ON THE DIRICHLET TO NEUMANN PROBLEM FOR THE
1-DIMENSIONAL CUBIC NLS EQUATION ON THE HALF-LINEf

D. C. ANTONOPOULOU® AND S. KAMVISSIS*

ABSTRACT. Initial-boundary value problems for 1-dimensional ‘completely integrable’ equations
can be solved via an extension of the inverse scattering method, which is due to Fokas and his
collaborators. A crucial feature of this method is that it requires the values of more boundary
data than given for a well-posed problem. In the case of cubic NLS, knowledge of the Dirichet
data suffices to make the problem well-posed but the Fokas method also requires knowledge of the
values of Neumann data. The study of the Dirichlet to Neumann map is thus necessary before
the application of the ‘Fokas transform’. In this paper, we provide a rigorous study of this map
for a large class of decaying Dirichlet data. We show that the Neumann data are also sufficiently
decaying and that, hence, the Fokas method can be applied.

1. INTRODUCTION

In the last twenty years there has been a series of results by Fokas and collaborators on initial-
boundary value problems for ‘completely integrable’ equations. Their method (introduced in [10]
and further developed in [11], [12], [14], [15], see also the book by Fokas [13] for a comprehensive
review) generalises the ‘classical’ theory of Kruskal et al., cf. for example in [I8], which essentially
reduces initial value problems to Riemann-Hilbert problems via the scattering transform (and then
studies these problems by the method of inverse scattering going back to Gelfand, Levitan and
Marchenko). Instead of the usual scattering transform the new transform of Fokas et al. is based
on the simultaneous spectral analysis of both the x-problem and the t-problem in the Lax pair. So,
initial-boundary value problems are also reduced to Riemann-Hilbert factorisation problems in the
complex plane. The Fokas transform theory was rigorously implemented to the NLS equation on
the half-line with Schwartz initial and boundary conditions in [I5].

Alternatively, initial-boundary value problems for PDEs can be studied via PDE techniques,
whose validity extends to non-integrable equations. In this direction, we cite the seminal contri-
butions of Kenig, Ponce, Vega [25], [26] and Bourgain [3] for initial value problems and a (limited
and perhaps random) selection of works by Carrol and Bu [4], Bona, Sun and Zhang [2], Colliander
and Kenig [5], and Holmer [19] for initial-boundary value problems.

One of the main advantages of the Riemann-Hilbert formulation is that one can use the powerful
nonlinear stationary phase and steepest descent theory (see e.g. the book of P. Deift ([6]) and
[22]) which gives rigorous results on the asymptotic behavior of solutions to these Riemann-Hilbert
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problems (as some parameter goes to infinity) and hence it extracts asymptotics for the solution
of the associated soliton equation by use of the ‘Riemann-Hilbert method’. (See e.g. [9] for the
seminal paper on long time asymptotics for mKdV; [21], [23], [24] for the Toda lattice; [8] for KdV;
[7] for NLS; see also [20] and [16] for instances of work that makes use of the Fokas theory.)

An important fact about the Fokas method for well-posed initial-boundary value problems, is
that it involves unknown boundary values that should be characterised in terms of the given data.
The problem of extra boundary values has to be overcome one way or another for the completely
rigorous implementation of the Fokas transform method. As far as finite times are concerned, this
issue is dealt with by the analysis of a ’global relation’ in [I5]. If we are interested in infinite times
however, this has proved to be harder. This is the problem we are solving here, at least in the
defocusing case.

In this paper, we consider the non-linear Schrédinger equation (NLS) with cubic non-linearity,
posed on the real positive semi-axis RT

(1.1) ig 4 @ — 2M\¢|?¢ =0, >0, 0<t< oo,
and initial-boundary data

q(z,0) = go(x), 0<zx <400

a(0,8) = Q(t), 0<t< +oo,

where ¢, @ are classical functions satisfying the compatibility condition go(0) = Q(0).

The case A = 1 is the defocusing case, while A = —1 is the focusing case.

Back in 1991, Carrol and Bu in [4] established the existence of a unique global classical solution
q € CYHL*)NC°(H?) of the problem (LI)-(L2), with ¢o € H?, Q € C? and ¢o(0) = Q(0), by using
PDE theory.

On the other hand, it is well-known [2§] that the non-linear Schrédinger equation (NLS) with
cubic non-linearity can be written as a Lax pair and that, at least the Cauchy problem is ‘completely
integrable’, in other words it can be solved via the scattering transform.

Furthermore, in [I5] the authors used the Fokas transform to solve the problem on the real
positive semi-axis, given values for the initial data and Dirichlet data (which make the problem
well-posed) and also the Neumann data P(t) := ¢,(0,t). Actually what is required for that theory
to work is that the Neumann data (as well as the Dirichlet data) live in some class with nice
decaying properties such that the Fokas scattering transform can be properly defined. This is
exactly the problem we consider here: we will provide several reasonably inclusive large classes of
Dirichlet data, such that both Dirichlet and Neumann data decay as t — oo fast enough for the
scattering method to work.

Obviously, our problem is a special case of the general one treated in [4] and therefore, a global
classical solution ¢ uniquely exists. But the Fokas transform method arrives at a Riemann-Hilbert
formulation of the problem on the real positive semi-axis, and hence long time asymptotics (as in
[15]) or semiclassical asymptotics [20] are also possible.

(1.2)

1.1. Main results and Strategy. In Section 2, we consider ¢(0,t), ¢:(0,¢) with mild polynomial
decay as t — oo and prove that the Neumann data g, (0,¢) is bounded in the L?(0, co)-norm, while
q(z,t) is bounded in the H'(0,00)-norm in space uniformly for any ¢ > 0; these arguments are
established for any real \.

The defocusing NLS is further analyzed in Section 3. We first demonstrate that the NLS solution
decays to zero for large times. This yields sharper estimates for the norm ||g(-, )|/ 1 (0,00) Which
are crucial for the proof of the main theorem of this Section, which states that if the Dirichlet data
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q(0,t), q:(0,t) and g4 (0,t) have sufficient polynomial decay then ¢, (0,t) also have good decay and
thus the Fokas method is applicable.

For the focusing NLS, analyzed in Section 4, the same result is derived under the assumption of
decay of the solution as ¢ — oo, as well as a smallness assumption for fooo |q(0,t)|?dt. Finally, in
Section 5 we present our concluding remarks.

Our strategy for attacking the problem consists of the following steps:

(1) In Theorem 2] we estimate
[o.¢]
| a0,
0

in terms of the Dirichlet data.
(2) We prove that if these data decay polynomially, then the above norm is bounded, while ¢

is bounded in H'(0, 00)-norm in space, uniformly for any ¢ > 0.
(3) For the defocusing NLS, we establish a zero limiting profile of the solution for large times,

cf. Theorem [3.11

(4) We then proceed (using this decay) to prove sharper estimates for ||q(-,?)|| z1(0,00) in Theo-
rem 3.4. This results in an estimate of

A= / 1400, 7)2dr,
t

in terms of the Dirichlet data. In the proof of Theorem 3.6. we provides a bound for

B.— / 1que (0, ) 2dt.
0

(5) Finally, we estimate |q,(0,¢)| by using the bounds of A and B, to obtain the paper’s main
result, which is Theorem 3.8.

(6) Considering the focusing NLS, the strategy is similar, but here we need the assumption that
the solution decays at large times, a fact that we are able to prove only for the defocusing
case.

2. GENERAL ESTIMATES

In this section, we prove some basic inequalities for the NLS solution, for any real non-zero .
Hence, these results are applicable for both the defocusing and focusing case.

In what follows (-,-) will denote the L?(0,00) inner product in space variables, while || - || the
induced norm. Furthermore, we shall use the symbol || - ||4 for the L*(0, 00) norm in space and for
any integer p > 1, || - [[zr(0,+) Will denote the LP norm in the time interval (0,1).

The symbol ¢ will be used in general to denote nonnegative constants.
Throughout this paper we make heavy use of the decay of the solution g of the NLS problem

CID-@2)

(2.1) qg(z,t) >0 as x — oo forany t>0,

as of course is guaranteed by the existence of a unique classical solution in [4]. For simplicity, we
also assume here that

(2.2) q(z,0) = go(x) =0 for any x > 0.

This simplifying assumption will be dropped in a forthcoming addendum to this paper.
The next Theorem presents a first general estimate in L?(0,¢)-norm of the Neumann data ¢, (0, -)
valid for ¢ — oo also. In fact, in order to obtain a uniform estimate for any ¢ > 0, we extent the
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proof of [I5], c¢f. Appendix D1, which was only established for ¢ taking values in a bounded domain,
thus involving constants that may depend on its upper bound.

Theorem 2.1. Let q be the unique global classical solution q € C1(L?) N C°(H?) of the problem
CI)-[@T2), with Q € C? and Q(0) = 0, under the assumption Z2). It holds that for anyt >0

t 1/2
23) ( /0 19(0, ) 2ds) " = 11420, )20,y < ella(0, )55, 900, ) ) + 1190 ) a0y

for ¢ positive constant independent of t, ¢y > 0 constant independent of t with ¢ =0 if A <0 and
c1>04f A>0.

For the case A < 0, we also impose the additional assumption that ||q(0, )\\%2( < cg uniformly

0,¢)
int >0, for some co > 0 sufficiently small.

The inequality 2.3) is also true when t is replaced by oo.

Remark 2.2. We observe that in Appendiz D1 of [15] relation (D.10) is proven for bounded time
intervals (0,T) and involving a general continuous map of the H*(0,T) norm of q(0,-) = Q(t). In
this theorem we shall include the case t — oo, while in view of (2.3)), we specify this map in terms
of specific powers of the appearing norms.

Proof. Multiplying (L) by ¢ and integrating in = € (0, 00) we obtain after applying integration by
parts

i(gt:9) = llgal” — 4:(0,)a(0,t) — 2X(lgf*q, ¢) = 0.
Taking imaginary parts we arrive at

d _
(24) Sl = 21n{a.(0,1)(0, 1)},
which after integration in time gives
(2.5) a1 < 21g2(0, ) 22 0. (0, )| 22 0.0)-

Multiplying now () by ¢ and integrating in x € (0, 00) we obtain
illgell? = (gwr @et) — ¢2(0,6)@ (0, 8) — 2A(lal?q, ¢s) = 0,

while taking real parts and since

d _

%[|Q|2|Q|2] = 4Re{|q|*qq},

we have

(2.6) Dgal = AL a2 - 2Re{an (0, )@ (0,1))
. dt T dt x 9 t\Y, .

Integration in time yields
lgw (-, 0)I1* = =Allla, )7 ]1* — 2/; Re{42(0,5)q(0, 5)}ds,
and thus,
(2.7) s GO 4+ M )00y < 2000, )220 10, Ml 200
We now multiply ([T with ¢, integrate in space and take real parts which yields
—Im(gr, 4) + Re(gar, 4z) — 2ARe(|q[* g, ) = 0.
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Using that
(g0 02) = — 2 (0,02) — 2ig(0, @ (0, ),
qt,4x) = o' dt q,4x B
and the relations

1 1
Re(¢us, qz) = —gqu(O,t)IQ, Re(|q*q, q:) = —Z\q(O,t)!A‘,

we obtain

(2.9 00,0 = 10 (g,42) +39(0, 00, 0) + Na(0. 1)1

Integrating the above in time, we get

[ 00,50 =t 0c0) +1 [ a0.000.5)05 2 [ 10,91
and so,
(29)  [law(0, M 7200 < NaC g Ol + g0, )22 0.0)1ge(0, ) 22 (0. + Alla(0; )| 70,0
We shall estimate ||q(-,t)||||q.(-,%)]|. Indeed, by (2.5 and (2.7)) and the Sobolev inequality
laC 0,00y < NGO a1,

we arrive at

laC B)lllga O <ellg (0, )l 220 a0, ) ot 0 (05 ) 15510

1 ellan 0, Mg o a0, V2 o laC )1 g, )]

<ellge(0,) 122 0. 190, ) 57,1 1260, M550 1

+cllgw (0, )12 (0,0 12(0, )l 2 (0. la (-, )IIZ + Eeolla -, )z (- D)1,

where ¢ = 0 if A = 1 and ¢y can be made as small as we want. Hence, using the above and the
estimate (2.5) for ||g||, we have

(2.10)
laC Ol gz DI <cllgz(0, )l L2 (0,5 [14(0, )IILz(Ot [14: (0, )HlL/zQOt
+cllgz (0, )12 0,0 (0, )l 2 0.1y la (- )2
<cllg2(0, )l L2 (0,5 [14(0, )IILz(Ot ll: (0, )HLz 0 T €cllaz(0, ) 1720 10, ) 1720
<éollgz (0, 720,y + a0, )l 20,0192 (0, )l 20,19
+ éelqa (0, N7z (0)19(0, )1 Z2 0.4y
where again ¢y can be made as small as we want. Using now (2.I0]) in ([2.9]) we obtain
192 (0,)1Z20,0) <@ollz (0, )12 0,y + lla(0: M 20. a2 (0, I 20,0
+l|qw (0, )17 20, 120, )1 20,4 + 1200, )1 20,09 12 (0, )l 2 0.y + M a(0, )70,
and thus we obtain (23)), i.e.

e (0, )220,y < ella(0, )20 10, )20y + c1lla(0, ) [4a o
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where ¢; = ¢1(A) = 0 if A = —1, because we had made ¢, appropriately small; when A = —1, i.e.
when ¢ # 0 we use the assumption that [|¢(0,-)[|%. (o) 18 small uniformly in ¢.

O

Remark 2.3. Under the assumptions of the previous Theorem [21] and due to estimate (2.3]), we
note that if ¢(0,t), q:(0,t), have polynomial decay of order O(t=%), O(t=8) respectively as t — oo,
with o, f > 1/2 then:

1) It holds that

(2.11) / (0, 1)|?dt < oo.
0

2) Furthermore for o, B as in 1), the estimate (2.11)), together with [2.35) and (Z71) yield that
there exists ¢ > 0 independent of t, such that for any t > 0

(2.12) la(, )]l <e,
and
(2.13) g (- D)l < e

(Note that in order to prove the inequality 2I3), and since an L*-norm term is present in (2.70),
we use additionally the Sobolev Embedding Theorem

lall < llal gzl < ellall® + collgal,

where cg > 0 can be made as small as we want.)
For o, B sufficiently large, we shall eventually prove sharper estimates for these norms.

3) In addition, we have that there exists ¢ > 0 independent of t such that for any t > 0
(2.14) la(z, )] < ellgC, Ol 1)V < e,
and so,
i <
Jim |g(z, )] < ¢,

for any x, if the limit exists.

3. DEFocUSING NLS

We now proceed by considering the case A = 1, i.e. the defocusing NLS equation.

Our first aim is to establish, under certain assumptions for the initial data, that the solution of
(CI)-(C2) when A = 1 decays to 0 for any = as t — oo. This is achieved by proving that the L*
norm of the solution decays in time.

More specifically, we prove the next main theorem.
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Theorem 3.1. Let q be the unique global classical solution ¢ € C(L?) N C°(H?) of the problem

@CI)-@2), with Q@ € C? and Q(0) = 0, with A\ = 1, under the assumption [22). Furthermore,
assume that as t — oo

q(0,t) = 0t™), q(0,t) =0t "), for a>3/2 and B> 5/2.
It holds that there exists a positive constant ¢ independent of t such that

31) [ a0t = a0l <

Proof. Again let the Dirichlet data be

% for any t > 1.
Q(t) = Q(07t)7
and let us denote the Neumann data by
P(t) :== q.(0,¢).
We set -
A@) = [ (lasn ) + lato 1)
Then by (2.6) we have
(32) OpA(t) = —2Re{q2(0,t)@(0,1)} = —2Re{P(t)Q(t)}.
We now define -
(t) =t | (o, ).z, 1),
0
to obtain
= Im/ (T@qs + xqqut)dx :Im/ (xqrqz — @@t — ©qzqe)dx + Im[zqq];2
(3.3) " " ~
=— Im/ qqrdx + 2Im/ Tqrq.dx.
0 0
Using the NLS equation (1), we have
(241, 42) + (2qras 42) — 2(21q1*q, @) = O,
which gives, by taking real parts,
(3.4) — Im(2qs, 42) + Re(qus, 42) — 2Re(z]q[*q, ¢z) = 0.
We observe that

(xQx:c7Qx) = _(QSC7QSC) - (qu, qgcx) + [x’qgc‘2];107
and thus,

1
(35) RG(UCQ:c:c,(J:c) = _§HqZ‘H2'
Furthermore,
2 < OO 2 — 12
(@laPaa) == [ ll'do— [ al2alaPa-+ azlaPds
0 0

so, we obtain

1 o
(3.0 Re(alofa.0) =~ [ lal'da.
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Relations (3.4), (3.3), (3.49), yield

1 1 [
(3.7) 0= —TIm(zqs, ¢z) — §qu|!2 + 5/0 ||*da.

In addition, the NLS equation (LTI gives

thus, taking real parts, we obtain

(3.8) — Im(qs, q) + Re(qus, ¢) — 2Re(|q|?q, q) = 0,

while

(3.9) (@ @) = — gl + [go@%0 = — a2 — 220, )20, ).
By B.8)), (89) we have

(3.10) 0= Tm(gnq) — go]> — Re{g(0,£)g(0,)} — 2 /O g|d.

Therefore, (3.3)), together with (B10), and (3.7 give

(®) =20 + Re{au(0.07(0.0)} + [ " laltde
(3.11) - 0
=ReP(t)Q(t) + A(t) +/0 |z (2, 1) |2 da.

Observe now that
(3.12) 8t/ 22|q|?dx = / 22(q:G + q)dx = 2Re/ 22 qqdz.
0 0 0
Multiplying the NLS equation (LT)) by 2% we obtain
0 =i(2?q:, 9) + (#°¢az, @) — 2(2°q/*q, )

o0
(220, @) — (2000, @) — (2200, 00) + [1200@] 0 — 2 / 2|q|'da
0

o0
=i(2%q, q) — (22qz, q) — (¥4, ¢z) —2/ 2?|q|*da.
0

So, taking imaginary parts yields
2Re($2(h7 q) = ZIm(2quE7 q) = 4y7
which gives by (312
o
(3.13) at/ 2%|q2dx = 4y.
0

But, we have
Atyr = O (4ty) — 4y,
and thus, by [BI1]) and (3.I3]), we obtain

iRe(PQ} +atA +4t [ lauPds = 0u(aty) -3, [ alaPd
0 0
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and equivalently, replacing A
(3.14)

Oy (4ty) =4tRe{ PQ} + 4tA + 4t/ |gz|?dz + O / 2?|q*dz
0 0
=4tRe{PQ} + 8t/ |gz)?dz + 4t/ lq|*dx + 8t/ 2?[qPda
0 0 0

:4tRe{PQ}+8t<4t2/ |qm|2dx) —4752/ 8t|qm|2d:17—|—4t/ |q|4d:17+8t/ 22| q|?dz.
0 0 0 0

So, using (3.14) we arrive at
[e.e] [ee)
O [4ty—/ a;2]q\2da;—4t2/ ]qx]2dx] =
0 0
_ o o
4tRe{PQ} — 4t2/ Ot|qz|?d + 4t/ lq|*d.
0 0
Using (2.6)) in (BI5), we obtain
oo [e.e]
Oy [4ty—/ :E2|q|2d:n—4t2/ |qx|2dx] =
0 0

4tRe{PQ}+4t28t( / \q!4da:) + 8t°Re{PQ} + 4t / || *da.
0 0

4t26t</ |q|4dx) —|—4t/ | dx :8t<4t2/ |q|4dx) —4t/ ¢ de,
0 0 0 0

and therefore, (3.10)) yields
O [4ty - / 22|q|?dx — 4t2/ gz |?dx — 4t2/ |q|4dx]
0 0 0

= 4tRe{PQ} + 8t*Re{PQ,} — 4t / lq|* d,
0

(3.15)

(3.16)

But,

and so,

o 1 o o
E?t(tz/o \q]4dx) :Zat [4ty—/0 x2]q\2daz—4t2/0 ]qx\Qda:}
— tRe{PQ} — 2t>Re{PQ,} + t/ lq|*dzx.

0

Integrating the above in time in the interval (0,t), we get

1 o (o @]
Clat-0llt =3 [4ty— [ aate.0Pde — a2 [ jas(o.0)Paa]

(3.17) ,

—Armgw@mwwﬂAFMHW@mﬂW+AHMwMW

Observe now that

o0
(3.18) zmz/[ﬁW+wmﬁwm+mm%w
0
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While by B17) we have
1 o .
PlaC.oll = 5[ [ @lateOF + 41,0 — lag + Fitar(. O - late. 0P
— 48 [ Jaulot)Pa]
0
¢

(3.19) - /0 FRe{ P(r)O(r)}dr — 2 /0 2 Re{ P(1)O, (r)}dr + /0 rllq(-,r)|[4dr

1 [e.e]
== [ - / |zq(z,t) + 2itg,(x, t)|2d$}
4 0

t

—/ rRe{P(r)Q(r)}dr—2/ rzRe{P(T)QT(T)}dT‘—I—/ r|lq(-, )| idr.
0 0 0
Hence, (3:19) gives
(3.20) (-, 1)1 < /0 rllg(,r)|[idr + F(P,Q, Qs 1),
for . .
F(P,Q,Qq,t) = —/ rRe{P(r)Q(r)}dr — 2/ r?Re{P(r)Q,(r)}dr.
0 0

Next, we prove that there exists ¢ > 0 independent of ¢ such that for any ¢ > 0,

(3.21) [F(P,Q, Q) < c.
Indeed, if a > 3/2 and B > 5/2, then we have for F' = F(P(t), Q(t), Q+(t),t)

17 §c</0t|P(r)|2dr>l/2</Otr2|Q(r)|2dr)1/2+c(/0t|P(r)|2dr)1/2(/Otr4|Qr(r)|2dr>l/2
<e( [ 1Pwrar)” <

since (2.I1]) is true. Thus, (3.21]) follows.
Using now (3:21]) at (3:20)), we obtain that there exists ¢ > 0 independent of ¢ such that

t
(3.22) 2lg(- Dt < /O rllgC,r)l|idr + ¢,

and therefore, using (2.7) for A > 0, we have for any ¢t > 1

t

1
2llg(- DIt < /0 rllgC,r)lddr + /1 rllgC,r)ddr + ¢
1 t
< /0 laCor) | dr + /1 rllgC,r)lddr + ¢
o0 5 1/2 o0 5 1/2 t 4
<o [ laut0.nPar) ([T lao.nPar) k[ et liar+ e
0 0 1

t
< / rlaCr)ldr + e,
1
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where we used (2.11)) and the fact that § > 1/2. So, there exists ¢ > 0 independent of ¢ such that
for any t > 1

t
Pla. Ol < [ rllat.r)lfdr -+
Applying Gronwall’s lemma to the above, we obtain (3.1]). O

Remark 3.2. Similar relations to (B.1)) have been proved in [1, 4] for the defocusing NLS; in [1]
for zero Dirichlet data q(0,t), while in [4] under additional assumptions.

But here we have provided the first sufficient polynomial decay conditions ast — oo involving not
only q(0,t) = Q(t) but ¢;(0,t) = Q¢(t) as well, which make the L*-norm decay true. This permits
us to establish a zero limiting behaviour for the solution, uniformly in space, as t — oo, which is
crucial for proving the main results of this paper, i.e. Theorems 3.8 and 4.4.

A direct corollary of the previous theorem is presented in the next proposition.

Proposition 3.3. Under the assumptions of Theorem [3.1] it holds that the pointwise limits as
t — 00 are

(3.23)  limg(z,t) =0, lm(9q)(zt) =0, limg(z,t)=0, lim (9;0q)(x.t) =0,
for any x > 0, and any integer k > 1.

Proof. Indeed, we have by Theorem [B.1]

N
Jim [lg (-, )[4 < lim

C
Jim 7z =0,

which implies the first two relations of ([3:23]). In fact, observing that

d
%qi’»(% t) = 3q2($, t)QSC(‘Tu t)a

we have

(@, 1)] =Ig%(0, 1) + / "3 (0, ) (5., £)dy]
0

<la0.0F < [ latw0rta) ([ laato0Pan)

So, under the assumptions of decaying initial data ¢(0,t) — 0 as t — oo, and by Remark [2.3]
if q(0,t), ¢:(0,t) have polynomial decay of order O(t~®), O(t~") respectively as t — oo, with
a, 3 > 1/2, we have (cf. (213))

(3.24)

qu(-,t)H <c
and thus, [3:24) yields

. 3 < ol ) 2 _ ‘
(3.25) Jim [q”(z, 8)] < e lim [[g(-,2)][7 = 0

The relations involving the derivative in time follow from the NLS equation (LI]) (differentiating
it in # when needed) by using the fact that g(x,00) = 0, and (9¥q)(x,c0) = 0.

Here, we note that by Remark 23] we have already proved that ¢(z,t) is bounded uniformly in
z, t > 0. ]
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Now, we can prove sharper estimates than these of Remark 23] for ¢ and ¢, in the L?(0, c0) norm
in space. This is achieved by using the fact that the solution decays as t — oo and the polynomial
decay of the Dirichlet data for large times.

Theorem 3.4. Under the assumptions of Theorem [3 1l it holds that there exists ¢ > 0 independent
of t such that for any t > 0

(3.26) lat01? < e [ latounar) ™,
and
(3.27) oot l? < of [ a0, Par) "

Proof. Integrating (2.4) in (¢,00) and using that by Proposition B3l ||¢(-,00)|| = 0, we obtain

la(- ]2 = —2 / " Im{ga(0.r)q(0. 1)} dr,

which yields for any ¢ > 0

o) 1? <e( [ lacto.nyPar) ([ 0. Par)

<e( [ taonpar)”
t

where we used (ZI1)). Here, ¢ > 0 is a constant independent of ¢. Thus, ([8:26) holds true.
Furthermore, (Z6]) when integrated in (¢, 00) gives

ool 0 =2 | " Re{ga (0.7 (0.7)}dr — [l D),

where we used that by Proposition B3l ||¢(-,00)|| = 0 and ||gz(-,00)|| = 0. Thus, for any ¢ > 0 we
have

00 1/2
a0l < e [ laor)ar) "
t
since (2.I1)) is true. Here again, ¢ > 0 is a constant independent of ¢. So, ([3.27)) follows. O

The next proposition presents an estimate for the Neumann data in L2(t,00) in terms of the
Dirichlet data and its derivative on (¢,00). This result, similarly to the previous theorem connects
the aforementioned quantities and is useful when large times decay for ¢(0,t) and ¢/(0,t) is taken
into account.

Proposition 3.5. Under the assumptions of Theorem[3.1 it holds that there exists ¢ > 0 indepen-
dent of t such that for any t > 0

| w0z e [T a.npa) ([ onpar)

+c</tw’q(07r)’2dr)l/2</too‘Qt(07T)‘2dT)l/2+/t (0

(3.28)



DIRICHLET TO NEUMANN FOR 1-D CUBIC NLS 13

Proof. We integrate (2.8)) in time in (¢,00) and use that ¢(z,00) = 0 for any z € (0,00), to arrive
at

o

/t 1w (0.7) 2dr = — i(q(s 1), ( 1)) + i / 20,7 (0, r)dr + / " Ja0.r)|dr

SC(/too ’CJ(O,T)Pdr> 1/4</too ’%(QT)PCH) 1/4
+c</too\Q(0,r)\2dr)1/z(/t°° ‘qt(07T)‘2dT)1/z +/too (0.

where we applied the estimates ([B.26) and (B.27). O
Now we have the following theorem.
Theorem 3.6. Under the assumptions of Theorem [31, for « > 5/2, > 5/2, and if as t — oo
qu(0,8) = O(t™7), v>1/2,
then

(3.29) / |24 (0, 1)]?dt < oo.
0

Proof. Let
U= q,

then the NLS equation (L)) gives by taking the derivative in ¢
(3.30) vy + Vg — 4lq*v — 2¢°5 = 0.

We multiply the above with v, and integrate in space, to obtain after taking real parts

id i _ 1

EE(U(-,t),vx(-,t)) + iv(O,t)vt(O,t) - ilvx(o,t)P

- 4Re(’Q('7t)‘2U( 7t) ( t)) - 2Re(q2('7t)®('7t)7Ux('vt)) =0.
(

We integrate the above in time in (0,¢) and arrive at
t
/ |02 (0,7)2dr =i(v(-, 1), vz (-, 7)) +i/ v(0, )0, (0,r)dr
(3.31) “° .
=5 [ Rellatr)PuCor)ounorr 4 [ Rel@?lr)oCr)unte )
0

But it holds that for any z

la(z,m)1* <llaC, )lgw ()l

<e( [ Tla.sPas) ([ hao.s)Pas) " = 6o

where we used ([3.26) and B.27)). So, we get

(3.32) max |q(z,7)> < G(r).
xz€(0,00)
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Using (332)) in (331]), we have
t t
/ ]vx(O,T)]2dr :/ ]qm(O,r)]2dr
0 0
t
<c[lv(-, ) vz (-, D) +C/0 [v(0,7)|[vr(0,7)|dr
t
(3.33) +o [ GOl lar
t
<dlo(-, )I* + collve (-, )I* + C/O [v(0,7)|[vy(0,7)|dr

t
+cm>aa<[Hv(',7‘)H2+€1|’Ux(‘a7’)H2]/ G(r)dr,
r> 0

where ¢y and ¢ can be taken as small as we want (we will specify how small later).
We shall estimate |[v(-,7)]|, ||vz(-,7)|]. We multiply ([B.30) by v and integrate in space to obtain
Sl )P

EH’U(', r)||? =2Im{v, (0,7)5(0,r)} + 4dm(¢*(-, r)o(-,7), v(-, 7))

<z (0,7)[[v(0,7)| + G (r)l|v (-, )|

(3.34)

But we observe that for t < ay, a; large, then
t a1
/ G(r)dr < / G(r)dr < a; max G(r) =a1G(0) < ¢,
0 0 re(0,a1)
while for any ¢ > aq

[ e = [" awar+ [ aar <eve [ [([Tao.ras) ([ . oas)

s
—a—f+3
<c+ct 2 <g

where we used that a + 5 > 3. Here, we used also that for ¢ > ay then ¢(0,t) ~ O(t™“) and
q:(0,t) ~ O(t=8). Thus, for any t > 0 we obtain

ef(f G(r)dr <e,

uniformly in ¢, and as a result, Gronwall’s lemma, applied to (3:34]), gives

t
(3.35) oG, DI < c/ 02 (0, 7)[[0(0, 7)o
0

since v(z,0) = 0. So, we have for ¢y > 0 as small we want
(3.36) max [o( O <o [ e O.0Pdr+c [ a0

te[0,00) 0 0
In addition, (3:30) multiplied by ©; and integrated in space gives

1d ,

— ——||v. (-, ")||* — Re{v. (0, r)v, (0,7

- ) = Refwa0,1):0,1))

- 4Re(|q(-,T)|2v(-,7‘),vt(-,7‘)) - ZRe(q2("7‘)ﬁ('7T>’Ut('vr)) =0.
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We use now, cf. [15], that

d d
2Re(¢?0,v;) = —Re(¢%,v?) + A,  4Re(|q|?v,v¢) =2 tRe(!q\z, v)?) + B,

dt d
for - -

A+ 18] < c /0 allatlo?dz = ¢ /0 lgllofd.
So, we get
a9 A+ B| <e /0 gllollol2de < /0 gllol(olllvel)de < cliallifol s

<cllgllllo]l* + cllalllva 1.

Hence, (3:37) by using (3.38)), yields

s+ 2 Re(q? (1), 07, 1) + 4 Re(la(-, )P, o))
<l (0,700 (0,7)| + ellaC ) o)+ elaC ) e, )P

Relation (3.26]) yields
t a
[ atnliar < [ atorar <.
for t < aq, while for ¢ > a;

/ llg(-,7)||dr <c/ (/soo \q(O,r)Fdr) 1/4ds <c+ c/t (/00 ]q(O,r)]%lr) 1/Atds

a1 s

(3.39)

<ctea— il

since a > 5/2. Thus, for any ¢t > 0, Gromwall’s lemma in ([3:39) gives (since v, (x,0) = ¢(z,0) =0
and v(z,0) = 0)

o O <cl (Ol Ol +e [ [ oG Plote. )z ar
—I-C/O |vm(0,r)||vr(0,7‘)|dr+/0 Gi(r)||v(-,r)|[*dr
<elOllle* ()l +c | maxtlate )Pl ) Par
t t 4
(3.40) +c ; |vm(0,r)||vT(0,7‘)|dr+c/0 G1(r)||v(-,m)||*dr

t t
<l (B30 + / max (gl r)P)1dr + ¢ / max(lq(z, 7)) o, r)|*dr
0 (E_O 0 (EZO
t t
T / 0 (0,7l (0, ) |dr + ¢ / Gi(r) ()| dr
0 0

<l ollllv* ()l + e

t t s
e /O 100, 7) [ (0, 1) + ¢ /0 G + Gr()] o) [ 4d
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since -
latos)l e [ lato.npar) " = 6o
while as before, for the same definition of é (see (B3.32)),
la(z,7)? <llaC,m) gz ()

<( [ latc as) ([ Tlato.s)pas) " = G,

T

and thus,
t

t
max(|q(x,)|?)dr < / G(r)dr < c.
o 220 0
Furthermore, we have

(3.41) 12 < ellol*? [z I < erllval + ellol® < erlloel® + ello]* + ¢,

where ¢; > 0 can be chosen as small as we want. Also, the same argument together with (3.26]),
B20), gives

(3.42) lg? ()| < ella ()1 +ellaC, )|t + e < e,

uniformly for any r. So, using (3:41) and (3:42) in ([B:40]), we obtain

lva ()17 <clenllva ()P + el D)1 + ) + e+ C/o [G(r) + G1(r)]lo(, ) dr

t t
+c/ |vm(0,r)|2dr+c/ |vr(0,7‘)|2dr
(3.43) 0 0

<cer|lva (O + cllo(, )|t + C/o [G(r) + G1(r)]lo(, ) dr

t t
c/ |vm(0,r)|2dr+c/ v, (0, 7)|2dr + c.
0 0

Furthermore, by ([3.35]) we arrive at

||v(-,t)||4 §c</0t|vx(0,r)||v(0,r)|dr)2 < c((/ |vz(0,r | dr / lv(0, | dr )
§c</0t|vx(0,r)|2dr)(/0t|v(0,r)|2dr .

Thus, we have

(3.44) lo( Bt <e /O 0,0, ),

while
(3.45)

/ G0) + Ga (o )l dr <maxfof-, )] / (G(r) + G (r)dr
0 = 0
00 5 t [e'e) 5
§c/0 10, (0, 7)| dr/o G(r) + Gy (r)]dr < c/o 102 (0, 1) 2,
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since a 4+ 8 > 3 and o > 5/2 (note that

t t
/ Gi(r)dr <c+ c/ 5 dr <ec
0 a

1

for & > 5/2). Therefore, using ([B3:44) and (B3:45) in (3:43]), we obtain
[e%e) t
oo OIF < cerloale O+ [ fun0,0)Pdr +c [ o0, +
0 0

and so, if ¢; is chosen small enough,
o] t
(3.46) loa ()2 < c/ \vx(o,r)y2dr+c/ [0, (0, 1) 2dr + ¢,
0 0

Observe now that since [; G(r)dr < oo, then (3.33) gives
[ 0.0 <l )P + ol 4 [ 1o, en0, )
+ emax(flo(, )? + éfloa ()]
and thus, relations (3.36]) and (3.40)) yield
/Ot [0, (0,7)|2dr <c(co /000 v, (0,7)2dr + c/ooo lg-(0,7)|%dr)
el /Ooo|vw(0,r)|2dr+cl /Ooo |vm(0,r)|2dr—|—c/ooo|vr(0,r)|2dr+c)

+ c/ [v(0,7)||v-(0,7)|dr.
0

Thus, if ¢g, ¢ and ¢, ¢; are chosen appropriately small, we arrive at

o0 o0 o0
/ g (0,7)Pdr < ¢ / g2 (0, ) 2dr + ¢ / g (0,7)2dr + ¢ < c,
0 0 0
since § > 1/2 and v > 1/2. O

Remark 3.7. For the previous proof, the crucial argument was the application of Gronwall’s lemma
for t € RT. This could in general give exponentially growing coefficients in time; in our case the
proven decay of solution for large times leads to the wvalidity of the estimates ([B.20) and (B.27)
which results to uniformly bounded coefficients.

Next we prove the following general theorem that connects the polynomial decay of Dirichlet
data to an analogous resulting decay of the Neumann one.

Theorem 3.8. Let q be the unique global classical solution ¢ € CY(L?) N C°(H?) of the problem
@CD)-@2), with Q € C? and Q(0) = 0, with A\ = 1, under the assumption 22). If as t — oo

(0,) = O(t™*),  @(0,1) = O(t™"), qu(0,) = O(t™7)
where
a>>5/2, [>5/2, v>1/2,
then there exists ¢ > 0 independent of t such that for any t large
(3.47) |0 (0, 8)] < ct™°,
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. at+f—1 4a—1
for&-mm{T, T}'

Proof. Consider t > 0 large and s large such that s < ¢, then by using first Theorem and then
Proposition 35 we have

lg(0,1)] c(/ lg(0,7) lzdr) 1/4</ |gzr (O, T)\2dr) i
c(/ lg(0,7) lzdr) 1/4</ |gr (O, T)\2dr) i
c(/ lg(0,7) ]2dr) i

IN

IN

1/4 1/4
(3.48) <c (/ OHdr) (/ \qt(O,T)IQdT)
1/2 0 1/2 S 1/4
([T anra) ([T laonpa) " [T o]
—2a+41 —2B+1 —2a+1 —2513+1 —4a+1 °
<c[sT1T s 1 +s 2 s 2 +s 1 |
<[5 s T
—a—B+1 —4a+1 5
<[sT 2 +s 1 |<es?
for

a+pf—-1 4a—1}

5:mm{ 5 , 1

So, we obtain
lim |, (0,¢)] = |¢.(0, s)] < es7°,
t—s—
which gives the result. O

In particular, if the Dirichlet data ) belong in the Schwartz class, then the Neumann values
¢:(0,1) also belong in the Schwartz class.
An immediate corollary is the following.

Theorem 3.9. Let q be the unique global classical solution ¢ € C1(L?) N C°(H?) of the problem
@CD)-[@2), with Q € C? and Q(0) = 0, with A\ = 1, under the assumption 22). If as t — oo

9(0,1) = O(5/27), gy(0,) = O(5/27%),  gu(0,1) = O~ 1/2),
for some small € > 0, then there exists ¢ > 0 independent of t such that for any t large
(3.49) g2 (0,1)] < ct™27¢.

In particular

(3.50) /0 100, )]dt < oo.

As a result, the assumptions of the unified method of scattering and inverse scattering of Fokas
et al. are now rigorously justified for the model case of defocusing NLS.
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Remark 3.10. Unlike KdV and the associated Schrodinger operator, scattering and inverse scat-
tering for the NLS and the Dirac operator has mot been so thoroughly investigated in the literature.
In particular, the question of the optimal data for the inverse scattering method to work has never
been fully considered.

Our Theorems 3.9 (and 4.5 in the next section) are motivated by the analysis in [I7] which implies
that an L' assumption for Q,Q; and q.(0,t) is enough for the inverse scattering method to solve the
initial value problem. Indeed, in [I7] an explicit formula for the eigenfunction for the second Lax
operator (the t-problem) is provided. ( [1T] does not consider infinite times, but a similar formula
is possible for our purposes.) This formula involves the solution of a Goursat type problem for a
system of PDFEs. An inspection of the formula and the system reveals [27] that indeed if Q(t), Q¢ (t)
and q;(0,t) are L'(0,00) the eigenfunction for the second Lax operator and hence the scattering
construction and the resulting Riemann-Hilbert problem are possible.

Of course, our Theorems 3.8 (and 4.4) are flexible enough to provide a sufficient (and reasonably
weak) condition on the Dirichlet data that guarantees any required decay condition on the Neumann
data.

An alternative approach appears in the Appendix. It is more general, but it only bounds the
Lt-norm for q,(0,t) (and for tq.(0,t)).

4. FocusiNnGg NLS

In this section we have to make the assumption that ¢(z,¢) — 0 as t — oo pointwise. While this
follows easily in the case of defocusing NLS from the 4-norm estimate, it is not clear how to prove
it in the case of focusing NLS.

The following proposition holds true.

Proposition 4.1. Let q be the unique global classical solution ¢ € CY(L?)NCO(H?) of the problem
@CI)-[@T2), with Q € C? and Q(0) = 0, with A = —1, under the assumption 22). Also let

/ 14(0,6) P,
0

be sufficiently small. Then it holds that

(4.1) la O < e [ lato.rar) "
and

(42) |MA»®H2Sc([mw%mnﬁﬁm)”Q+c(Amw“QT”%”>W%

Proof. The first inequality is obvious since its proof is independent of the sign of the nonlinearity
in the NLS equation, cf. the proof of (3.26]).
Relation, (2.6)) when integrated in (¢, 00) gives

la(-1)]|? = 2Re / 40(0,7) (0, 7)dr + la(- )14,

Thus, using

lalls < llalPllazll < ellgall® + cllall®,
for ¢ > 0 as small as we need and (1)), we obtain (ZZ). The smallness of [, |q(0,?)[dt, is needed
so that Theorem 21] holds true and thus [;° |g.(0,7)[*dr is bounded. O
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Furthermore, we proceed by proving the next estimate.

Proposition 4.2. Under the assumptions of Proposition [{.1] it holds that there exists ¢ > 0 inde-
pendent of t such that for anyt > 0

[t par <e( [ lao.npar) ([T lao.nar)”

(4.3) +c(/too \q(o,r)PdT)

+ c(/too ‘q(O,T)PdT) 1/2(/:0 \qt(O,r)\zdr) 1/2.

Proof. We integrate (28] in time in (¢,00) and use that g(z,00) = 0 for any € (0,00) to obtain
the result. O

Now, we can establish the following theorem.

Theorem 4.3. Under the assumptions of Proposition [{.1], if as t — oo
Q(Ovt) = O(t_a)7 Qt(07t) = O(t_ﬁ)v qtt(07t) = O(t_ﬁ/)

where

a>5/2, [>1/2, ~v>1/2
then

o
(4.4) / |2t (0,8)[2dt < oo.
0
Proof. Let
U i= 4,

then the NLS equation (L)) gives by taking the derivative in ¢
(4.5) vy + vee + 4lq|*v + 2¢%5 = 0.
We multiply the above with v, and integrate in space, to obtain

id i _ 1
EE(U(-,t),vx(-,t)) + iv(O,t)vt(O,t) - ilvx(o,t)P

+ 4Re(’Q(’a t)‘2?}(-, t), U:C('v t)) + 2Re(q2('7 t)@(ﬁ t)? Uﬂc('? t)) = 0.
We integrate the above in time in (0,¢) and get

/ [0 (0,7)2dr =i(o(-,7), v (7)) + / 0(0,7)5, (0, r)dr
(4.6) " : ‘ :
e(|gC,m)2v(-, ), ve (- r))dr e(q? (-, 7)o (-, 1), vg (-, 7)) dr.
+8/0 Re(lg(-,r)[2o(-, ), va (-, 7))d +4/R<q<, Yo(-11), va(-r7))d

0
But it holds that for any «

la(z,m)* <lla(-,r)llgw (-, )]

Sc(/roo ]q(O,s)Pds) 1/4</TOO lgs (0, s)]2ds) i

+ c(/roo 14(0, 8)|2ds) —: G(r).
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The rest of the proof is identical to that of Theorem E3] with G in place of G. Note that since
a>5/2, B> 1/2, then we have

/ G(r)dr < oc.
0
O

Now, we have a theorem for the polynomial decay of the Neumann data in the case of focusing
NLS.

Theorem 4.4. Let q be the unique global classical solution q¢ € C*(L?) N C°(H?) of the problem
CI)-C2), with Q € C? and Q(0) = 0, with A = —1, under the assumption 22)). Also, let

JCR
0
be sufficiently small. If as t — oo
Q(07t) = O(t_a)v Qt(ovt) = O(t_ﬁ)7 qtt(07t) = O(t_7)7

for
a>5/2, p>1/2, ~v>1/2,

then there exists ¢ > 0 independent of t such that for any t large

(4.7) 14:(0,8)] < et ™,

for 6 = min {%ﬁ_l, 2a0 — 1}.

Proof. The proof is analogous to this of Theorem [3.8] O
Again, the following corollary is obvious.

Theorem 4.5. Let q be the unique global classical solution q¢ € C*(L?) N C°(H?) of the problem
@CI)-C2), with Q € C? and Q(0) = 0, with A = —1, under the assumption 22)). Also, let

/ 19(0, 1) dt,
0

be sufficiently small. If as t — oo
q(O,t) = O(t_5/2—€)’ qt(o’t) — O(t_5/2_€)’ Qtt(o,t) _ O(t_l/z_e),

for some small € > 0, then there exists ¢ > 0 independent of t such that for any t large

(4.8) |42(0,)] < et™>7%,

and thus,

(4.9) / 1020, )|t < oo.
0

As a result, the decay assumption of the unified method of scattering and inverse scattering of
Fokas et al. is now justified for the case of focusing NLS, at least under the stated assumptions.

We also note that if the Dirichlet data ) belong in the Schwartz class, then the Neumann values
q:(0,t) also belong in the Schwartz class.
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5. CONCLUSIONS

The main result of this paper is the following: in order to obtain fast enough decay for the
Neumann data ¢,(0,t) so that the Fokas method is applicable, it is sufficient to impose a certain
(mild) polynomial decay on the Dirichlet data ¢(0,¢) and its derivatives ¢;(0,t) and g (0,t).

Of course the decay assumed here for the Dirichlet data, although sufficient, may not be the
optimal one.

For the focusing NLS the answer is only provided under the assumption that the solution tends
to 0 as t — oo and a smallness assumption for [;°[¢(0,¢)[?dt. The general problem remains open
for this case, as for the moment we do not posses a proof of this decay.

APPENDIX A. ON THE L! ESTIMATE

We present for completeness an alternative and more general approach for deriving decay esti-
mates and the L! estimate for the Neumann data.
Using that for all positive x,

(A1) Jim g(,t) = 0,

(proved for the defocusing NLS, cf. ([3:25]), assuming as we did in section 4 that it is true for the
focusing NLS as well) we can prove a general L!(0, 00) bound for ¢,(0,t), for both cases, as follows.
Consider the relation (2.8) (true for both the defocusing and focusing NLS)

.d . _
1g2(0,1)]* = i=(4,4x) +19(0, )3 (0,1) + Alg (0, t)*.

Take p > 1 and multiply the above with ¢P to obtain

d
(A2) lgz(0,6)[* = it? = (4, ¢x) +it7g(0,£)G (0, 1) + M[q(0, 1)[".

Integration of (A.2)) in time gives
o o d o o
| #lao.ofde = [0St 0.0t v [ o000 0.0+ [ a0
0 0 0 0
:i[tp(Q('7t)7Qm('7t))]80 - 1/0 ptp_l(Q('7t)7Qm('7t))dt

+i/ tpq(O,t)q}(O,t)dt+)\/ tq(0,t)[*dt,
0 0
and thus

[ Pl < s (a0l 01 + [ a0 ol
(A.3)

o

e / 21(0, )] g0 (0, £)|dt + A / 190, )" dt.
0 0

Since under the assumptions of Theorem Bl it holds (cf. the proof of (3.26])) that there exists
¢ > 0 independent of ¢ such that for any ¢ > 0

la 0P < e [ lato.rar) "

while ||, || is bounded uniformly in ¢, we obtain by (A.3])
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() 00 1/4
P 2 ; P 2
[ eao.0par <cpin (#( [ a00Par) ")
00 () 1/4
(A.4) +c/ tp_l(/ ‘q(O,T)PdT) dt
0 t

oo

e [ la0.0lla0.00d+ ) [ lgo.0
0 0
Furthermore,
o0 1/4
Pl Olllas( 01l < ([ lat0.nPar) " 0

if ¢(0,t) has a sufficiently fast (polynomial) decay as t — oo. Also, we have

o0 [oe} 00 1/4
| e atollast ol <e [t ( [T jgRdr) e <
0 0 t

if again ¢(0,¢) has a sufficiently fast decay as t — co. The same argument of sufficiently fast decay
for ¢;(0,t) as t — oo, together with the previous one, finally gives, using (A.4))

(A.5) / 14.(0,6)dt < c,
0

as p > 1.
Note that a weaker assumption on initial data ¢(0,¢) and ¢/(0,t) resulting in a bounded right-
hand side of relation (A4) also gives (AB]). This observation makes this approach more general.
Now, we are ready to derive the L'(0, 00) estimate for |g,(0,t)|. Indeed,

(A.6)

[e'e) 1 [e'e)

/ 140(0, 8)]dt = / 1400, 8)[dt + / 13555 g, (0, 1)t
0 0 1

< c(/o1 12dt>1/2</01 ]qx(O,t)lzdt)l/z + (/100 t‘l—edt)l/2</loo t1+€\qx(0,t)]2dt)l/2

o0 1/2
< c+c</ t1+€\qx(0,t)\2dt> <e,
0

where we used (A5]) for p:=1+e.

Remark A.1. We could, in fact, proceed to a detailed presentation of the sufficient order of decay
of q(0,t) and ¢(0,t) which will guarantee a required order of decay of q,(0,t), as we did in Sections
8 and 4. We leave the tedious calculations to the interested reader.
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Remark A.2. It is easy to also derive the L'(0,00) condition for t|q;(0,t)|, if one wishes. As in

(A26), we have
(A.7)

[e'e) 1 [e'e)
/ t12(0, )ldt = / tqa(0, D)t + / H 5 g, (0, 0)|dt
0 0 1

< C</01t2dt>1/2</ |4:(0,2)] ) (/ t—l—edt)1/2</loo t2t1+€|qm(0,t)|2dt>l/2
<crel [T El00Rn) " <o
0

where we used ([A.B) for p:=3+e¢.

Remark A.3. The approach of the Appendix is more general although it only succeeds in giving the
LY condition for q,(0,t) and for tq.(0,t) (which of course is enough for our purposes). In Sections
(after Theorem [31] and the resulting B.25) ), and[{], we essentially imposed the extra conditions
that the limits of certain derivatives exist as t — oo (and thus, they are 0, due for example to
the fact that q(x,t) — 0 as t — oo uniformly for any x, or the L*(0,t) boundedness as t — o).
Thus, we were able to prove stronger decay estimates for q,(0,t), which in turn led also to the L'
condition.
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ADDENDUM TO THE ARTICLE ”"ON THE DIRICHLET TO NEUMANN
PROBLEM FOR THE 1-DIMENSIONAL CUBIC NLS EQUATION ON THE
HALF-LINE”

D. C. ANTONOPOULOU® AND S. KAMVISSIS*

ABSTRACT. We present a short note on the extension of the results of [I] to the case of non-zero
initial data. More specifically, the defocusing cubic NLS equation is considered on the half-line
with decaying (in time) Dirichlet data and sufficiently smooth and decaying (in space) initial data.
We prove that for this case also, and for a large class of decaying Dirichlet data, the Neumann
data are sufficiently decaying so that the Fokas unified method for the solution of defocusing NLS
is applicable.

1. INTRODUCTION

In this note, we consider the defocusing non-linear Schrédinger equation (NLS) with cubic non-
linearity, posed on the real positive semi-axis R™

(1.1) igr + quw — 2lgl*P¢ =0, >0, 0<t<+oo,
and initial-boundary data

q(z,0) = qo(z), 0<z <400

q(0,t) = Q(t), 0=<t< +oo,

where qo, Q) are classical functions satisfying the compatibility condition go(0) = Q(0).

Existence and uniqueness of solution for the problem (LI)-(L2) with ¢o € H?, Q € C? and
¢0(0) = Q(0), have been established in [2].

Our aim here is to show that under specific conditions on ¢p and @, the function ¢,(0,¢) is in
L!(dt) and hence the initial/boundary value problem admits a full analysis via the unified inverse
scattering method initiated and studied by Fokas and collaborators.

In a previous publication [I] we considered the simplified problem with zero initial data. It turns
out that the result can be easily extended to the case of general initial data satisfying particular
decay and smoothness conditions. For the convenience of the reader we provide here a self-contained
proof with full details.

(1.2)

2. AN L?(0,00) ESTIMATE FOR THE NEUMANN DATA

We begin with some notations: (-,-) will denote the L?(0,c0) inner product in space variables,
and | - || the induced norm. The symbol | - |4 is used for the L*(0, 00) norm in space, while for any

* Department of Pure and Applied Mathematics, University of Crete, GR-700 13 Heraklion, Greece, and, Institute
of Applied and Computational Mathematics, FORTH, GR—711 10 Heraklion, Greece, email: spyros@Qtem.uoc.gr.
$ Department of Mathematics, University of Chester, Thornton Science Park, CH2 4NU, UK, and,
Institute of Applied and Computational Mathematics, FORTH, GR-711 10 Heraklion, Greece, email:
d.antonopoulou@chester.ac.uk.
1



2 D. C. ANTONOPOULOU AND S. KAMVISSIS

integer p > 1, || - | zr(0,1) Will denote the LP norm in the time interval (0,¢). The symbol ¢ will be
used to denote a generic positive constant.
We emphasize here the following decay condition for the solution ¢ of the NLS problem (L])-(L2])

(2.1) qg(z,t) -0 as x — oo forany t>0,

which is crucial for our arguments, and is of course provided by the result in [2].

Theorem 2.1. Let q be the unique global classical solution q¢ € C*(L?) N C°(H?) of the problem
@CI)-C2), with Q € C% and Q(0) = qo(0). It holds that for any t > 0

t 1/2
([ tas0.9Pas) ™ =001z

<ellg0, )1z 0 + ellae(0, )2 0 + a0, Ik 0
12+ ellaol .0

where c is a positive constant. The previous estimate is true also when t is replaced by oo.

(2.2)

+cllqol|* + ¢ll oz

Proof. Multiplying (1)) by ¢ and integrating in 2 € (0, 00) we obtain after applying integration by
parts

i(g1,9) — llazl* — 42(0,)q(0,¢) — 2(lal*a, q) = 0.
Taking imaginary parts we arrive at

d _
(23) Sl = 21m{a.(0,)(0, 1)},
which after integration in time gives
(2.4) la( )1 < g 0)1” + 2l (0, ) 22 0.0 la(0, )l 22 (0,8)-

Multiplying now (II]) by ¢ and integrating in x € (0, 00) we obtain
illge? = (g2, get) — 420,83 (0, ¢) — 2(|g*q, a:) = 0,

while taking real parts and since

d )
E[|Q|2|Q|2] = 4Re{|q|?q@},

we have
(2.5 Dl = =2 g2 — 2Re{g. (0, )@(0,6))
. dt T dt x\Y, t\Y, .
Integration in time yields
t
gz (- O = llge (- 0)[17 = =Illg(, )2 [1* + Illg(-, 0)[*[|* — 2/0 Re{q: (0, 5)q(0, s) }ds,
and thus,

(26) qu('v 75)”2 + HQ('v 75)”%4(0,00) < qu('7 0)H2 + HQ(H 0)”%‘*(0,00) + 2qu(07 ')HL2(0,t) ||qt(07 ')HLQ(O,t)'
We now multiply ([T with ¢, integrate in space and take real parts which yields

~Im(qt, ¢z) + Re(quas ¢2) — 2Re(|q|*q, ¢z) = 0.
Using that

1.d 1. _
Im(q, qz) = —51%(%%) — §IQ(07t)Qt(Oat)a
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and the relations

Re(4ea, ) = —51as(0, 0P, Re(lala,2) = —1a(0,0)]",
we obtain
(2.7 00,0 = 19 (g,42) +39(0, 00, £) + |a(0. 1)1

Integrating the above in time, we get

[ 10200, 500 = a0 0200) 0000000 +1 [ (0,900,905 + [ a0,/
and so,
92 (0, )72 (0.9 <llaCs Ol lgz (O + lla(- 0l g (-, 0)]]
+ 11900, )| 220,016 (0, ) 22 0,0 + 1900, ) 174 0,1
<cllaC )1 + ellga (1 + llaC:, 0) [l (-, 0)
+ 11900, )l 220, 16(0, ) 2 0.y + 19(0: )70, -
Using now (24]) and (2.6) we get
192 (0, 1720,y <ella(:, 0)I* + 2¢llgw (0, )| 2 0. 190, )l 2 0.0
+cllgz (-, 0)12 + lla(-, 0) 174 0,00 + 2¢llaz (0, )l 20,1 (0, )| 20,1
+1la (-, 0)[llgz (- Ol + 1a(0, )l 2 0.0 192 (0: )l 20,0y + (05 M a0 1)
<eollgw (0, )72 0.0y + a0, 7200 + €llae(0, )72 0.0
+clla )1 + el (- Ol + clla( 0) 14 00
+1la (-, 0)lllgz (- Ol + 1a(0, ) 2 (0. 142 (0: )l 20,0y + 140, M 700
where ¢y can be made as small as we want. Thus, we arrive at the result (2.2), i.e.
g (0, 120,y <ella(0, ) 1720,y + €lle (0, ) 1720, + [l O, )”L4(Ot
+ella - 0)[1* + ellga (- O)II* + ellaC- 0 10,00

(2.8)

(2.9)

Remark 2.2. Note that the previous estimate provides a bound for

142 (0, ')”2L2(0,oo)=
when qo is sufficiently smooth.
More specifically, if qo € H'(0,00) N L*(0,00) and if ¢(0,t), q:(0,t), have polynomial decay of
order O(t=%), O(t~") respectively as t — oo, with a > 1/2 and B > 1/2 then the estimate (2.2)) of
Theorem [2.1] implies

(2.10) / 1g0(0, 8)]2dt < oo.
0

In addition, the estimate (2ZI0), together with (24) and (2.6) yield that there exists ¢ > 0
independent of t, such that for any t >0

(2.11) laC Bl <,
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(2.12) gl < e
and
(2.13) lg( D)l a0,00) < €

3. DECAY OF SOLUTION AS t — 00

In the sequel, we prove, under certain assumptions for the initial data, that the solution of (I.T)-
(T2) decays to 0 for any z as t — oo. For this, we first establish that the L* norm of the solution

decays like (9(75_%> as t — oo.

Theorem 3.1. Let q be the unique global classical solution ¢ € C1(L?) N C°(H?) of the problem
CI)-[@T2), with Q@ € C* and Q(0) = qo(0).

Assume that xqq € L?(0,00), so in particular qo € H'(0,00) N L*(0,00). Furthermore, assume
that as t — oo

q(0,t) = Ot™), q(0,t) =0O@t™P), for a>3/2 and B> 5/2.
It holds that there exists a positive constant ¢ independent of t such that
(31) | ot titds = a0 < § for any 21,
0
Proof. Again let the Dirichlet data be
Q(t) = q(0,1),
and let us denote the Neumann data by
P(t) :== q.(0,¢).
We set
y(t) = Im/ xq(z,t)qy(z, t)dz,
0

to obtain (cf. the analytical proof of the specific identity in [I])
o0 1 o o
O <t2/ \q]4dx) =—0 [4ty — / 22| q(x,t)|?dx — 4t2/ ]qx]2da:}
0 4 0 0
— tRe{PQ} — 2t°Re{PQ;} + t/ lq|*d.
0

Integrating the above in time in the interval (0,t), we get

1 [ [ [
(32) 0 0 0 .

_ / Re{ P(r)Q(r)}dr — 2 / 2 Re{ P(r)0, (r) }dr + / rllg(-,r)||Adr.
0 0 0
Observe now that

o0
(3.3) ‘%Z/[ﬂW+MMVﬂm+%M%%
0
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while by (82)) we have
(3.4)

ElaCol = 3 [ a0 + 4lau(e, 0 ~ [oq + 2taue O - 2la(e. O +%la(a,0) o
0

— 2 - X 2 X
1 /0 40(a.£) 2l
- / FRe{ P(r)O(r)}dr — 2 / 2 Re{ P(r)G, () dr + / rllg(r) | 4dr

0 0 0

1 o0 L[
:—[_/ [wq(a,t) + 2itq,(z, )Pz + _/ *|q(x,0)*dx
4 0 4 0

-

t

_ / rRe{ P(r)O(r)}dr — 2 / 2 Re{ P(r)Q, () dr + / rllg( ) [ 2dr.
0 0 0
Hence, (34) gives

t 1 o]
65 PlColts [ ol [ Rl 0+ F2.0.Qu0),
0 0

for
¢ ¢
F(P.Q.Qut) = = [ rRe(P()Q()}dr =2 [ 1*Re(P(r)Q,(r)}ar.
0 0
Next, we prove that there exists ¢ > 0 independent of ¢ such that for any ¢ > 0,

(36) ‘F(PuQaQtat)‘ S C.
Indeed, if a > 3/2 and 3 > 5/2, then we have for F' = F(P(t), Q(t), Q+(t),t)

w1 <el [ 1Pora) ([ eaerar) v [ eeea)”( [ iemra)”

t 1/2
Sc(/ ]P(r)]2dr> / <e,
0

since (2.10) is true. Thus, (3.6) follows.
Since

o
/ 2%|q(z,0)*dz < oo,
0
then using (3.6]) at ([B.5]), we obtain that there exists ¢ > 0 independent of ¢ such that

t
2lq- )l < /O rlaC,)l|dr +c.

So, since fol llg(-,t)||dt is bounded as (ZI3)) is true, we obtain (B.I]), cf. also the analytical proof
of [1J. O

Remark 3.2. An immediate outcome of the last theorem (as well as its counterpart, Theorem
3.1 in [1), is the absence of any solitons for the defocusing NLS on the half-line. This result is
arrived at without the need of employing the unified theory of Fokas. Of course, it does follow from
that theory that there are no solitons for this problem (see [4]) and even more one has a complete
rigorous asymptotic description of the decaying behavior by analyzing the Riemann-Hilbert problem
asymptotically for large times (see [3]). But one has to remember that the above theorem is essential
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i providing a class of data admissible for the unified theory to begin with. It is thus indispensible in
justifying the use of the unified theory, which is a prerequisite for the Riemann-Hilbert formulation.

Now we are ready to prove the next main theorem, which establishes the decay of defocusing
NLS solution as t — oo, uniformly in space.

Theorem 3.3. Let q be the unique global classical solution ¢ € C1(L?) N C°(H?) of the problem
CI)-[@T2), with Q@ € C* and Q(0) = qo(0).

Assume that xqy € L?(0,00), so in particular qo € H'(0,00) N L*(0,00). Furthermore assume
that as t — oo

q(0,t) = 0t™), q(0,t) =0@t""), for a>3/2 and B> 5/2.
It holds that
(3.7 lim g(x,t) =0,

t—o0

for any x > 0.
Proof. Indeed, we have by Theorem [B.1]

. . C
tli)noloHQ(‘at)”4 < tllglom =0.
Using that
d
£q3(x, t) = 3(]2(337 t)Qm($7 t)a
we have
@) =0 + [ 30 a0 O
(3.8) 0

<o < [ law0rtan) ([ lacto0Pan)

So, under the assumption of decaying initial data ¢(0,t) — 0 as ¢ — oo, and since by Remark

we have (cf. (2.12])
lg2(- )]l < ¢,
we conclude from (B8] that

(3.9) Jin [, £)] < e lim [lg(-, 1)[F = 0.

4. AN L'(0,00) ESTIMATE FOR THE NEUMANN DATA

At this Section, we shall use the result of Theorem B.3], i.e. that for all positive =z,
Jim g(z, 1) =0,

in order to prove, under the assumptions of Theorem B.3] of course, an L!(0, 00) bound for ¢, (0, ).
Consider relation (2.7))

d .
l02(0, ) = i7-(g, 4x) +1(0, )@ (0, ) + [a(0, 1)|*.
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and multiply with P, p > 1 to obtain

d
(4.1) tP]q.(0,1)|* = itpa(q,qx) +itPq(0, 1) (0, ) + tP|q(0,1)|*.

Integration of (4I)) in time gives

/OO tp’qx(oat)Pdt :i[tp(Q('vt)7QI('7t))]80 _i/ooptp_l(Q('7t)7Q:c('7t))dt
0 0
+1 tpq(O,t)qt(O,t)dt+/ tP)q(0,1)|*dt
(4.2) 0 "
im (¢ . A C p-1 ) z\"y
< Jim (a0l 0) e [ 0 aC0llas 0

o0

+ c/ooo 21900, )11 (0. )t +/0 1q(0. 1) dt.
As before, integrating ([2.3)) in (¢, 00) and using that ||¢(-,00)|| = 0, we get
Ja 0 = =2 [ Tondar(0.r)a(0.r)
which, under the assumptions of Theorem B.1] by (Z.I0) yields for any ¢ > 0

00 1/2
lat 0l < [ lao.r)ar)
t
Thus, we obtain by (2]

() 1/4
p 2 : P 2
| viasto.0par <clim (¢ [ la0.r)ar) )
) 00 1/4
(4.3) +e / | / 90 7))
0 t

[e.e]

e / 21(0, )] 20, £)|dt + / 19(0, )" dt.
0 0

e ¢}

Furthermore, since ||g.(-,t)|| is bounded

» » co 9 1/4
Pl Olllas (01l < ([ lat0.nPar) 0

if ¢(0,t) is assured to have a sufficiently fast (polynomial) decay as t — oo (O(t~%) with « to be
specified). Also, we have

& 0 0 1/4
| e ola ol < e [Tt ([T 0P M <
0 0 t

again if ¢(0,t) has a sufficiently fast decay as ¢ — oo. The same argument of sufficiently fast decay
for q;(0,t) as t — oo, (like O(t7) with B to be specified), together with the previous one, finally

gives, using (4.3))

(4.4) / 14.(0,6)dt < c,
0
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if p>1,a>3/2and B > 5/2, satisfying also
a>2p+1/2, a+B>p+1, a>(p+1)/4.
Now, we are ready to derive the L'(0,00) estimate for |g.(0,t)|. We have the following main

theorem.

Theorem 4.1. Let q be the unique global classical solution ¢ € C1(L?) N C°(H?) of the problem
CI)-[T2), with Q@ € C* and Q(0) = qo(0).

Assume that xqo € L*(0,00).

If q(0,1), q:(0,t) have a sufficiently fast decay ast — oo, that is O(t~) and O(t=P), for o > 5/2
and 8 > 5/2 respectively, then

/ 1g2(0, 8)|dt < oo.
0

Proof.
(4.5)

[e's) 1 [e'e)
/ 14(0, )|dt = / 1420, 8)|dt + / 355, (0, 0)|dt
0 0 1

§c</01 1%115)”2(/01 |qx(0,t)|2dt)1/2+ </100t_l_sdt)l/2</loot1+€|qm(0,t)|2dt)l/2
<c+ c(/w t1+€\qx(0,t)\2dt>l/2 <c,
0

where we used (£4) for p := 1+ ¢ with £ > 0 as small. Note that here, indeed a > 5/2 > 3/2 and
B > 5/2 and satisfy also

a>2p+1/2, a+B>p+1, a>(p+1)/4.
O

Remark 4.2. An immediate outcome of the last theorem is that if the initial data satisfy the
Carrol-Bu condition qo € H? and the extra condition xqy € L?(0,00) and if the Dirichlet data
Q € C? are such that Q(0) = qo(0) and Q(t), Q:(t) have a sufficiently fast decay as t — oo, that
18 (’)(t_5/2+6) for some € > 0, then the unified method of Fokas can be applied, even for t — oo,
and hence the resulting Riemann-Hilbert factorisation problem which sums up the inverse ”Fokas
scattering transform” is valid for all time and can be used to extract long time asympotics.
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