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Summary. We present a review on wave propagation in nonlinear photonic lat-
tices: arrays of optical waveguides made of nonlinear media. Such periodic struc-
tures provide an excellent environment for the direct experimental observations
and theoretical studies of universal phenomena arising from the interplay between
nonlinearity and Bloch periodicity. In particular, we review one-dimensional and
two-dimensional lattice solitons, spatial gap solitons, and vortex lattice solitons.

1 Introduction to optical periodic systems

In this chapter, we present a review of optical systems that have a periodic
variation in their index transverse to the direction of propagation. Such pho-
tonic systems include photonic crystal fibers, which have a large index varia-
tion that controls frequency dispersion, and coupled waveguide arrays, which
have a relative small index variation that controls spatial diffraction. Here,
we will focus on the latter case and consider 1+1D and 2+1D dynamics. A
photonic lattice has the advantage that the refractive index contrast require-
ments are low, and thus, for example, a 2D bandgap can be established for
index modulations of the order 10−3. Light excitation is quite simple because
the optical wave is launched in a direction that is almost perpendicular to the
direction of the index modulations. Also, nonlinearity can quite easily mani-
fest in such systems simply because of low refractive index modulations. As a
result, nonlinear self-localized structures or solitons are possible for nonlinear
index modulations of the order of 10−4.

An optical periodic system with periodicity along the transverse direction
was first theoretically studied in 1965 [1] in the linear regime. In that work the
diffraction pattern of an array of identical fibers has been found using coupled
mode theory in terms of Bessel functions. Experimentally this behavior was
reported in 1973 in an array of optical waveguides [2].
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In 1988, for the first time a nonlinear waveguide array was considered [3].
It was shown that nonlinearity can counteract waveguide coupling, leading to
suppressed diffraction and the formation of optical discrete solitons. Discrete
solitons were experimentally observed ten years later [4] in AlGaAs arrays.

The transition from one-dimensional to two-dimensional lattices came a
few years later. Using an optical induction technique [5, 6] allowed for the cre-
ation of two-dimensional periodic topologies in photosensitive crystals. This
let to the first experimental observation of two-dimensional discrete/lattice
solitons in any physical system in nature [7].

During the last years the research interest for studying nonlinear optical
periodic systems has grown rapidly (see the recent review articles [8, 9]).
There are several factors for this rapid growth in this area. From the phys-
ical point of view, the behavior of nonlinearity and periodicity arises in a
wide variety of fields, ranging from nonlinear optics and photonic crystals to
biology, solid-state physics, and Bose-Einstein condensates in lattice poten-
tials. The common ground in these problems is the co-existence of a band
structure along with nonlinearity that in turn allows for inter and intra band
interactions.

Considering applications, waveguide lattices are potential candidates for
optical switching applications [10, 11, 12, 13]. By engineering regions with
different periodicities, which have different band structure properties, it is
possible to control of the flow of light. In addition, nonlinearity is a necessary
ingredient for performing routing and logic operations.

It has only been recently that the experimental techniques have grown
to the point where experiments can be successively performed in two spatial
dimensions for a variety of different settings. These methods include, the
aforementioned optical induction technique [5, 6] (see section 2 for details),
the use of arrays of optical fibers [14], and writing optical waveguides in bulk
glasses using femtosecond laser beams [15].

2 Optically-induced lattices

Until 2002, waveguide arrays were only fabricated by etching the top of a sub-
strate, creating a series of ridged structures [4]. However, this procedure limits
the allowed topologies to only one transverse spatial dimension. Considering
applications, higher dimensionality provides the possibility to route informa-
tion in an optical network from a point of origin A to a final destination Z,
something that is not possible using only one spatial dimension [10, 11, 12].
In [5] a new method was suggested to induce a two-dimensional optical lat-
tice in photosensitive crystals. Experimentally the method was first verified
in one dimension [6] and subsequently in two-dimensions [7], leading to the
first observation of two-dimensional lattice solitons.

Optically induced lattices, are periodic index configurations which are es-
tablished in biased photosensitive materials. The medium of choice has been
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biased photorefractive crystals, which support both volumetric (holographic)
index variations and optical nonlinearity. Let us assume that the crystal is
biased with voltage V along the extraordinary crystalline c-axis (which is
along the x direction). a is the ordinary axis (y direction) and the opti-
cal field propagates along the z direction. Lattice stability requires that the
photo-induced crystal is highly anisotropic, being essentially linear and highly
nonlinear along the two polarizations. Crystals with such properties are avail-
able in photorefractives such as the Strontium Barium Niobate (SBN), which
is highly nonlinear along the c-axis and essentially linear along the a-axis.

Following [16] the normalized propagation of two incoherent beams in a
biased photorefractive crystal in one-dimension is given by

iuz +
1
2
uxx − βu

[
1

1 + I
− δ

∂I/∂x

1 + I

]
u = 0, (1)

ivz +
1
2
vxx − βv

[
1

1 + I
− δ

∂I/∂x

1 + I

]
v = 0, (2)

ere u, v are the extraordinary and ordinary (respectively) polarized waves,
and βu/βv = r33/r13 (r13 and r33 are the relevant electro-optic coefficients),
I = |u|2 + |v|2 is the total intensity, and the nonlinearity is of the self-
focusing or self-defocusing type if βu, βv > 0 or < 0, respectively. Below, we
will establish a simplified model that accurately describes the behavior of the
system of Eqs. (1)-(2).

Notice that the term proportional to δ represents small diffusion effects
that can be, in general, ignored. On the other hand, the requirement for
large electro-optic anisotropy r33 � r13 results in a parameter region, where
the nonlinear term of Eq. 2 can be ignored, leading to the linear diffraction
equation for the v field

ivz +
1
2
vxx = 0. (3)

Thus, propagation along the ordinary axis is essentially linear. Equation (3)
admits periodic exact solutions of the form

v =
∑

j

Aj exp(−iλ2
jz/2 + iλjx+ iφj) (4)

where Aj , φj and λj are real constants. Experimentally such patterns can
be achieved by superimposing plane waves. The only coherent interference
pattern in 1D that does not travel in the x direction and remains invariant
along z is obtained by interfering two plane waves with λ1 = −λ2 = π/L

v = A cos(πx/L) exp(−iπ2z/(2L2)) (5)

Thus, under the above assumptions, Eqs. (1)-(2) describing the evolution
of two orthogonally polarized waves can be approximated by
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iuz +
1
2
uxx −

βu

1 + V (x) + |u|2
= 0 (6)

where
V (x) = A2 cos2(πx/L). (7)

The field u, which is the probe beam, sees a highly nonlinear environment
due to the large electro-optic coefficient. Another generic and experimentally
feasible model is that of Kerr nonlinear media. The corresponding model
equation is given by

iuz +
1
2
uxx + V (x)u+ σ|u|2u = 0, (8)

where V (x) is proportional to the index modulations and σ = ±1 accounts
for self-focusing (+) and self-defocusing (−) nonlinearities. Equation (8) de-
scribes a variety of optical systems, such as periodic waveguide arrays [4],
fiber arrays [14], and Bose-Einstein condensates [17]. In the case of photore-
fractives, Eq. (8) can be obtained from Eq. (6) in the low intensity limit
[assuming V (x), |u|2 � 1, −u/(1 + V (x) + |u|2) ≈ −u + V (x)u + |u|2u].
Equation (8) is associated with two conserved quantities, namely the total
power

P =
∫ ∞

−∞
|u|2 dx (9)

and the Hamiltonian

H =
1
2

∫ ∞

−∞

[
|ux|2 − |u|4 − 2V (x)|u|2

]
dx. (10)

Thus, Eq. (8) can be written as

i
∂u

∂z
=
δH

δu∗
. (11)

In two dimensional settings, by employing similar arguments the original
model can be simplified to take the form

iuz +
1
2
∇2u− βu

1 + V (x, y) + |u|2
= 0, (12)

or for Kerr nonlinear media

iuz +
1
2
∇2u+ V (x, y)u+ σ|u|2u = 0. (13)

In Fig. 1 the experimental configuration of an optical induced lattice is
schematically shown. In two spatial dimensions the freedom to select the
optically induced lattice is much higher. A generic integral form of the field
generated by the interfering beams is given by
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(a) (b)

Fig. 1. Configuration of an optically induced lattice. Two pairs of plain waves
interfere along the (essentially linear) ordinary polarization, establishing a periodic
intensity pattern. On the other hand, the probe beam (red color) polarized along
the extraordinary axis propagates in a highly nonlinear environment with a periodic
index lattice which is proportional to the intensity pattern of the interfering beams.

v =
∫∫ ∞

−∞
A(kx, ky)eiφ(kx,ky)e−i(k2

x+k2
y)z/2eikxx+ikyy dkx dky. (14)

Notice that the condition for an invariant, along z, lattice intensity is satisfied
when the “Bloch momentum” vectors kx, ky lie on a circle, i.e., k2

x + k2
y =

ρ2. In cylindrical coordinates kx = ρ cos θ, ky = ρ sin θ, A(kx, ky) = δ(ρ −
R)f(θ)/ρ, and thus

v = eiR2z/2

∫ 2π

0

f(θ) exp(iφ(θ)) exp[iR(cos θx+ sin θy)] dθ. (15)

All possible coherent non-diffracting beams can be obtained from Eq.(15)
by specifying the amplitude and the phase of the interfering plane waves
[f(θ), φ(θ)]. Another degree of freedom can be introduced when the lattice is
established from mutually incoherent plane waves all of which are polarized
along the ordinary axis. In that latter case, the potential is given by

V (x) =
∑

j

|vj |2. (16)

where vj j = 1, . . . , n are the mutually incoherent fields, each one of them
being determined by an equation of the form (15). Different types of one and
two-dimensional diffraction free lattices have been studied in the literature.
These include coherent [f(θ) =

∑3
j=0 δ(θ − jπ/2), φ(θ) = 0] and incoherent

[f1(θ) =
∑1

j=0 δ(θ− jπ), f2(θ) =
∑1

j=0 δ(θ− jπ+π/2), along with φ(θ) = 0]
square lattices [5, 7], hexagonal lattices [18, 19] for which f(θ) =

∑5
j=0 δ(θ−

jπ/3), φ(θ) = 0, and Bessel lattices [20, 21] with weight functions f(θ) = c
and φ(θ) = mθ, where m is the vorticity number. Quasicrystals which are
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structures with long-range order but no periodicity can be formed by the
interference of five different plane waves separated by angles 2π/5 [22], i.e.,
[f(θ) =

∑4
j=0 δ(θ − j2π/5) and φ(θ) = 0]. In Fig. 1(b) the experimental

picture of the square lattice intensity pattern established by the coherent
interaction of two pairs of orthogonal plane waves is shown.

3 Coupled-mode theory

Coupled mode theory (CMT), provides an approximate model for the de-
scription of Equations with periodic potentials such as (8) and (13). Although
CMT is not exact, it is quite accurate, providing both qualitative and quanti-
tative results, as long as the original assumption from which it was derived are
satisfied. Coupled-mode theory originates in the theory of solids, where it is
known as tight binding approximation [23]. In optics, it has been extensively
used in a variety of linear and nonlinear problems [24, 1, 3]. For simplicity
here we consider a one-dimensional model although the same formal analysis
can be repeated for higher dimensionalities. CMT is based on the following
expansion of the optical field

u =
∑

n

cn(z)ψn(x). (17)

In (17) ψn(x) = Ψ(x − nx0), where Ψ(x) is the linear lowest order localized
mode of a single waveguide in isolation having potential V0(x), i.e.,

qΨ +
1
2
Ψxx + V0(x)Ψ = 0. (18)

Notice that Ψ has zero nodes and is even when the index function is even.
In Eq. (17) cn(z) represents the amplitude of the local mode ψn at distance
z. Substituting Eq. (17) to (8) an evolution Equation for the amplitudes is
derived

i
dcn
dz

+ Ecn + κ(cn+1 + cn−1) + γ|cn|2cn = 0, (19)

where κ = (1/2) 〈φn|φn±1〉 + 〈φn|V (x)φn±1〉, E = 〈φ0|(V (x)− V0(x))φ0〉,
γ = σ

〈
φn|φ3

n

〉
, assuming that 〈φn|φn〉 = 1. In a normalized form Eq. (19)

reads
i
dcn
dz

+ (cn+1 + cn−1) + σ|cn|2cn = 0 (20)

where σ is the sign of the nonlinearity. Equation (20) is known as the Discrete
Nonlinear Schrödinger (DNLS) equation. The regimes of validity of Eq. (20)
as an approximate model for periodic systems is discussed in [25]. In partic-
ular, DNLS-type models are single band approximations of the lattice NLS
equation. Thus, self-defocusing lattice solitons predicted in DNLS models ex-
ist in a finite instead of a semi-infinite gap. Notice that coupled-mode theory
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approximations are accurate, as long as the nonlinear index change is much
smaller than the linear index modulations. Besides optics, DNLS type models
appear in diverse settings such as Biology [26], in molecular crystals [27], in
atomic chains [28], and in Bose-Einstein condensates [29] (see also the review
papers [30, 31, 32]).

In two transverse dimensions a two-dimensional DNLS Equation is derived

i
dcm,n

dz
+ (cm,n+1 + cm,n−1 + cm+1,n + cm−1,n) + σ|cn|2cn = 0 (21)

for the case of square lattices. For lattices of different symmetries the coupling
coefficients can take different form (see for example the case of a honeycomb
lattice in [33]).

4 Linear properties

A fundamental different between homogeneous and periodic media is that
in homogeneous media the dispersion/diffraction curves characterize the re-
gions of continuous/plane wave solutions. On the other hand, media with pe-
riodic index modulations do not possess such solutions, but instead support
Floquet-Bloch modes. Understanding the linear properties of the system, is
not only important per se, but also is fundamental for analyzing the nonlinear
properties of the system. In the literature, linear properties have been studied
both in the context of the periodic Eqs. (8), (13) or using approximate CMT
descriptions (20), (21).

Let us start by considering the approximate, CMT description in one-
dimension as given by Eq. (20). The discrete Fourier transform of the field
amplitude cn is defined by

c̃n(κ) =
1√
2π

∑
n

cn(z)e−iκn, cn(z) =
1√
2π

∫ 2π

0

c̃n(κ)eiκn dκ. (22)

The diffraction relation is directly obtained by assuming low amplitude plane-
wave solutions of the form

cn = exp(−iqz + ikn) (23)

resulting in
q = −2 cos k. (24)

From Eq. (24) the group velocity and the (second order) diffraction are given
by vg = q′ = dq/dk = 2 sin k and g2 = q′′ = 2 cos k respectively. Perhaps
the most interesting feature of the diffraction relation is the possibility to
engineer the second order diffraction term as a function of the incident angle
inside the array. For |k| < π/2 the diffraction of the array is normal (q′′ > 0),
whereas for π/2 < |k| < π the diffraction becomes anomalous (q′′ < 0).
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Furthermore, for |k| = π/2 the second order diffraction term is identical
to zero [34, 35]. Thus a beam propagating with this value of the “Bloch
momentum” k is going to experience minimal diffraction, arising only from
higher order diffraction terms. The phenomena of negative and zero second
order diffraction are not possible in uniform media where the diffraction is
always positive (since q = k2/2).

The diffraction of optical beams in waveguide arrays when an initial index
ramp is applied to the waveguides can be obtained in closed form in the case
of discrete models. For the sake of generality, let us consider the linear part
of Eq. (20)

icn + (cn+1 + cn−1) + γnf(z)cn = 0 (25)

where the linear index ramp across the array γn is multiplied by a function
f(z). Equation (25) can be solved in the Fourier domain using the method
of characteristics [36]. In particular, assuming single waveguide excitation at
the input (cm(0) = δm,0) the intensity of the optical field along z is given by

Im(z) = |cm(z)|2 = J2
m(w) (26)

where

w =
√
u2 + v2,

(
u
v

)
=

∫ z

0

(
cos
sin

)
[γη(z′)] dz′, η =

∫ z

0

f(z′) dz′. (27)

Because Eq. (25) is linear, the propagation of more complicated patterns is
obtained analytically by superposition.

In optics, the diffraction in an array of linear fibers without an additional
index tilt (γ = 0) has been theoretically studied in [1]. In this case, the evolu-
tion of a single waveguide excitation is given by cn(z) = Jn(2z) exp(iπn/2).
It is interesting to notice that the amplitude of the field as it propagates is
maximum at the edges and not at the center. Experimentally, this behavior
has been observed in [2].

A waveguide array with propagation constants that vary linearly in the
transverse direction [i.e., f(z) = 1 in Eq. (25)] exhibits solutions which are
called “Bloch oscillations” [37]. Independently of the form of the initial con-
dition, such waves exhibit periodic revivals along z, and thus remain localized
as they propagate. The required linear variation of the propagation constant
is usually achieved by a linear index ramp. Solving Eq. (25) in the special
case f(z) = 1 results to

cn(z) = Jn

(
4
γ

sin
(γz

2

))
exp

[
in

2
(γz + π)

]
. (28)

From Eq. (28) one can find that the (intensity) period of the oscillations is
equal to 2π/γ. In optics, the existence of Bloch oscillations in waveguide ar-
rays has been predicted in [38]. The experimental observation came one year
later independently from two-different groups: In [39] the linear variation of
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the index contract is created by applying a temperature gradient, whereas
in [40] the thickness of the central layer is varied. In [34], the diffraction
properties of a waveguide arrays were exploited, and it was shown that by
using a waveguide array in a zig-zag configuration the second and third order
diffraction terms can be canceled out. This can be achieved by using different
short segments of waveguides with average zero diffraction. The normal and
anomalous refraction and diffraction properties of arrays have been experi-
mentally verified in [35]. AC Bloch oscillations were predicted in [36] [f(z)
being a sinusoidal function of z] in the case where the ratio of the field am-
plitude and field spatial frequency is a root of the ordinary Bessel function
of order 0. Such periodic modulations in f(z) have not been implemented
thus far in optical waveguides. However, it has been shown that an array
of optical waveguides whose curvature periodically changes can give rise to
AC optical Bloch oscillations [41, 42]. Such periodic oscillations have been
observed in [43, 44].

Coupled mode theory equations are single band approximations of Eqs. (8),
(13) which exhibit a periodic potential. To consider higher-band behavior,
these equations can be analyzed by making use of Floquet-Bloch theory.
Let us consider the linear two-dimensional case. Looking for wave solutions,
whose amplitude is stationary along z, i.e., u(x, y, z) = ψ(x, y) exp(−iqz), we
obtain

qψz +
1
2
(ψxx + ψyy) + V (x)ψ = 0. (29)

Floquet-Bloch’s theorem [45, 37, 23] states that the eigenfunctions of Eq.(29)
for a periodic potential are the products of a plane wave exp(ik ·r) multiplied
with a function Ψk(r) with the periodicity of the crystal lattice, or

ψk = Ψk(r)eik·r (30)

where Ψk(r + R) = Ψk(r), R = mR1 + nR2, m,n ∈ Z and R1, R2 are
the primitive vectors of the lattice such that V (r + R) = V (r). A related
concept is that of a Brillouin zone which is defined as the primitive cell
in the reciprocal lattice. Several methods have been developed in condensed
matter physics [23] to find the band structure of Eq. (29). A simple approach,
known as the plane-wave method, relies on the Fourier series decomposition of
Ψq(r) under periodic boundary conditions. The resulting system of algebraic
equations can then be solved numerically. Some specific types of potentials
admit exact solutions, such as the Kronig-Penney model in one-dimension [46]
and the sinusoidal potential which can be solved in one or higher dimensions
with the use of Matheiu functions [47].

Let us consider the one-dimensional case with a typical sinusoidal poten-
tial of the form

V (x) = −V0 sin2(πx/2). (31)

The period of the potential is 2 and its band structure is shown in Fig. 2
for V0 = 10 in the reduced zone scheme (the band structure is “folded”
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Fig. 2. A typical one-dimensional band structure for the lattice potential of Eq. (31)
for V0 = 10. Curves I-V correspond to the first five bands of the complete band
structure.

inside the first Brillouin zone). The bands of Fig. 2 are the regions where
periodic Floquet-Bloch modes exist, i.e. modes that have allowed values of the
propagation constant q. The regions outside the bands are called bandgaps.
Inside the bandgaps exponentially decaying/growing modes are supported.
These modes can be obtained for example using the plane-wave method for
complex values of the Bloch momentum. Notice that between two successive
bands, a bandgap always exist in the q domain. In waveguide arrays, the
band structure and the corresponding Floquet-Bloch modes were investigated
in [48] for one spatial dimension.

0 20 40 60
0

10

20

30

40

V
0

q     

(a)
π0     −π−π 0 π     

10

20

30

40

50

60

k
y

k
y

k
y

k
y

k
y

k
yk

x
k

x
k

x
k

x
k

x
k

x

(a)(a)(a)(a)(a)(a)

qqqqqq

0 20 40 60 80

−70

−60

−50

−40

−30

−20

−10

0

V
0

q

(b) π0     −π−π 0 π     

−30

−20

−10

0

10

k
y

k
yk

x
k

x

(b)(b)

qq

(a) (b)

Fig. 3. Index potentials of Eqs. (32) and (33) and their correspond band structure
properties are shown in (a), (b), respectively. The numerically calculated band
structures for (a) V0 = 21.6 and (b) A2 = 1.21 and V0 = −36.3 are shown. The
regions of bands (gray) and bandgaps (white) are depicted as a function of the
potential depth.

The band structure properties become more complicated in more than
one dimension. We analyze two different type of lattices [49]. The first index
potential is sinusoidal [Fig. 3(a)]
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V (x, y) = −(V0/2)[sin2 πx+ sin2 πy], (32)

whereas, the second lattice has a backbone index profile

V (x, y) = − V0

1 +A2 cos2(πx) cos2(πy)
. (33)

The lattice of Eq. (33) [shown in Fig. 3(b)], is established by the interference
of two pairs of plane waves that are coherently superimposed.

A complete bandgap is defined as a finite region in q between two suc-
cessive (in increasing q order) Floquet-Bloch mode. As can be seen from the
three-dimensional band structure shown in Fig. 3, different bands can overlap
with each other in the q axis restricting, or even eliminating altogether, the
number of complete bandgaps. This property of higher dimensional lattices
is in contract to the one-dimensional arrays, which are, in general, associated
with an infinite number of complete Bragg resonance bandgaps. In Fig. 3 we
display the band (gray) and bandgap (white) regions for varying potential
depth. In Fig. 3(a) we find that no complete bandgap exist for V0 . 13.8.
By increasing the potential depth further, a second bandgap opens up when
V0 ' 40.7. The backbone lattice of Fig 3(b) exhibits different behavior. When
the potential depth is less than 28.4 (and A2 = 1.21) all the bands overlap,
i.e. no complete band gap exists. On the other hand, for bigger values of V0,
one gap opens up between the first and the second bands. Unlike the sinu-
soidal lattice case, we find that no other band gaps emerge for even greater
values of V0.

The presence of a linear index ramp (say γx+δy in two spatial dimensions)
in addition to the periodic lattice is expected to give rise to Bloch oscillations.
However, Zener predicted [50] that Bloch oscillations are not ideal (they
persist for finite distances) in periodic lattices due to interband interactions.
Furthermore, Bloch oscillations are expected to breakdown when then index
difference imposed on a period of a lattice due to the linear potential is of
the order of the gap to the next band. Zener tunneling in one-dimensional
waveguide arrays has been observed in [51]. In [52] Bloch oscillations and
Zener tunneling in two-dimensional periodic systems have been reported. In
this latter work, an optical induction technique was applied and, in order
to create a transverse refractive index gradient, the crystal was illuminated
from the top with incoherent white light.

A method of optical waveguiding, which relies on Bragg diffractions from
a 1D grating that gives rise to waveguiding in the direction normal to the
grating wave vector was proposed in [53]. The waveguide structure consists
of a shallow 1D grating that has a bell- or trough-shaped amplitude in the
confinement direction. In [54] nondiffracting beams in two-dimensional peri-
odic systems were identified. Such beams are constructed by superposition of
Floquet-Bloch modes.

In dispersion curves, there are specific points known as diabolic points
which are singular. In [18] it was demonstrated that such a diabolical point
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exists in honeycomb lattices, around which an input beam experiences conical
diffraction.

5 One-dimensional lattice solitons

In the early works on optical discrete solitons, the theoretical analysis was
based on CMT description. This single band model, can provide valuable
information about the behavior of optical periodic systems (8), (13). In one-
dimension Eq. (20) is not integrable unlike its continuous analogue, the non-
linear Schödinger equation. An integrable version of the DNLS equation,
which is known as the Ablowitz-Ladik DNLS exists [55].

We are going to analyze basic families of discrete soliton solutions by
utilizing the DNLS equation in one transverse dimension. We assume that
Eq. (20) admits solutions of the form

cn = an exp(−iqz),

and thus
qan + (an+1 + an−1) + σa3

n = 0. (34)

Asymptotic analysis of soliton solutions can be carried out in the limit of
nonlinear modes which are highly localized inside the lattice. We are go-
ing to analyze two basic families of discrete solitons of Eq. (34) known as
“on-site” and “off-site”. We isolate these solutions from many other types
because, by analytic continuation, they represent single hump soliton solu-
tions in the long wavelength limit. In the strongly nonlinear limit the first
family of solutions [3] has the approximate form

a0 = α, a±1 = 1/(σα), (35)

whereas un = 0 for n 6= 0,±1 and q = −σα2. This family of solution is called
“on-site” because the maximum of an imaginary envelope is located exactly
at the lattice site n = 0 [Fig. 4]. The second family of solutions is given by

aj = α(sgn(σ))j , j = 0, 1, (36)

aj = α(sgn(σ))j/(1 + |σ|α2), j = −1, 2, (37)

and q = − sgn(σ)(1 + |σ|α2). This family of solutions is called “intra-site”
or “off-site” because an imaginary envelope has its maximum between lattice
sites 0 and 1 [56]. For both families of solitons sgn(σ) = − sgn(k). The “on-
site” family of solitons is energetically favorable, and thus stable whereas
“intra-site” discrete solitons are unstable [57, 58]. The exponential decay (for
large |n|) of these solutions is given by

an = (sgn(σ))n exp(−λn). (38)
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Fig. 4. Diffraction relation (left) and families of discrete solitons supported by
the DNLS equation. The two families shown in (a) [“on-site” (left) and “off-site”
(right)] exist for self-focusing nonlinearities and have eigenvalues in the bandgap
below the base of the 1st Brillouin zone. The families shown in (b) [“on-site” (left)
and “off-site” (right)] exist for self-defocusing nonlinearities and have eigenvalues
in the bandgap above the edge of the 1st Brillouin zone.

where λ = arccosh(k/2).
Notice that these two families of solutions exist for both signs of the non-

linearity [59]. This result is in contrast to the nonlinear Schrödinger Equation
which admits bright soliton solutions in the self-focusing case only. In Fig. 4
these two families of discrete solitons are schematically illustrated for self-
focusing [Fig. 4(a)] and self-defocusing [Fig. 4(b)] nonlinearity. We would like
to point out that for self-focusing nonlinearity (σ > 0) the soliton eigenvalue
resides in the semi-infinite bandgap below the 1st Brillouin zone (q < −1).
On the other hand, self-defocusing solitons (σ < 0) have eigenvalues residing
above the Brillouin zone (q > 1). In addition, the phase difference between
adjacent lattice sites of self-focusing discrete solitons is zero, and thus these
solitons reside at the base of the Brillouin zone (k = 0); The adjacent lattice
site phase difference of self-focusing discrete solitons is π, i.e., these solitons
reside at the edge of the Brillouin zone (k = π). The mathematical proof for
the existence of discrete solitons was derived in [60].

The analysis of lattice solitons in periodic lattices beyond the DNLS limit,
reveals that the behavior of the system is more complex [5, 61, 25]. Families of
lattice solitons (LS) can exist in the semi-infinite [or total internal reflection
(TIR)] gap and in the finite (Bragg) bandgaps of the band structure. Thus,
an infinity of families of LS in principle exist in one-dimensional periodic
lattices. In the case of self-focusing nonlinearity [Fig. 5(a)] families of lattice
solitons exist both in the TIR gap and in every Bragg resonance gap. A
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Fig. 5. Lattice solitons existence curves (total power P vs. propagation constant q)
for self-focusing (a) and self-defocusing (b) Kerr media. The gray (shaded) regions
II and IV depict the first two bands. Regions I, III, IV correspond to the semi-
infinite and the first two Bragg (finite) gaps of the system. Typical soliton profiles
with an eigenvalue in the semi-infinite gap (a) and in the first finite bandgap (b)
are shown on the bottom. Gray (white) areas represent high (low) refractive index
regions.

typical TIR lattice soliton is shown on the bottom of Fig. 5(a). Notice the
absence of nodes (the field does not become zero) in the profile which is
characteristic for TIR LS. In Fig. 5(b) the existence curves of self-defocusing
lattice solitons are shown [25]. In this case lattice solitons do not exist in
the TIR bandgap, but only in the Bragg gaps. The field profile of a typical
lattice soliton with eigenvalue inside the first Bragg resonance is shown on
the bottom of Fig 5(b).

Figure 6 depicts experimental results showing lattice soliton formation in
optically induced lattices [6]. In Fig. 6(I) the transition of the signal beam
from discrete diffraction to a discrete soliton for on-axis (corresponding to
zero Bloch momentum, or at the base of the 1st Brillouin zone) input as
a function of self-focusing nonlinearity is depicted. When the nonlinearity
is small, the signal beam experiences diffraction. On the other hand, in
the strongly nonlinear regime, a highly localized lattice soliton is formed
[Fig. 6(I)(e)-(f)]. This family of solutions reside in the semi-infinite bandgap
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(I) (II)

Fig. 6. Signal beam output intensity as a function of increasing focusing (I) and
defocusing (II) nonlinearity. (A)(B) show discrete diffraction (C)(D) show interme-
diate self-focusing and (E)(F) depict lattice soliton formation. The period of the
waveguide lattice is 8.8µm and 9.3µm in (I) and (II), respectively.

of the band structure. Such solitons were first observed in optical waveguide
arrays in [4]. Figure 6(II) shows lattice soliton formation when the signal
beam is incident at an angle very close to the first Bragg resonance (or at
the edge of the 1st Brillouin zone) of the system with self-defocusing non-
linearity. When the nonlinearity is small, the beam diffracts. Increasing the
applied voltage (thus increasing the nonlinearity) a self-defocusing gap soli-
ton residing in the first bandgap of the band structure is formed. This family
of solitons was first observed in [6].

There is a plethora of works based on DNLS type Equations and, during
the last years, on lattice NLS equations. Pairs of out-of-phase solitons, which
resemble twisted localized modes were observed in [62]. Self-focusing gap soli-
tons were reported in waveguide arrays in [63]. Properties of gap solitons such
as Bloch wave interactions [64] and controlled generation and steering [65]
have also been studied.

Modulational instability of plane wave solutions has been theoretically
analyzed in [3, 66]. Modulational instability was observed in AlGaAs waveg-
uide arrays with self-focusing nonlinearity [67]. Such instabilities occur as
long as the spatial Bloch momentum of the initial excitation is within the
normal diffraction region of the Brillouin zone. Modulation instability in the
anomalous-diffraction regions of a photonic lattice has been observed in [68].
The experiments were carried out in a 1D waveguide array fabricated in a
lithium niobate crystal displaying the photovoltaic self-defocusing nonlinear-
ity.

Another basic family of solutions supported by a lattice is that of dark
solitons. Dark discrete solitons have the form of a dip in a uniform background
of light. Theoretically, their properties have been studied in the discrete do-
main [69]. Experimentally, they have been observed in self-focusing waveguide
arrays, that support dark gap solitons [70, 63]. Notice that in order to excite a
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dark soliton, a π step needs to be introduced at the center of the interference
pattern that results in a dark narrow notch in the shaped input beam.

The propagation of two different waves, which can be optical fields of
different colors or polarizations or mutually incoherent beams, is described
by a system of coupled nonlinear Schrödinger equations. Solutions of such
models are known as vector solitons [71]. The families of vector solitons in
discrete lattices have been analyzed and their stability has been studied in [72]
for strongly localized modes. Experimentally, discrete vector solitons were
reported in [73] in Kerr nonlinear waveguide arrays. The vector elements
consisted of two coherently coupled orthogonal polarizations. In spite of four-
wave mixing effects, such solitons were found to be stable. In the continuous
periodic model [74] or in discrete superlattices [75] the presence of multiple
Bragg gap can allow for more complicated localized vector structures, such as
multigap vector solitons, which have components with eigenvalues in different
gaps of the band structure.

Another two-component vector family is that of quadratic solitons. In such
media, the fundamental and the second harmonic interact to form a local-
ized soliton solution. Theoretically, discrete quadratic solitons were analyzed
in [76]. Discrete solitons with two frequency components mutually locked by
a quadratic nonlinearity have been observed in [77]. Experiments have been
performed in waveguide arrays with tunable quadratic nonlinearity.

Spatiotemporal effects have been analyzed theoretically in [78] and ex-
perimentally in [79]. Temporal dispersion results to a sharp transition from
strong diffraction at low powers to strong localization at high powers. In [80]
it was shown that two components consisting of a periodic and a localized
wave, such as that of an optical lattice, are exact vector soliton solutions of
the system. The analytic form of the solution was derived in [81]. Families
of exact solutions were also derived in [82] for the case of a linear-nonlinear
structure.

Recently, the study of discrete/lattice solitons at interfaces has attracted
considerable attention. Such solutions were first predicted to exist at the
edge of an array above a certain power threshold [83]. Surface lattice solitons
can also exist in the Bragg gap of an optical lattice [84]. Experimentally,
surface solitons were observed in [85] at the interface between a nonlinear
self-focusing waveguide lattice and a continuous medium. Surface gap solitons
were observed in [86].

Discrete solitons traveling in the transverse plane are known to decelerate
in periodic systems due to the presence of the Peierls-Nabaro potential [56,
87]. In [88] it was shown that by using a special prechirped ansatz traveling
waves are more robust as compared to regular linear chirp. In [89] it was
shown that in discrete systems with saturable nonlinearity traveling modes
can exist for specific values of the spectrum. Such solutions can be considered
as embedded solitons.
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Two-dimensional X-wave nondiffracting solutions are known to exist in
linear bidispersive optical systems [90]. This family of optical waves has been
excited in waveguide arrays, by using the interplay between discrete diffrac-
tion and normal temporal dispersion, in the presence of Kerr nonlinearity [91].

In the case of a periodic potential with a low-index defect, localized defect
modes exist as a result of repeated Bragg reflections [92]. Strongly confined
defect modes appear when the lattice intensity at the defect site is nonzero
rather than zero. Furthermore, it is possible to construct a waveguide lattice
that relies on the effect of bandgap (Bragg) guidance, rather than total inter-
nal reflection, in the regions between defects [93]. In the nonlinear regime the
Kerr effect can counteract diffraction leading to the formation of gap lattice
solitons.

Another family of solutions is that of dissipative discrete solitons. Such
solitons were studied first in the context of the discrete cubic-quintic Ginzburg-
Landau equation [94]. In that work, the basic families of solutions and their
stability were analyzed. Dissipative lattice solitons were also studied theoret-
ically in waveguide array configurations that involve periodically patterned
semiconductor optical amplifiers and saturable absorbers [95]. Exact solu-
tions for dissipative discrete solitons can be found, when the discretization of
the Ginzburg-Landau equation is similar to the Ablowitz-Ladik model [96].

The theoretical and experimental investigation of optical beam interac-
tions was reported on [97]. Discrete solitons in periodic diffraction managed
systems were studied in [98]. Lattice solitons have been studied in other set-
tings, such as nematic liquid crystals [99] which are supported due to a non-
local nonlinearity. For reviews on the properties of one-dimensional discrete
solitons see also [8, 100, 101, 102].

6 Two-dimensional lattice solitons

Two-dimensional settings allow better control of the flow of light as compared
to a planar geometry. For example, in [10, 11, 12] it was shown theoretically
that discrete solitons can be navigated in two-dimensional networks of non-
linear waveguide arrays. This can be accomplished via vector interactions
between two classes of discrete solitons: signals and blockers. Discrete soli-
tons in such two-dimensional networks can exhibit a rich variety of functional
operations, e.g., blocking, routing, logic functions, and time gating.

Following [49], we are going to analyze basic properties of solitons in 2D
periodic lattices. In Fig. 7 typical existence curves as well as field profiles of
two-dimensional LS are shown. The self-focusing soliton shown in Fig. 7(a)
exists in the semi-infinite (TIR) bandgap below the first band. On the other
hand, the self-defocusing solitons shown in Fig. 7(b) exist in the finite (Bragg)
bandgap between the first and the second band. It is important to notice that
a complete bandgap is always required for gap lattice solitons to exist; i.e.,
shallow potentials do not support gap lattice solitons. If the bandgap is only
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Fig. 7. The existence (power vs. eigenvalue) curves (top) for self-focusing (a) and
self-defocusing (b) Kerr nonlinearity. Gray areas represent bands. On the bottom
typical field profiles of these soliton families are depicted.

partial (a situation not encountered in 1D), an input beam will radiate due
to the interactions with the linear spectrum.

The power P conveyed by the solitons versus the eigenvalue q is shown
on the top of Fig. 7. Note that there is a minimum power threshold required
in order to observe a lattice soliton (in a finite or infinite bandgap) in two
dimensions. In the 1D case, such a threshold does not exist [25, 61] (see
Fig. 5). In the case of a semi-infinite band gap these results are in agreement
with the discrete nonlinear Schrödinger case [103, 104] as rigorously proven
in [105].

The existence curve also provides information on the stability of the soli-
tons. For the self-focusing case the stability can be determined by a straight-
forward application of the Vakhitov-Kolokolov criterion [106]. More specif-
ically, when ∂P/∂q < 0 the solutions are stable, while, close to the band
∂P/∂q > 0 and the lattice solitons become unstable. This analysis cannot be
applied directly to the defocusing case (the soliton amplitude has nodes).

In a Kerr nonlinear NLS equation in two (critical) or three (supercritical)
spatial dimensions an input beam collapses in finite time to a singularity. A
characteristic property of DNLS lattices is the absence of collapse irrespec-
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tively of the dimensionality of the problem [107]. However, this behavior does
not always convey to periodic systems [108]. Specifically, when the soliton is
highly confined into the lattice, it becomes unstable in the supercritical case.
In the critical case, although the soliton is mathematically stable, its basin
of attraction is so small that the lattice soliton is physically unstable. On
the other hand, broad solitons in critical and supercritical dimensions can
be stable if the lattice confinement is high, in agreement with the discrete
model.

(a) (b)

Fig. 8. Experimental results depicting the intensity structure of the probe beam
at the exit facet of the 6mm long crystal. (a) self-focusing nonlinearity; discrete
diffraction at low intensity (bottom), and formation of self-focusing TIR lattice
solitons at high intensities (top). (b) self-defocusing nonlinearity; discrete diffraction
at low intensity (bottom), formation of self-defocusing gap lattice solitons at high
intensities (top).

Following [7] experimental results of 2D lattice solitons are shown in
Fig. 8. The waveguide arrays is induced in real time, in a photosensitive ma-
terial from two pairs of plane waves. A separate “probe” beam is launched
into the periodic waveguide array. The experimental results for self-focusing
nonlinearity are shown in Fig. 8(a). The “Bloch momentum” of the probe
beam is zero (base of the 1st Brillouin zone). The probe beam is launched
into a single waveguide. At low voltages, the beam propagates, essentially,
linearly and as a result discrete diffraction concentrates the signal intensity
into the outer perimeter of a square [Fig. 8(a) bottom]. For a stronger non-
linearity (at higher voltage), self-focusing dominates and a lattice soliton is
formed [Fig. 8(a) top]. An interferogram of this soliton (not shown), obtained
by interfering the soliton output beam with a plane wave, shows constructive
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interference of all the elements; that is, the central peak is in-phase with its
neighbours.

The formation of self-defocusing lattice solitons is shown in Fig. 8(b). In
this case the Bloch momentum of the “probe” beam lies in the vicinity of the
M point of the first Brillouin zone, so as to excite gap lattice solitons with
eigenvalues inside the first bandgap. At low voltages, a diffuse diffraction
pattern occurs [Fig. 8(a) bottom], while a self-defocusing gap lattice soliton
is observed [Fig. 8(a) top] at a higher nonlinearity. Self-focusing solitons in
the TIR regime have also been shown in [109]. An interferogram (not shown)
confirms the π phase difference between first neighbors: the central peak
is lowered while the surrounding lobes increase their intensity, indicating
destructive and constructive interference, respectively.

Interaction of a 2D lattice soliton with a lattice was shown in [110]. In this
work, other phenomena such as lattice dislocation, and creation of structures
akin to optical polarons were demonstrated. Two-dimensional gap lattice
solitons can also exist in the presence of self-focusing nolninearity. Such a
family of solutions was studied theoretically and experimentally in [111].

Two-dimensional lattice solitons at interfaces have been studied theoret-
ically in [112, 113]. Experimentally, surface lattice solitons were observed at
the boundaries of a finite optically induced photonic lattice [114] and at the
edge of femtosecond laser-written waveguide arrays in fused silica [115].

Families of two-dimensional dissipative Ginzburg-Landau solitons have
been studied in [116]. Discrete solitons and their stability in Honeycomb
lattices were examined theoretically in [33]. Two-dimensional TIR and gap
solitons in such lattices were observed in [18, 19]. In square lattices, dipole
like modes [117] and two-dimensional lattice vector solitons [118] have been
studied theoretically and experimentally.

Nondiffractive rotary Bessel lattices can support families of localized
waves. In particular, in addition to the lowest order soliton trapped in the
center of the lattice, solitons can be trapped at different lattice rings [20, 21].

Quasicrystals are structures with long range order but no periodicity.
The lack of periodicity excludes the possibility of describing quasicrystals
with analytical tools, such as Bloch’s theorem and Brillouin zones. In [22] it
was demonstrated that light launched at different quasicrystal sites travels
through the lattice in a way equivalent to quantum tunneling of electrons in
a quasiperiodic potential. At high intensities lattice solitons are formed.

Anderson localization theory predicts that an electron may become im-
mobile when placed in a disordered lattice. The origin of localization is in-
terference between multiple scatterings of the electron by random defects in
the potential altering the einenmodes from being extended (Floquet-Bloch
waves) to exponentially localized. In [119] the experimental observation of
Anderson localization in a perturbed periodic potential was reported.
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7 Vortex solitons in lattices

Vortex solitons are self-localized solutions of nonlinear wave equations, which
are characterized by a phase singularity at the pivotal point. The phase charge
of a simple closed curve surrounding the vortex core is equal to 2πm, where
m is the integer vorticity of the solution.

Fig. 9. Calculated intensity and phase of (a),(b) the on-site and (c),(d) the off-
site vortex lattice solitons, along with the output diffraction pattern of (e), (f) the
off-site vortex at z = 800.

The optical case of discrete vortices was considered in Kerr nonlinear
waveguide arrays, where on-site vortices (vortices whose singularity is lo-
cated on a lattice site) [120] and off-site vortices (vortices whose singularity
is located between sites) [109, 121] were studied. Both cases were found to
be stable within a certain range of parameters. Experimental results on op-
tical vortex solitons were presented in [122, 123]. Here, we present results
from [122].

Typical beam propagation results showing on-site and off-site vortex soli-
tons for z = 800 are given in Figs. 9(a)-9(d). The main four “lobes” all have
the same peak intensity and, importantly, each lobe is π/2 out of phase with
its neighbors. Note again that the singularity of the on-site vortex is centered
on a lattice site [Figs. 9(a) and 9(b)], whereas the singularity of the off-axis
vortex is centered between four lattice sites [Figs. 9(c) and 9(d)]. The soliton
exhibits stationary propagation, and the shapes of the vortices remain un-
changed; i.e., these are, indeed, vortex lattice solitons. For comparison, when
the nonlinearity is set to zero, the vortices diffract by tunneling between lat-
tice sites, as shown in Figs. 9(e) and 9(f) for the off-site vortex after z = 800.
Note that the phase of the diffracting beam maintains its spiral structure
throughout diffraction [Fig. 9(f)].
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Fig. 10. Experimental results at the output face of crystal. (a),(b) Diffraction at
100 V: (a) intensity and (b) phase information formed by interference of output
with a plane wave. (c) Typical on-site soliton at 700 V, and (d) relative phase from
an interferogram. (e) Typical off-site soliton at 700 V, and (f) relative phase from
an interferogram. Note that phase information is extremely sensitive to background
noise, so only the interference patterns from the relevant lattice sites are shown.

Experimental results are shown in Fig. 10. The photorefractive screening
nonlinearity is controlled by applying voltage against the crystalline c axis. At
a low voltage (∼ 100 V), the output diffraction of both the on-site and off-site
vortices looks similar. Figures 10(a) and 10(b) show the diffraction pattern
of an on-site vortex after 5 mm of propagation, showing that both the hole
and the width of the ring expand through the lattice. The ring expands to
roughly 3 times its original size [Fig. 10(a)], while an interferogram, created
by interfering the output pattern with a plane wave, clearly shows the 0 → 2π
spiral phase structure of the vortex [Fig. 10(b)]. At around 700 V, the input
vortices become vortex lattice solitons and maintain their structure (intensity
and phase) while propagating. Figures 10(c) and 10(d) show the intensity and
phase of an on-site soliton, while Figs. 10(e) and 10(f) show those features
for an off-site soliton. Because phase information is very sensitive to noise
in the system, only the relative phase of the relevant (soliton) lattice sites is
shown for clarity.

Other families of vortices have been subsequently studied. These include
higher-band vortex solitons [124, 125], asymmetric vortex solitons [126], and
multivortex solitons in triangular photonic lattices [127].

8 Random-phase lattice solitons

This chapter has dealt with coherent nonlinear phenomena in discrete lat-
tices. It should be pointed out that many interesting nonlinear phenomena
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with partially incoherent light in photonic lattices have been discovered in
the past few years. Lattice solitons made of partially-incoherent light were
theoretically predicted in [128]. The first experimental observation of such
solitons [129] has shown that due to the simultaneous excitation of multiple
bands, and the interplay of dispersion in a lattice and the nonlinearity, the
spatial power spectra of the observed solitons is multi-humped, with humps
being located in the normal diffraction regions for self-focusing nonlinearity
and vice versa for the self-defocusing nonlinearity. The dynamics of incoher-
ent light in nonlinear lattices, which leads to such intricate structures has
lead to a technique for Brillouin zone spectroscopy [130], and studies of other
nonlinear phenomena with incoherent light in photonic lattices (e.g., see [131]
and Refs. therein).
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R. Morandotti, H. Yang, G. Salamo, and M. Sorel. “Observation of discrete
surface solitons.” Phys. Rev. Lett. 96, 063901 (4 pages) (2006).

86. C. R. Rosberg, D. N. Neshev, W. Krolikowski, A. Mitchell, R. A. Vicencio,
M. I. Molina, and Y. S. Kivshar. “Observation of surface gap solitons in semi-
infinite waveguide arrays.” Phys. Rev. Lett. 97, 083901 (4 pages) (2006).

87. R. Morandotti, U. Peschel, J. S. Aitchison, H. S. Eisenberg, and Y. Silberberg.
“Dynamics of discrete solitons in optical waveguide arrays.” Phys. Rev. Lett.
83, 2726–2729 (1999).

88. M. J. Ablowitz, Z. H. Musslimani, and G. Biondini. “Methods for discrete
solitons in nonlinear lattices.” Phys. Rev. E 65, 026602 (4 pages) (2002).

89. T. R. O. Melvin, A. R. Champneys, P. G. Kevrekidis, and J. Cuevas. “Ra-
diationless traveling waves in saturable nonlinear schrödinger lattices.” Phys.
Rev. Lett. 97, 124101 (4 pages) (2006).

90. D. N. Christodoulides, N. K. Efremidis, P. Di Trapani, and B. A. Malomed.
“Bessel x waves in two- and three-dimensional bidispersive optical systems.”
Opt. Lett. 29, 1446–1448 (2003).

91. Y. Lahini, E. Frumker, Y. Silberberg, S. Droulias, K. Hizanidis, R. Morandotti,
and D. N. Christodoulides. “Discrete x-wave formation in nonlinearwaveguide
arrays.” Phys. Rev. Lett. 98, 023901 (4 pages) (2007).



28 Nikolaos K. Efremidis et al.

92. F. Fedele, J. Yang, and Z. Chen. “Defect modes in one-dimensional photonic
lattices.” Opt. Lett. 30, 1506–1508 (2005).

93. N. K. Efremidis and K. Hizanidis. “Bandgap lattices: low index solitons and
linear properties.” Opt. Express 13, 10571–10588 (2005).

94. N. K. Efremidis and D. N. Christodoulides. “Discrete ginzburg-landau soli-
tons.” Phys. Rev. E 67, 026606 (5 pages) (2003).

95. E. A. Ultanir, G. I. Stegeman, and D. N. Christodoulides. “Dissipative pho-
tonic lattice solitons.” Opt. Lett. 29, 845–847 (2004).

96. K.-i. Maruno, A. Ankiewicz, and N. Akhmediev. “Exact localized and periodic
solutions of the discrete complex Ginzburg-Landau equation.” Opt. Commun.
221, 199–209 (2003).

97. J. Meier, G. I. Stegeman, Y. Silberberg, R. Morandotti, and J. S. Aitchison.
“Nonlinear optical beam interactions inwaveguide arrays.” Phys. Rev. Lett.
93, 093903 (4 pages) (2004).

98. M. J. Ablowitz and Musslimani. “Discrete diffraction managed spatial soli-
tons.” Phys. Rev. Lett. 87 (2001).

99. G. Assanto, A. Fratalocchi, and M. Peccianti. “Spatial solitons in nematic
liquid crystals: from bulk to discrete.” Opt. Express 15, 5248–5259 (2007).

100. A. B. Aceves, C. De Angelis, T. Peschel, R. Muschall, F. Lederer, S. Trillo, and
S. Wabnitz. “Discrete self-trapping, soliton interactions, and beam steering
in nonlinear waveguide arrays.” Phys. Rev. E 53, 1172–1189 (1996).

101. H. S. Eisenberg, R. Morandotti, Y. Silberberg, J. M. Arnold, G. Pennelli,
and J. S. Aitchison. “Optical discrete solitons in waveguide arrays. I. soliton
formation.” J. Opt. Soc. Am. B 19, 2938–2944 (2002).

102. U. Peschel, R. Morandotti, J. M. Arnold, J. S. Aitchison, H. S. Eisenberg,
Y. Silberberg, T. Pertsch, and F. Lederer. “Optical discrete solitons in waveg-
uide arrays. 2. dynamic properties.” J. Opt. Soc. Am. B 19, 2637–2644 (2002).

103. V. K. Mezentsev, S. L. Musher, I. V. Ryzhenkova, and S. K. Turitsyn. “Two-
dimensional solitons in discrete systems.” JETP Lett. 60, 829–835 (1994).

104. S. Flach, K. Kladko, and R. S. MacKay. “Energy tresholds for discrete
breathers in one-, two-, and three-dimensional lattices.” Phys. Rev. Lett.
78, 1207–1210 (1997).

105. M. I. Weinstein. “Excitation thresholds for nonlinear localized modes on lat-
tices.” Nonlinearity 12, 673–691 (1999).

106. N. G. Vakhitov and A. A. Kolokolov. “Stationary solutions of the wave equa-
tion in a medium with nonlinearity saturation.” Radiophys. Quantum Elec-
tron. 16, 783–789 (1973).

107. E. Laedke, K. Spatschek, and S. Turitsyn. “Stability of discrete solitons and
quasicollapse to intrinsically localized modes.” Phys. Rev. Lett. 73, 1055–1059
(1994).

108. Y. Sivan, G. Fibich, N. K. Efremidis, and S. Bar-Ad. “Analytic theory of
narrow lattice solitons.” Nonlinearity 21, 509–536 (2008).

109. J. Yang and Z. H. Musslimani. “Fundamental and vortex solitons in a two-
dimensional optical lattice.” Opt. Lett. 21, 2094–2096 (2003).

110. H. Martin, E. D. Eugenieva, Z. Chen, and D. N. Christodoulides. “Discrete
solitons and soliton-induced dislocations in partially coherent photonic lat-
tices.” Phys. Rev. Lett. 92, 123902 (4 pages) (2004).
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