Derivation of fluid equations for kinetic models with one conserved quantity

Athanasios E. Tzavaras^∗

Department of Mathematics, University of Wisconsin, Madison

Abstract We survey the current state of the mathematical theory on fluid-dynamic limits for BGK systems and discrete velocity models of relaxation type when the limit is a scalar conservation law.

1 Introduction

The subject of fluid dynamic limits is motivated by the derivation of the compressible Euler equations for a mono-atomic gas as the zero mean-free-path limit of the Boltzmann equation. While the rigorous justification of the fluid-dynamic limit for the Boltzmann equation is a challenging open problem, it has prompted recent work on the derivation of hyperbolic systems of conservation laws from kinetic models in simpler situations, where the limits are scalar equations or systems of two conservation laws.

In this note we outline certain techniques employed in the rigorous justification of fluid limits to scalar conservation laws. Consider the kinetic model

(1.1) ∂_tf + a(ξ) · ∇_xf = 1 ε C(f(·), ξ) f(0, x, ξ) = f_0(x, ξ) where x ∈ R^d and C(f, ξ) is a functional on f(t, x, ·) (depending on ξ) that encodes the detailed properties of a collision process. The variable ξ may be continuous (ξ ∈ R) or it may take discrete values; in the latter case (1.1) becomes a discrete velocity kinetic model. Both cases are treated simultaneously and we retain a common notation.

The collision operator C is assumed to satisfy the structural properties: The function f ≡ 0 is an equilibrium, i.e. C(0(·), ξ) = 0, and

(hyp1) ∫ R C(f, ξ) dξ = 0 ∗Research partially supported by the National Science Foundation.

so that (1.1) is equipped with a macroscopic balance law

(1.2) ∂_t ∫ f dξ + div_x ∫ a(ξ)f dξ = 0 for the ”mass” u := ∫ f dξ. Second, the equilibria of (1.1) are parametrized in terms of exactly one scalar parameter w, which is either the mass itself (w = u) or, more generally, a reparametrization of the mass u = b(w). It is assumed that the equilibria of C(f, ξ) = 0 are

(hyp2) f_{eq} = M(w, ξ) where ∫ ξ M(w, ξ)dξ = u = b(w) where M(0, ξ) = 0 and b is a strictly increasing function, so that the map w → u is invertible. (Note that whenever ξ is a discrete variable dξ should be understood as a counting measure.)

Let f^ε be a family of solutions to (1.1), u^ε = ∫ f^ε, and set w^ε = b^{−1} ( ∫ f^ε ) . Then, (1.2) gives the approximate conservation law

(1.3) ∂_tb(w^ε) + div_x ∫ ξ a(ξ)M(w^ε, ξ) = div_x ( ∫ ξ a(ξ) ( M(w^ε, ξ) − f^ε ) )

We are interested in the behavior of (1.3) as ε → 0. It is conceivable that under appropriate conditions on the collision operator the kinetic equation (1.1) generates a stable process, so that its mass u^ε stabilizes and the kinetic function f^ε approaches as ε → 0 the equilibrium “local Maxwellian”. In analytical terms, if one were to provide conditions guaranteeing that

(a3) w^ε → w a.e

and that Maxwellian distributions are enforced in the limit ε → 0:

(a4) ∫ ξ a(ξ)(f^ε − M(w^ε, ξ)) → 0 in D^′ , where w^ε = b^{−1} ( ∫ ξ f^ε ) . then the limit u = b(w) would satisfy the scalar conservation law

(1.4) ∂_tb(w) + div_x ∫ ξ a(ξ)M(w, ξ) = 0 . In the sequel we review certain ideas from [11, 6, 10, 1, 4] developed, in the context of various kinetic and discrete-kinetic (of relaxation type) models, to justify this limiting process. All models treated (see (2.3), (2.5), (3.7), (4.1)) fit under the framework of (1.1) equipped with exactly one conservation law, (hyp1)-(hyp2). We begin in section 2 with a class of models that generate L^1 contractions, [11, 6, 10, 1], for which the proof of convergence follows the general outline of Kruzhkov theory [7]. Then in section 3 we review the kinetic formulation of of scalar conservation laws (see [8]) and indicate how this notion of solution naturally arises from the ε → 0 behavior of a special BGK model [11, 8]. Finally, in section 4, we outline a methodology from [4] that is useful for proving convergence for models that are not L^1-contractive but are equipped instead with strong dissipation estimates (see [16]). This approach, motivated by the kinetic formulation, achieves a decomposition of the entropy dissipation via duality to arrive at an approximate transport equation; one then concludes via the averaging lemma.

The reader is referred to [2, 12] for general information on fluid dynamic limits and to [17] for a survey of the mathematical aspects of fluid limits. Apart from the aforementioned works, we refer to [13] for the subject of kinetic formulations and averaging lemmas, and to [3, 5, 9, 15] (and references therein) for the subject of relaxation approximations.

2 Kinetic models that generate L^1-contractions

In this section we supplement the model (1.1) with a hypothesis on the collision operator stating that

(hyp3) ∫ R ( C(f(·), ξ) − C(f̄(·), ξ) ) sgn (f − f̄)(ξ) dξ ≤ 0 , for all f(·), f̄(·). Note that (hyp3) is equivalent to requiring that the space-homogeneous version of (1.1) be a contraction in L^1_ξ .

This property is carried over to the space-inhomogeneous case and, as a consequence, (1.1) is endowed with a class of “kinetic entropies”.

Theorem 1 Under hypotheses (hyp1)-(hyp3) :

(i) The kinetic model is a contraction in L^1(R^d_x × R_ξ )

(ii) For all κ ∈ R, we have

(2.1) ∂_t ∫ ξ |f − M(κ, ξ)| + div_x ∫ ξ a(ξ)|f − M(κ, ξ)| ≤ 0 in D^′. (iii) If for some a, b it is M(a, ξ) ≤ M(b, ξ) for all ξ, then the domain ∏ ξ[M(a, ξ), M(b, ξ)] is positively invariant.

Proof. Let f and f̄ be two solutions. By subtracting the corresponding equations, multiplying by sgn (f − f̄) and using (hyp3), we obtain

(2.2) ∂_t ∫ |f − f̄|dξ + div ∫ a(ξ)|f − f̄| = 1 ε ∫ ( C(f(·), ξ) − C(f̄(·), ξ) ) sgn (f − f̄) ≤ 0 .

Hence, f and f̄ satisfy the L^1-contraction property ∫ x ∫ ξ |f − f̄|(t, x, ξ) dxdξ is decreasing in t. Moreover, since ∫ x ∫ ξ(f − f̄) dxdξ is a conserved quantity, we also have ∫ x ∫ ξ (f − f̄)^+(t, x, ξ) dxdξ is decreasing in t, resulting to the comparison principle:

if f_0 ≤ f̄_0 then f(t) ≤ f̄(t) , t > 0 .

A special class of solutions to (1.1) are the global Maxwellians M(κ, ξ). These may be used as comparison functions. For instance if f_0(x, ξ) ≤ M(a, ξ) , for some a ∈ R, then f(t, x, ξ) ≤ M(a, ξ) whence, part (iii) follows. Finally, if f̄ = M(κ, ξ) in (2.2) then ∫ ξ (∂_t + a(ξ) · ∇_x)|f − M(κ, ξ)| dξ = 1 ε ∫ C(f(·), ξ)sgn (f − M(κ, ξ)) ≤ 0 which shows (2.1). □

We next present two specific models that satisfy hypotheses (hyp1)-(hyp3).

I. A discrete velocity model. Consider the system

(2.3)

∂_tf_0 + a_0 · ∇_xf_0 = 1 ε d∑ i=1 ( f_i − h_i(f_0) )

∂_tf_i + a_i · ∇_xf_i = − 1 ε ( f_i − h_i(f_0) ) i = 1, . . . , d. for the evolution of f = (f_0, f_1, . . . , f_d) where a_0, a_1, . . . , a_d ∈ R^d . This model is developed in [6] as a relaxation approximation for the scalar multi-dimensional conservation law. Assume that

(A) h_i(w) are strictly increasing, i = 1, . . . , d,

and let u = f_0 + ∑ k f_k. The Maxwellian functions are f_{eq} = M(w, j)_{j=0,1,...,d} = (w, h_1(w), . . . , h_d(w)) , where u = w + ∑ i h_i(w) =: b(w) .

Clearly (hyp1) and (hyp2) are satisfied. To see (hyp3), note that

I = d∑ j=0 ( C(f, j) − C(f̄, j) ) sgn (f_j − f̄_j)

= d∑ i=1 ( f_i − f̄_i − (h_i(f_0) − h_i(f̄_0)) ) ( sgn (f_0 − f̄_0) − sgn (f_i − f̄_i) ) ≤ 0 , where the last inequality follows from (A).

Under (A) the model (2.3) is endowed with a globally defined entropy function

(2.4) ∂_t ( 1 2 f^2_0 + d∑ i=1 Ψ_i(f_i) ) + div ( a_0 1 2 f^2_0 + n∑ i=1 a_iΨ_i(f_i) ) + 1 ε d∑ i=1 ϕ_i(f_0, f_i) = 0 ,

where Ψ_i(f_i) = ∫_{fi} 0 h^{−1}_i (τ) dτ , ϕ_i(f_0, f_i) = (f_0 − h^{−1}_i (f_i))(h_i(f_0) − f_i) , Ψ_i is positive and strictly convex, while ϕ_i satisfies ϕ_i ≥ 0 with ϕ_i = 0 if and only if f is a Maxwellian, i.e. if f_j = M(w, j) for some w. The identity provides control on the distance of solutions from equilibrium: If^{dhi}_{dw} ≥ c then ϕ_i ≥ c(h_i(f_0) − f_i)^2 and (2.4) leads to ∫_∞ 0 ∫ R^d d∑ i=1 (h_i(f_0) − f_i)^2 dxdt ≤ O(ε) .

II. A BGK model. Consider next the kinetic model of BGK type

(2.5) ∂_tf + a(ξ) · ∇_xf = − 1 ε ( f − M(u, ξ) )

with u = ∫ ξ f where x ∈ R^d and ξ ∈ R. The model is introduced in [11] for the special choice of Maxwellian function M(u, ξ) = 1l(u, ξ). The general case is developed in [10, 1]. It is assumed that M(u, ξ) is smooth and satisfies

(B) M(·, ξ) is strictly increasing, u = ∫ M(u, ξ) Then (hyp1) and (hyp2) are satisfied. The monotonicity of M states M(u, ξ) > M(ū, ξ) iff u > ū, and, hence, ∫ ξ |M(u, ξ) − M(ū, ξ)| = sgn (u − ū) ( ∫ ξ M(u, ξ) − M(ū, ξ) )

= |u − ū| = | | ∫ ξ f − f̄ | | ≤ ∫ ξ |f − f̄| , which is easily seen to give (hyp3).

The model also possesses an analog of the H-theorem. If we multiple (2.5) by (M^{−1}(f, ξ) − u), integrate over ξ ∈ R and denote by μ(f, ξ) = ∫_f 0 M^{−1}(g, ξ) dg then μ(·, ξ) is convex and we have

(2.6) ∂_t ∫ μ(f) + div_x ∫ a(ξ)μ(f) − u ( ∂_tu + div_x ∫ a(ξ)f )

+ 1 ε ∫ (M^{−1}(f, ξ) − u)(f − M(u, ξ)) = 0

The third term vanishes due to the conservation law and the last term is positive due to the monotonicity assumption. If we further assume that ∂_uM ≥ c then the last equation yields the bound

(2.7) ∫_T 0 ∫ x ∫ ξ c|f − M(u, ξ)|^2 ≤ ∫_T 0 ∫ x ∫ ξ (M^{−1}(f, ξ) − u)(f − M(u, ξ)) ≤ O(ε) stating that Maxwellians are enforced in the fluid limit ε → 0.

The fluid-dynamic limit for a kinetic BGK-model

We provide an outline of the convergence justification for the fluid dynamic limit of the BGK-model

(2.8)

∂_tf^ε + a(ξ) · ∇_xf^ε = − 1 ε ( f^ε − M(u^ε, ξ) ) f^ε(0, x, ξ) = f^ε_o (x, ξ) where u^ε = ∫ f^ε, x ∈ R^d , ξ ∈ R. It is assumed that a(ξ) is uniformly bounded and that the Maxwellians are smooth functions that satisfy M(0, ξ) = 0,

(a) M(u, ·) ∈ L^1_ξ , M(·, ξ) is strictly increasing u = ∫ R M(u, ξ) dξ . Then (hyp1) and (hyp2) and (hyp3) are fulfilled. Let ω(τ) be a positive, increasing function denoting a modulus of continuity, lim sup_{τ →0+} ω(τ) = 0.

Theorem 2 Let |a(ξ)| ≤ M and assume the initial data satisfy

(2.9) M(a, ξ) ≤ f^ε_o (x, ξ) ≤ M(b, ξ) for some a < b ∫ x ∫ ξ |f^ε_o (x, ξ)| dxdξ ≤ C ∫ x ∫ ξ |f^ε_o (x + h, ξ) − f^ε_o (x, ξ)| dxdξ ≤ ω(|h|) for h ∈ R^d Then

(2.10) u^ε = ∫ ξ f^ε → u a.e. and in L^p_{loc}((0, T ) × R^d ) for 1 ≤ p < ∞ and u ∈ C ( [0, T ]; L^1(R^d ) ) ∩ L^∞((0, T ) × R^d ) is an entropy solution:

(2.11) ∂_t|u − k| + div_x(F (u) − F (k))sgn (u − k) ≤ 0 in D^′, for k ∈ R,

where F (u) = ∫ ξ a(ξ)M(u, ξ) dξ.

Proof. From the L^1 contraction property, the invariance under translations, and upon using Maxwellians as comparison functions we have

(2.12) M(a, ξ) ≤ f^ε(t, x, ξ) ≤ M(b, ξ) for a < b ∫ x |u^ε(t, x)| ≤ ∫ x ∫ ξ |f^ε| ≤ ∫ x ∫ ξ |f^ε_o | ≤ C and

(2.13) ∫ x |u^ε(t, x + h) − u^ε(t, x)| ≤ ∫ x ∫ ξ |f^ε(t, x + h, ξ) − f^ε(t, x, ξ)| ≤ ∫ x ∫ ξ |f^ε_o (x + h, ξ) − f^ε_o (x, ξ)| ≤ ω(|h|) Using a lemma of Kruzhkov (see [7] and the appendix in [17]) we obtain that for k > 0

(2.14) ∫ x |u^ε(t + k, x) − u^ε(t, x)| dx . ≤ Cω(k) From (2.12), (2.13) and (2.14), u^ε is precompact in L^1_{loc}((0, T ) × R^d ) and, along a subsequence, u^ε → u a.e. By (2.14) and Fatou’s lemma, u ∈ C ( [0, T ]; L^1(R^d ) ) . Note that a ≤ u^ε ≤ b is uniformly bounded and that (2.7) implies |f^ε − M(u^ε, ξ)| → 0 a.e (t, x, ξ). Using (2.12) we conclude ∫ ξ |f^ε − M(u^ε, ξ)| → 0 a.e. (t, x) Along a further subsequence, f^ε → M(u, ξ) a.e., and passing to the limit in the kinetic entropies (2.1) we see that ∂_t ∫ ξ |M(u, ξ) − M(k, ξ)| + div_x ∫ ξ a(ξ)|M(u, ξ) − M(k, ξ| dξ ≤ 0 in D^′. This is recast in the form (2.11) by using (a) and the property sgn (M(u, ξ)−M(k, ξ)) = sgn (u − k). Since u is an entropy solution, it is unique and the whole family u^ε → u in L^p_{loc}, 1 ≤ p < ∞. □ 3 The connection with the kinetic formulation

Consider the scalar conservation law

(3.1) { ∂_tu + divF (u) = 0 u(x, 0) = u_o(x)

with data u_o ∈ L^1 ∩ L^∞. There are two equivalent notions of solution for this problem: The notion of Kruzhkov entropy solution [7] stating that u is an entropy solution of the initial value problem (3.1) if

(3.2) ess lim_{t→0} ∫ |u(x, t) − u_o(x)|dx = 0 and u satisfies the entropy conditions (3.3) ∂_tη(u) + divq(u) ≤ 0 in D^′ for all entropy pairs η − q with η convex. (Recall that entropy pairs η − q are required to satisfy q^′_i(u) = η^′(u)a_i(u), i = 1, . . . , d, where a_i = F^′_i .)

The second notion is the so called kinetic formulation of Lions-Perthame-Tadmor [8] and is based on the representation formulas for entropy pairs

(3.4) η(u) − η(0) = ∫ ξ 1l(u, ξ)η^′(ξ)dξ , q_j(u) − q_j (0) = ∫ ξ 1l(u, ξ)a_j (ξ)η^′(ξ)dξ , in terms of the kernel

(3.5) 1l_u(ξ) = 1l(u, ξ) =

1l_{0<ξ<u} if u > 0 0 if u = 0 −1l_{u<ξ<0} if u < 0 .

The kinetic formulation is equivalent to the Kruzhkov entropy solution and states that u is a solution of (3.1) if it takes the initial data as in (3.2) and there exist a positive bounded measure m = m(t, x, ξ) on R^+_t × R^d_x × R_ξ so that (3.6) ∂_t1l(u, ξ) + a(ξ) · ∇_x1l(u, ξ) = ∂_ξm Moreover, the measure m is supported on shocks.

This notion arises naturally as the ε → 0 limit of the special BGK model

(3.7)

∂_tf^ε + a(ξ) · ∇_xf^ε = − 1 ε ( f^ε − 1l(u^ε, ξ) ) f^ε(0, x, ξ) = 1l(u_o(x), ξ) where ξ ∈ R. Note that (3.7) is of the form (1.1), for a special selection of the Maxwellian kernel. This allows to calculate the kinetic equation that the limiting f satisfies. Following [11, 8] we show:

Theorem 3 As ε → 0, u^ε → u a.e, f^ε → χ = 1l(u, ξ) a.e.

and χ satisfies (3.6) for some positive bounded measure m.

Proof. As before (3.7) defines an L^1-contraction and u^ε → u a.e. Comparisons with the Maxwellians 1l(V, ξ) and 1l(−V, ξ), where V = sup |u_o(x)|, give −1 ≤ f^ε ≤ 1 , supp_ξf^ε ⊂ [−V, V ] f^ε ≥ 0 for ξ > 0 , f^ε ≤ 0 for ξ < 0.

Introduce m^ε by ∂_ξm^ε = 1 ε ( 1l(u^ε, ξ) − f^ε ) = { > 0 for ξ < u^ε < 0 for ξ > u^ε The function m^ε = ∫_ξ −∞ 1 ε ( 1l(u^ε, ξ) − f^ε(ξ) ) dξ satisfies m^ε(−∞) = 0, m^ε(+∞) = 0 by conservation, and m^ε > 0 for ξ ∈ R.

We may thus write the BGK-model in the form ∂_tf^ε + a(ξ) · ∇_xf^ε = ∂_ξm_ε We multiply by ξ and integrate over [0, T ] × R^d × R. Taking account of the compact support in ξ we obtain ∫_T 0 ∫ x ∫ ξ m^ε = − ∫ x ∫ ξ ξf^ε(t, x, ξ)dξ dx + ∫ x ∫ ξ ξf_o(x, ξ)dξ dx ≤ V ∫ x ∫ ξ |f^ε| + V ∫ x ∫ ξ |f_o| ≤ C Using the relations u^ε → u a.e., f^ε − 1l(u^ε, ξ) → 0 in D^′ , 1l(u^ε, ξ) → 1l(u, ξ) a.e.

and the property (along subsequences) m^ε ⇀ m weak-⋆ in measures we pass to the limit ε → 0 in D^′ to arrive at (3.6). □

4 Kinetic decomposition of approximate solutions

Consider now the relaxation system

(4.1) ∂_tu + d∑ j=1 ∂_{xj} v_j = 0

∂_tv_i + A^2_i ∂_{xi} u = −^1_ε (v_i − F_i(u)) i = 1, · · · , d.

where u, v_i : R^d_x × R^+_t −→ R, and the flux F = (F_1(u), . . . , F_d(u)) is a smooth function. Let a_i = F^′_i and assume that the constants A_i satisfy the subcharacteristic condition (4.2) A_i > |a_i(u)| i = 1, · · · , d , u ∈ R . In particular, (4.2) implies F_i are globally Lipshitz.

The system (4.1) belongs to the class of relaxation systems proposed in [5], and solutions (u^ε, v^ε) of (4.1) are formally expected to converge as ε → 0 toward a weak solution (u, v), v = F (u), of the scalar conservation law

(4.3) ∂_tu + divF (u) = 0 .

The 1-d version of (4.1) is L^1-contractive (see [9]). If one considers the 1-d variant and introduces Riemann coordinates the system is diagonalized and fits under the structure discussed in section 2. By contrast, the multi-d version of (4.1) is not diagonalizable, the L^1-contraction property cannot be established by the previous method and L^∞ estimates are not available. In the sequel, we show how to deal with the convergence problem using an alternative approach, in the spirit of the kinetic formulation; we work on the natural L^2 stability-framework suggested by lemma 4.

The system (4.1) is written in the form of regularization by a wave operator

(4.4) ∂_tu + d∑ j=1 ∂_{xj} F_j (u) = d∑ j=1 ∂_{xj} (F_j (u) − v_j)

= ε( d∑ j=1 A^2_j ∂_{xj xj} u − ∂_{tt}u) .

Moreover, it satisfies a strong dissipation identity (see [16, 4] for the derivation):

∂_t( 1 2 (u + εu_t)^2 + 1 2 ε^2(u_t)^2 + ε^2 d∑ j=1 A^2_j (∂_{xj} u)^2) + d∑ j=1 ∂_{xj} Q_j (u)

+ ε|u_t + divF (u)|^2 + ε d∑ j=1 (A^2_j − F^′_j (u)^2)(∂_{xj} u)^2

(4.5)

= d∑ j=1 ∂_{xj} (εA^2_j uu_{xj} + 2ε^2A^2_j u_tu_{xj} ).

where Q^′_j = uF^′_j . Using the notation u^ε ∈_b X to denote sequences that are uniformly bounded in the norm of the Banach space X, we obtain from (4.5) and the subcharacteristic condition the bounds:

Lemma 4 If (4.2) holds and the initial data satisfy the uniform bound

(4.6) ‖u^ε_0‖_L2_{(R}d_) + ε‖∂_tu^ε_0‖_L2_{(R}d_) + ε d∑ j=1 ‖∂_{xj} u^ε_0‖_L2_{(R}d_) = O(1) , then the solutions of (4.1) satisfy the uniform estimates

u^ε(x, t) ∈_b L^∞(R^+ ; L^2(R^d ))

(4.7) ε d∑ j=1 (∂_{xj} u^ε(x, t))^2 ∈_b L^1(R^d × R^+ )

(4.8)

ε(∂_tu^ε(x, t))^2 ∈_b L^1(R^d × R^+ )

(4.9)

Next, we outline a duality type of argument, used to obtain an approximate kinetic equation from the entropy dissipation estimate of the relaxation system; one then concludes via the averaging lemma [13, 14].

Theorem 5 Assume that F_i are globally Lipshitz and satisfy the genuine-nonlinearity condition

(4.10) meas{ξ | τ + a(ξ) · σ = 0} = 0 for (τ, σ) ∈ R × R^d with τ^2 + |σ|^2 = 1 .

Let A_i be selected so that (4.2) holds, and let u^ε be a family of solutions to (4.1) generated by data subject to the uniform bounds (4.6). Then, along a subsequence if necessary, u^ε converges to u in L^p_{loc}(R^d × R^+ ), 1 < p < 2, and u is a weak solution of (4.3).

Proof. We give a sketch of the proof and refer to [4] for the details. Let (u^ε, v^ε) be a family of solutions to (4.1). For η − q an entropy-entropy flux pair, we compute the entropy dissipation

∂_tη(u^ε) + divq(u^ε) = ε( d∑ j=1 A^2_j ∂_{xj xj} η(u^ε)) − ε∂_{tt}η(u^ε)

− η^{′′}(u^ε)( d∑ j=1 A^2_j (∂_{xj} u^ε)^2) + εη^{′′}(u^ε)(∂_tu^ε)^2.

(4.11)

Fix φ(x, t) ∈ C^∞_c (R^d × R^+ ) and regard η^′(ξ) ∈ C^∞_c (R) as a test function in velocity space. Using (3.4), the notations

(4.12) χ^ε(x, t, ξ) = 1l(u^ε, ξ) G^ε(x, t) = ε (^d∑ j=1 A^2_j (∂_{xj} u^ε)^2 − (∂_tu^ε)^2 ) ,

the fact that G^ε ∈_b L^1(R^d × R^+ ) (by lemma 4), and the Schwartz kernel theorem, we obtain from (4.11) < ∂_tχ^ε + a(ξ) · ∇χ^ε , η^′(ξ)φ(x, t) > = < d∑ j=1 ∂_{xj} ( εA^2_j ∂_{xj} χ^ε ) − ∂_t ( ε∂_tχ^ε ) , η^′(ξ)φ(x, t) > (4.13) + < ∂_ξ(δ(u^ε − ξ)G^ε , η^′(ξ)φ(x, t) > .

Since the subspace generated by the direct sum test functions φ⊗η^′ is dense in C^∞_c (R^d ×R^+ ×R), the bracket (4.13) is extended to test functions θ(x, t, ξ) ∈ C^∞_c (R^d × R^+ × R) and we have

(4.14)

∂_tχ^ε + a(ξ) · ∇χ^ε = d∑ j=1 ∂_{xj} ( εA^2_j ∂_{xj} χ^ε ) − ∂_t ( ε∂_tχ^ε ) + ∂_ξδ(u^ε − ξ)G^ε in D^′_{x,t,ξ}. with π^ε_j = εA^2_j ∂_{xj} χ^ε , π^ε_0 = −ε∂_tχ^ε , k^ε = δ(u^ε − ξ)G^ε .

Using again the estimates in lemma 4, it is a technical but straightforward matter to show that k^ε lies in a bounded set of the space of bounded measures M(R^d × R^+ × R) (the dual of C_0(R^d × R^+ × R), the continuous functions that vanish at infinity), and that the terms π^ε_j (x, t, ξ), j = 0, 1, . . . , d satisfy ε∂_{xj} 1l(u^ε, ξ) → 0 in L^2_{x,t}(H^{−1}_ξ ), ε∂_t1l(u^ε, ξ) → 0 in L^2_{x,t}(H^{−1}_ξ ).

The Sobolev embedding theorem, in turn, implies M is compactly embedded in W^{−1,p}_{loc} , for 1 ≤ p <^{d+2}_{d+1} , and thus k^ε is precompact in W^{−1,p}_{loc} (R^d × R^+ × R), for the same range of p. Thus χ^ε = 1l(u^ε, ξ) satisfies the approximate transport equation

(4.15) ∂tχ^ε + a(ξ) · ∇χ^ε = d∑ j=1 ∂_{xj} ( ḡ^ε_j + ∂_ξg^ε_j ) + ∂_t (ḡ^ε_0 + ∂_ξg^ε_0) + ∂_ξk^ε in D^′_{x,t,ξ},

where ḡ^ε_i , g^ε_i → 0 in L^2(R^d × R^+ × R), k^ε is bounded in measures (not necessarily positive) and precompact in W^{−1,p}_{loc} (R^d × R^+ × R) for 1 ≤ p <^{d+2}_{d+1} . From the averaging lemma in [14] we deduce that, for ψ(ξ) ∈ C^∞_c (R), ∫ ξ 1l(u^ε, ξ)ψ(ξ)dξ is precompact in L^p_{loc}, 1 < p < d + 2 d + 1 . Let R be a large positive number and consider ψ ∈ C^∞_c (R) such that ψ = 1 on (−R, R) and 0 ≤ ψ ≤ 1. Then | |u_ε − ∫ R 1l(u^ε, ξ)ψ(ξ)dξ | | = | | ∫ R 1l(u^ε, ξ)(1 − ψ(ξ))dξ | |

≤ ∫_∞ R |1l(u^ε, ξ)|dξ + ∫_{−R} −∞ |1l(u^ε, ξ)|dξ = (u^ε − R)^+ + (u^ε + R)^−

Moreover, ∫ (u^ε − R)^+ + (u^ε + R)^−dxdt ≤ ∫ |u^ε|>R |u^ε| dxdt ≤ 1 R ∫_T 0 ∫ |u^ε|^2dxdt ≤ C R

Hence {u^ε} is Cauchy in L^1_{loc,x,t} and, since u^ε ∈_b L^∞(L^2), it follows that (along subsequences) u^ε → u in L^p_{loc}, p < 2, and almost everywhere and that u ∈ L^∞(L^2). Integration of (4.14) over ξ yields ∂_t ∫ χ^εdξ + div ∫ a(ξ)χ^εdξ = 0 , and, as ε → 0, u satisfies the scalar conservation law.

Next, we pass to the limit ε → 0 in (4.15). Note that

(4.16) χ^ε = 1l(u^ε, ξ) → χ = 1l(u, ξ) a.e. and in L^p_{loc,x,t}(L^p_ξ ), 1 ≤ p < 2 k^ε = G^εδ(u^ε − ξ) ⇀ k weak-⋆ in M_{x,t,ξ} and χ satisfies (4.17) ∂_tχ + a(ξ) · ∇χ = ∂_ξk in D^′_{x,t,ξ}. □ Note that while (4.17) is of the general type of the kinetic formulation (3.6), it is not known whether the limiting k is positive. For the 1-d variant it is possible (using a different decomposition) to obtain (4.17) with k a positive measure (see [4]). This is in accord with the fact that the 1-d case is an L^1 contaction and produces in the limit an entropy solution for the conservation law.

References

[1] F. Bouchut, Construction of BGK models with a family of kinetic entropies for a given system of conservation laws, J. Statist. Phys. 95 (1999), 113-170.

[2] C. Cercignani, R. Illner and M. Pulvirenti, The mathematical theory of dilute gases, Applied Mathematical Sciences, 106. Springer, New-York, 1994.

[3] G.-Q. Chen, C.D. Levermore and T.-P. Liu, Hyperbolic conservation laws with stiff relaxation terms and entropy, Comm. Pure Appl. Math. 47 (1994), 787-830.

[4] S. Hwang and A. Tzavaras, Kinetic decomposition of approximate solutions to scalar conservation laws; application to relaxation and diffusion-dispersion approximations, (2001) preprint.

[5] S. Jin and Z. Xin, The relaxing schemes for systems of conservation laws in arbitrary space dimensions, Comm. Pure Appl. Math. 48 (1995), 235-277.

[6] M.A. Katsoulakis and A.E. Tzavaras, Contractive relaxation systems and the scalar multidimensional conservation law, Comm. Partial Differential Equations 22 (1997), 195- 233.

[7] S.N. Kruzhkov, First order quasilinear equations with several independent variables, Math. USSR Sbornik 10 (1970), 217-243.

[8] P.L. Lions, B. Perthame and E. Tadmor, A kinetic formulation of scalar multidimensional conservation laws, J. AMS 7 (1994), 169-191.

[9] R. Natalini, Convergence to equilibrium for the relaxation approximations of conservation laws, Comm. Pure Appl. Math. 49 (1996), 795-823.

[10] R. Natalini, A discrete kinetic approximation of entropy solutions to multidimensional scalar conservation laws. J. Differential Equations 148 (1998), 292-317.

[11] B. Perthame and E. Tadmor, A kinetic equation with kinetic entropy functions for scalar conservation laws, Comm. Math. Phys. 136 (1991), 501-517.

[12] B. Perthame, Introduction to the collision models in Boltzmann’s theory, (1995) (preprint).

[13] B. Perthame, Lecture notes on Kinetic formulation of Conservation laws, in Some current Topics on Nonlinear Conservation Laws, L.Hsiao, Z.Xin eds, Studies in Advanced Mathematics, vol.5, AMS/International Press, 2000, 111-140.

[14] B. Perthame and P.E. Souganidis, A limiting case for velocity averaging, Ann. Scient.

Ecole Normale Superieure 31 (1998), 591-598.

[15] A. Tveito and R. Winther, On the rate of convergence to equilibrium for a system of conservation laws including a relaxation term. SIAM J. Math. Anal. 28 (1997), 136-161.

[16] A.E. Tzavaras, Materials with internal variables and relaxation to conservation laws, Arch. Rational Mech. Anal. 146 (1999), 129-155.

[17] A.E. Tzavaras, On the mathematical theory of fluid dynamic limits to conservation laws In: Advances in Mathematical Fluid Mechanics, J. Malek, J. Necas and M. Rokyta, eds.; Springer, New York, 2000, pp 192-222.