w(z,y,0) = wo(z,y) = G(ug(z,y)). In the
small relaxation limit ¢ — 0) the relaxation
systems presented here satisfy the so cdbbedl
equilibrium (v F(u) and w G(u), see
[6], and by choosing the above far and w we
avoid the introduction of an initial layer through
the relaxation system. For the boundary conditions
given the physical boundary conditions,, that
should imposed for each problem (transmisive or
reflective in the following test problems), then we
setv, = F(u,) andw, = G(u;) as to avoid the
introduction of artificial boundary layers.

The choices ofc;,d;,i = 1,2,3 in all the
numerical tests are based on rough estimates of
the eigenvalues of the original SWEs, as to satisfy
the subcharacteristic condition (4). Other choices
can be made as long as numerical stability is
maintained. It should be noted here that larger
values for thec;, d;, usually add more numerical
viscosity, so for accuracy reasons it is desirable to
have thec;, d; as small as possible.

The relaxation parametershould be small with
respect to the time step and space mesh length,

Note that, using the above schemes neither linetimat is At > ¢ Ay, Az > e. Again here,e plays
algebraic equation nor nonlinear source terms arilee role of viscosity coefficient so more numerical
and the space time discretizations are treated sefiffusion will be added for relatively larger values
arately. In addition both first and second order reof e.



A. 2D Partial Dam-Break

The first two-dimensional hypothetical problem
is the one presented in [5]. For this problem a
dam, located in the center of the region, is assume
to partially fail instantaneously. The water depth
upstream of the dam ik, = 10m and downstream
is assumed to be eithér; = 5,0.1,0m (dry). The

8

Water Depth(m)

. 5 <7
computational domain is 200m x 200m region ¢ 42222%:::2:;2‘2‘ 0
which has been subdivided intél x 41 square - — =
grid. The breach is75m in length, which has
distances of 30m from the left bank and 95m from . m "

200

the right. At the instant of breaking of the dam, |
water is released through the breach, forming ¢ |
positive wave (bore) propagating downstream anc ., :

a negative wave (rarefaction) spreading upstream 0;
The results forhy; = 5m and aftert = 0.72s 100 s

o
80 .
10
20
9
E 00 2‘0 4‘0 6{0 8‘0 ll;O 1‘20 14‘10 1é0 1é0 21;0
£ v
g
g7
S = D
‘ SUNNNY . . o
&&%}&%&g‘ Fig. 2. Water depth and Depth contours with velocity field for
NS

the partial dam-break flowh(; = 5m) at ¢t = 0.72s computed

2 “‘\}“&gg\\\\
= with the MUSCL relaxation scheme (MM limiter).

%
%
s
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it does not reduce the slope as severely as MM near
Fig. 1. Water depth for the partial dam-break flaby (= 5m) @ discontinuity.
at¢ = 0.72s computed with the upwind relaxation scheme. In Fig. 4 the results foh, = 0.1m are presented
using the VL limiter. When there is a finite water
are shown in Figs 1, 2, and 3 in terms of watedepth downstream, a shock front always exists. This
depth, contour of depth and velocity field. Thas not the case for the dry bed case. In the dry
computational parameters used were- 1.F — 6 bed case the bore propagates much faster and at
andc; = 10,¢c2 = 6,c3 = 11,d; = 10,d, = timet = 7.2s has reached the boundary of the
5,ds = 11. The difference between the first ordecomputational domain boundary. There is also a
upwind scheme and the MUSCL can be clearlgignificant difference in the velocity vector field
seen. The SB limiter has been shown (see Fig. 3) to the two cases. In the wet bed cases although
exhibit sharper resolution of discontinuities, sincé¢here is a finite water depth downstream the flow
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Fig. 3. Water depth and Depth contours with velocity field fofFig. 4. Water depth and Depth contours with velocity field

the partial dam-break flowh(; = 5m) att = 0.72s computed for the partial dam-break flo whz; = 0.1m) att = 0.72s

with the MUSCL relaxation scheme (SB limiter). compute ed with the MUSCL relaxation scheme (VL limiter
andc; = cg = 12,¢c3 = 15,d1 = d3s = 12,ds = 6).

velocity vanishes. In the dry case, the water depth

is extremely small. In the numerical scherheand breaking of a circular dam, and it is an important

q are the calculated variables. Machine precision .
test example for the analysis and performance of

will produce finite values for the dependent variabl§ne presented algorithms when solving complex

u, calculated as = ¢/h, even though to machine . .
o i ] shallow flow problems. Initially, the physical model
precisionh is considered as zero. These results can . .
IS that of two regions of still water separated by

be seen in Fig. 5 for &1 x 81 square grid. Al a cylindrical wall (with radius 11m) centered in a

the results presented here are very similar to othegﬁ « 50m, square domain. The water depth within
found in the literature, see for example [1],[12] the cylinder is10m and 1m outside. The wall is

then assumed to be removed completely and no
slope or friction is considered, then the circular

Another typical example is based on the hypodam-break waves (rarefaction waves) will spread
thetical test case presented in [1]. It involves thand propagate radially and symmetrically as the

B. Circular 2D Dam-Break
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break flow ¢4 = Om) att = 0.72s computed with the MUSCL
relaxation scheme ( VL limiter and;
15,d1 = d3 = 12,d> = 10).

co = 12,¢c3 =

water drains from the deepest region and there
a transition from subcritical to supercritical flow.
The results aftet = 0.69s are shown in Figs 6,

7, again in terms of water depth, contour of depth
and velocity field. The computational parameters

used weree = 1.E — 6 andc; = ¢c3 = 12,¢ =
7,dy = d3 = 12,dy = 7. It can be clearly seen

Depth contours and velocity field for the partial dam-

is very accurate and agrees quite well with those
presented in [1], [12] and other works.

The case of an initially dry bed outside the
cylinder is also considered here and the results are
presented in Fig. 8 It can be seen that no bore
forms, instead a rarefaction wave extends into the
dry region. The scheme is capable of handling the
dry bed problem. The computational parameters
used for this case were = 1.F — 6 and ¢;
c3 =12.5,¢c0 = 10,d; = d3 = 12.5,d> = 10.
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Fig. 6. Water depth and Depth contours with velocity field at

that the waves spread uniformly and Symmetrically': 0.69s for the circular dam-break flow computed with the
with the radial symmetry slightly distorted by theupwind relaxation scheme

effects of the grid due to the inability to represent

a circle on a square grid, but otherwise the solution
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circular dam-break flow computed with the MUSCL relaxatiorf '9- 8- Depth contours and velocity field &t= 0.69s for the
scheme and the SB limiter dry bed circular dam-break flow computed with the MUSCL

relaxation scheme and the VL limiter

C. Steady flow over a hump

As a problem with a source term present wahust be preserved. The results for scheme (3b)
consider the academic test case of a ¥mim (that was proven in [4] more accurate for similar
square pool with a symmetric bump situated aD problems when compared to scheme (3a)) are

the center presented in [2]. The pool is assunesented in Fig. 9. A uniformil x 51grid was used

totally clos_ed by so_lld vertical walls. The bump IS,nd the computational parameters were 1.F—8
mathematically defined by

" 14 andc; = c3 = 2.5,¢0 =0.5,dy =d3 = 2.5,ds =
2 2 . . . .
Z = max 0, 1 5 17 y— 1 - 0.5.The sFead){ state is corre_ctly maintained, with
4 2 2 a small distortion at the point where the bump

geometry is discontinuous my construction. The

Initial conditions covering totally the bump areoverall equilibrium is conserved with no unphysical

h+Z = 05m,uy = us = 0m/s. The flow velocities appearing in the results that would alter
evolves during 60s and the initial steady statthe steady state.
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Bl

[10]
V1. CONCLUSIONS

In the present work a generalization of relaxatiofii]
schemes have been presented in order to complt
shallow water flows in 2D with and without a
topography source term present. The main feature
of the schemes is their simplicity and robustness.
Finite volume shock capturing spatial discretiza-
tions, that are Riemann solver free, have been used
providing accurate shock resolution. A new way to
incorporate the topography source term in 2D was
applied with the relaxation model and only small
errors were introduced while preserving steady
states. The results also demonstrate that relaxation

10

schemes are accurate, simple, efficient and robust
and can be of practical consideration.
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