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Summary. In this chapter, we present a review of recent results concerning dissi-
pative lattices of Ginzburg-Landau type. Firstly, we study effects such as complex
discrete diffraction, as well as Bloch oscillations, arising from the linear properties of
such systems. Subsequently, using a generic cubic-quintic nonlinearity, we identify
self-localized dissipative discrete soliton solutions, and study their characteristics.

1 Introduction

The complex Ginzburg-Landau (GL) equation is known to play a ubiquitous
role in science. This equation is encountered in several diverse branches of
physics, for example in superconductivity and superfluidity, non-equilibrium
fluid dynamics and chemical systems, nonlinear optics and Bose-Einstein con-
densates [1, 2, 3, 4, 5, 6]. In general, the very nature of the GL system is such
that it can provide rich behavior, ranging from chaos and pattern formation
to self-localized solutions or solitons. In the latter regime, GL dissipative
solitons (or auto-solitons) are possible as a result of the interplay between
linear/nonlinear gain, nonlinearity and complex dispersion [7, 8, 9, 10]. Over
the years, the soliton solutions of the Ginzburg-Landau equation and their
underlying dynamics have been the subject of intense investigation. Such
pulse-like soliton states were first identified within the context of the cubic
GL model [7, 8], and subsequently in the generalized quintic regime [4, 9, 10],
and, typically, they represent chirped coherent structures (or one-dimensional
defects) that are obtained through heteroclinic trajectories in the phase space
of the stationary GL equation. Several types of solitary wave solutions of the
continuous GL equation have been identified over the last few years. These in-
clude flat-top solutions in one and two dimensions [11, 12], erupting (explod-
ing) and creeping solitons [13, 12] and spiraling solitons carrying topological
charge [14, 15].

Quite recently, the behavior of nonlinear discrete optical systems has re-
ceived considerable attention [16, 17]. Because of discreteness, the properties
of this class of systems are artificially altered, and, as a result, their nonlin-
ear behavior is known to exhibit features that are otherwise impossible in the
bulk/continuous regime. In optics [16], nonlinear arrays of nearest-neighbor-
coupled waveguides have provided a fertile ground where such discrete
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nonlinear interactions of the discrete nonlinear Schrödinger-type can be ex-
perimentally observed and investigated [18]. In the presence of loss or gain,
these lattices become dissipative, and can be described by discrete Ginzburg-
Landau (DGL) type models. Such DGL lattices are quite often used to de-
scribe a number of physical systems, such as Taylor and frustrated vortices
in hydrodynamics [19] and laser arrays and semiconductor optical amplifiers
in optics [20, 21]. In these latter studies, the DGL model has been predom-
inantly used in connection with spatio-temporal chaos, instabilities and tur-
bulence [22]. However, discrete soliton (DS) solutions of the DGL model have
not been identified until very recently [23]. In addition, discrete solitons have
been identified in dissipative lattices of Ablowitz-Ladik type [24], as well as
in optical cavities [25].

In this chapter, we present a review concerning the linear and nonlin-
ear properties of Ginzburg-Landau discrete chains [23, 26]. More specifically,
we first analyze the complex dispersion properties within a Brillouin zone.
As a result of discreteness, the dispersion/diffraction behavior of a GL lat-
tice differs substantially from that encountered in conservative arrays [16].
In addition, we study the effect of a linear refractive index modulation in
a low-power system of active waveguides (such as laser arrays or semicon-
ductor optical amplifier lattices), and study Bloch oscillations of complex
type. In optics, Bloch oscillations have been predicted [27] and experimen-
tally demonstrated in waveguide arrays [28, 29]. One would naturally expect
that the presence of gain and loss would prevent the existence of periodic
Bloch oscillations. However, as it is shown, Bloch oscillations are still pos-
sible, even though gain and loss mechanisms allow energy exchange in this
system [26], and in spite of the fact that, in general, the total power will
increase or decrease exponentially. For a specific choice of the parameters,
the total gain compensates for the loss, and this results, on average, in a
constant power envelope. This is in contrast to regular lattices with zero re-
fractive index modulation, where either the in-phase or the π-out-of-phase
evanescently-coupled modes (corresponding to the base and the edge of the
first Brillouin zone) are preferentially amplified. In the nonlinear regime, we
study the properties of discrete soliton solutions [23]. In general, two new
types of DGL solitons can exist under the same conditions. These solutions
are located either at the base or at the edge of the Brillouin zone, and they bi-
furcate at different values of the linear gain. Due to discreteness, the system
exhibits novel features that have no counterparts whatsoever in either the
continuous GL limit or in other conservative discrete models [16, 18] [as in
discrete nonlinear Schrödinger (DNLS) chains]. These include, for example,
on-site and intra-site bright DGL solitons that can both be stable, as well as
new bifurcation types that cannot be identified in the continuous case. Ap-
proximate discrete solitons solutions, which are in excellent agreement with
the numerically-found ones, are also obtained. These solutions are valid when



Discrete Ginzburg-Landau Solitons 311

the discrete solitons are quite broad (occupying many lattice sites), or narrow,
i.e., when most of the power is essentially located in a few lattice sites.

2 Formulation

In general, the cubic-quintic DGL equation is given by

iu̇n − iεun + α(un+1 + un−1) + p|un|2un + q|un|4un = 0 , (1)

where p = pr + ipi, q = qr + iqi, α = αr + iαi, ε is a real parameter and u̇n

is the partial derivative of un with respect to space or time (depending on
the specific problem). Here, without loss of generality, we will assume that
u̇n = dun/dz. Physically, the discretization in (1) occurs by applying the
tight-binding approximation (or coupled mode theory) [21, 30]. The original
continuous system, which is periodic in space, is expanded into local modes
whose amplitudes are described by the corresponding discrete model. In (1),
αr accounts for the energy tunneling between adjacent elements of the lattice,
while its imaginary part stands for gain/loss due to coupling. The real parts
of p and q represent the strengths of the cubic and quintic nonlinearities of
the system, while ε, pi, qi are the linear and nonlinear gain/loss coefficients.

Within the context of nonlinear optics, the DGL equation can arise in the
description of semiconductor laser arrays [21] and in semiconductor optical
amplifiers [31] (due to applying a refractive index modulation along the crys-
tal), where the quintic term can account for the gain/nonlinearity saturation
of the lasing medium. The DGL equation can also describe the dynamics
of an open Bose-Einstein condensate. In this case, the lattice potential is
created by the interference of two optical standing waves [32] and, in this
situation, solitons of the discrete nonlinear Schrödinger type are known to
exist [33]. The dissipation of the Bose-Einstein condensate naturally occurs
in an open condensate, while gain can result from the interaction between
the condensed and the uncondensed atoms [34, 35]. Note that, in all of these
cases, it is common practice to write the original saturable nonlinearity of
the system in terms of a cubic-quintic expansion, and this, in turn, conveys
the fundamental properties of the original model [21, 35].

3 Linear Properties

3.1 Discrete Diffraction

We begin our analysis by considering the linear dispersion properties of the
DGL equation. To do so, we write

un ∝ exp(ikz − iθn) ,
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where k = kr + iki is the complex propagation wave-number and θ is the
wave momentum inside the lattice. The real and imaginary parts of (1) are
then found to satisfy

kr = 2αr cos θ , (2)
ki = −ε + 2αi cos θ . (3)

In Fig. 1, kr and ki are plotted as functions of θ. Equation (2) describes
the dispersive properties of the lattice within the Brillouin zone, as defined
in the region |θ| ≤ π. When |θ| < π/2 and αr > 0, the curvature of the
dispersion relation [(2)] implies that the effective diffraction of the array is
normal. On the other hand, when π/2 < |θ| < π (and αr > 0), the effective
diffraction of the array becomes anomalous, and, of course, these regimes are
reversed for αr < 0.
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Fig. 1. (a) The dispersion curve for the array when αr = 1, and (b) ki (associated
with the instability growth rate) as a function of θ for αi = 1 and ε = −2, 0, 2

The imaginary part of the propagation wave-number [(2)] is directly re-
lated to the growth rate of the perturbations of the “zero amplitude” solu-
tion. In particular, any perturbation frequency, θ, that satisfies the condition
ki < 0, will grow exponentially with a growth rate

gd(θ) = ε− 2αi cos θ . (4)

We emphasize that this growth rate is a periodic function of θ with period
2π, i.e., gd(θ + 2πn) = gd(θ), where n is an integer. From all the possible
frequencies, θ, within the Brillouin zone, only those that satisfy the inequal-
ity ε > 2αi cos θ will eventually develop instabilities. Therefore, the “zero
amplitude” solution is absolutely stable for

ε < −2|αi| . (5)

On the other hand, when ε > 2|αi|, every frequency is amplified, and the
maximum growth rate (which occurs either at the base or at the edge of the
Brillouin zone) is given by ε+2|αi|. In the regime between the two aforemen-
tioned cases, i.e., when −2|αi| < ε < 2|αi|, only a subset of the frequencies
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(i.e. those satisfying ε > 2αi cos θ) will be amplified, while the rest of them
will decay. Note that the instability behavior of the “zero amplitude” solution
of the DGL is fundamentally different from that arising in the continuous GL
limit; it is described by (Sect. 5.1)

gc(θ) = ε′ + αiθ
2 . (6)

Apparently, in the continuous limit, the stability properties are strongly af-
fected by the sign of the diffusion coefficient, αi, and, in fact, for αi > 0, the
“zero amplitude” solution will always be unstable, regardless of the value of
ε. Thus, in order to stabilize the background of a self-localized state, it is
essential to have αi < 0. On the other hand, the DGL model has the inter-
esting property that the background can be stabilized for both signs of αi by
choosing the linear gain ε of the system in an appropriate manner.

The linear part of (1) also supports exponentially-decaying/growing solu-
tions of the form

un ∝ exp(±sn + ikz) , (7)

where the parameters of (7) obey

k = 2αr cosh sr cos si − 2αi sinh sr sin si , (8)

ε = 2αr sinh sr sin si + 2αi cosh sr cos si . (9)

We would like to mention that, in the linear regime, (1) can be solved
analytically. When only one lattice element is initially excited (say n = 0 at
z = 0), the field profile at z is given by

un(z) = u0Jn(2αz)eiπn/2eεz , (10)

where Jn(x) (with complex argument) is a Bessel function of the first kind
with integer order n. The evolution of more involved initial field patterns can
be readily obtained by simple superposition from this impulse response. In
Fig. 2a–d, the impulse response of the lattice at z = 3 is depicted for α =
1, 1 + i, i,−i, respectively. In Fig. 2c, the out-of-phase mode is preferentially
amplified, while in Fig. 2d, the mode is in-phase at the output.

3.2 Bloch Oscillations

Bloch was the first to show that an electron wavefunction has the tendency
to periodically revive when an external potential is applied to the periodic
lattice of a solid [36]. In optics, Bloch oscillations were predicted [27] and
have been experimentally demonstrated in waveguide arrays [28, 29]. Let us
introduce a linear refractive index modulation in a waveguide array or an
additional linear potential in a Bose-Einstein condensate. In this case, the
evolution of a low power field will obey
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Fig. 2. Field profile of linear impulse response of the lattice at z = 3. In (a), ε = 0,
while in (b)–(d), ε = −1

iu̇n − iεun + α(un+1 + un−1) + βnun = 0 , (11)

where β is proportional to the modulation of the lattice. Since αr repre-
sents the nearest-neighbor element coupling coefficient among the fundamen-
tal (zero-node) local modes, it is natural to assume that αr > 0.

We consider the possibility of Bloch oscillations in such a dissipative lat-
tice. Extending the analysis of [27] to the complex domain, we find an exact
solution for the impulse response of (11):

un(z) = Jn

[
4α
β

sin
(

βz

2

)]
exp

[
in
2

(βz + π)
]

eεz . (12)

Here, Jn(x) is a Bessel function with a complex argument. Apart from the
last exponential term in (12), the intensity of this wavefunction repeats itself
after

Z0 = 2π/β . (13)

Apparently, the evolution of more complicated wavepackets will be given from
superpositions of (12). The last term in (12) indicates that, on average, the
power

P =
∑

n

|un|2 (14)

will increase or decrease according to

〈P 〉 ∼ exp(2εz) . (15)
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Notice that the average in (15) is taken over one period of the oscillations,
Z0:

〈P 〉 =
1
Z0

∫ z+Z0

z

P (z)dz . (16)

In order to better understand the effect of the linear tilt displayed in
(11), we will compare these results with the zero-tilt case. If β = 0, (11) has
a complex dispersion curve allowing plane-wave solutions, as shown in the
previous section. Obviously, under such conditions, where some modes are
amplified more than others, periodic revivals of an input intensity pattern
cannot occur.

If β is non-zero, the behavior of the system is very different. In Fig. 3,
we can see the intensity evolution of a single waveguide excitation. The con-
servative case depicted on the left-hand-side is identical to the one discussed
in [27]. Since there are no dissipation processes occurring in this case, the
power is conserved with z. For the right-hand-side diagram, the coefficients
are complex, i.e., α = 1 ± i0.4 and ε = 0, and so the total power is not lo-
cally conserved. The total power of the beam initially increases and attains
a maximum at z = Z0/2, but after that it decreases and the initial waveform
recurs at z = Z0. If ε is non-zero, the input beam will still demonstrate a
similar behavior, apart from an average growth in its power, given by (15).
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Fig. 3. Evolution of a single waveguide excitation when ε = 0, β = 1. For the
left-hand-side diagram, α = 1, while for the right-hand-side one, α = 1 ± i0.4
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Qualitatively, this behavior can be understood on the basis that β causes
the Bloch momentum θ to periodically scan the complex dispersion curves.
As θ periodically oscillates in the Brillouin zone, the input beam experiences
both normal and anomalous dispersion. In a similar way, due to the change
in the value of θ, the growth rate is also periodically modulated. Interestingly
enough, and since the impulse response excites the whole spectrum equally,
the intensity profile is identical for both signs of αi.

Another example is depicted in Fig. 4, where an initially-in-phase
Gaussian beam of the form

un = exp(−((n− n0)/A)2) (17)

is launched into the lattice with A = 2. In this example, ε = 0. On the
left-hand-side, α = 1 and so the power, P , remains invariant along z. In the
middle plots, α = 1 + i0.3. Again, the P − z diagram can be qualitatively
explained. Since the initial configuration is in-phase, and αi > 0, the beam
will initially experience loss. After some propagation length, the out-of-phase
pattern grows and the power starts to increase with z. After approximately
half a period, the phase of the pattern will shift and will have a tendency
to become in-phase, thus experiencing losses. After one period, the input
wavepacket is restored. The situation is different in the right-hand-side dia-
gram, where α = 1 − i0.3. Since αi < 0, the in-phase patterns will have a
tendency to gain power. Thus, as we can see from the P − z diagram, the
power increases with z when the beam is launched.
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Fig. 4. Evolution of a Gaussian beam in a lattice with β = 1, ε = 0 and A = 2,
when (a) α = 1 (left-hand-side), (b) α = 1+i3 (middle column), and (c) α = 1− i3
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This refractive index ladder also affects the stability of the zero back-
ground. Such an investigation is of interest when studying the stability of
self-confined dissipative solitons. If β = 0, then the zero background should
be stable for all values of θ, and so the necessary and sufficient stability con-
dition is ε < −2|αi| [(5)]. However, if β differs from zero, then, due to the
periodic variations of θ inside the Brillouin zone, stability can be established
when the average growth is negative,

gavg =
∫ π

0

g(θ)dθ = 2πε < 0 , (18)

or
ε < 0 . (19)

By comparing the stability conditions, (5) and (19), it becomes apparent that
a refractive index ladder improves the stability of the background.

4 Nonlinear Properties

4.1 Long Wavelength Regime

When a nonlinear wave is broad enough, i.e., it has an envelope that varies
slowly with the index n, the long wavelength approximation can be applied.
By studying the resulting continuous equation, many of the properties of the
original discrete model, and especially those related to the Hopf bifurcation
of the DS with the “zero amplitude” solution, can be revealed. Initially, we
apply a phase transformation to the field,

un = vn exp(iθn) , (20)

resulting in

iv̇n − iεvn + α(un+1eiθ + un−1e−iθ) + p|un|2un + q|un|4un = 0 , (21)

where θ is the linear phase difference between adjacent elements of the lattice.
We can associate the discrete field, vn, with a continuous function v(x):

xn = n∆x , v(xn) = vn . (22)

Without loss of generality, we will assume that ∆x = 1. Of course, the so-
lution of the original problem (21) can be reconstructed by sampling the
continuous field v(x) at the discrete points xn. The field at lattice elements
adjacent to n can be found be using the following Taylor expansion:

vn±1 =
∞∑

n=0

(±1)n

n!
∂nv(x)
∂xn

. (23)
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Substituting (23) into (21), we find

i
∂v

∂z
− iεv + 2α

∞∑
n=0

[
cos θ
(2n)!

∂2nv

∂x2n
+

i sin θ

(2n + 1)!
∂2n+1v

∂x2n+1

]
+ p|v|2v + q|v|4v = 0 .

(24)
Equation (24) is equivalent to the following integro-differential equation:

i
∂v

∂z
− iεv +

α

π

∫ ∞

−∞
dx′

∫ ∞

−∞
dq cos(θ − q)eiq(x′−x)v(x′) + p|v|2v + q|v|4v = 0 .

(25)
We would like to mention that (25) is quite involved, and very little

information about the dynamics of the DGL system can easily be derived
from it. For this reason, we will further simplify (24) by employing the long-
wavelength approximation.

In this latter regime, we assume that the discrete field varies quite slowly
with the lattice index, i.e.,

|vn±1 − vn| � 1 . (26)

Utilizing (23) allows us to write the corresponding condition for the envelope:
∣∣∣∣∣
∞∑

n=1

(±1)n

n!
∂nv(x)
∂xn

∣∣∣∣∣ � 1 . (27)

Assuming that v varies slowly with x as v = v(σx), where σ � 1, keeping
terms up to the second order in σ, and applying the transformation v(x, z) =
U(x, z) exp(iαrx), we arrive at:

i
(

∂U

∂z
+ c

∂U

∂x

)
− iε′U + α′ ∂

2U

∂x2
+ p|U |2U + q|U |4U = 0 , (28)

where
ε′ = ε− 2αi cos θ , (29)

c = 2α sin θ , (30)

end
α′ = α cos θ . (31)

Changing the co-ordinate system to

X = x− cz, Z = z , (32)

we obtain the following cubic-quintic Ginzburg-Landau equation:

i
∂U

∂Z
− iε′U + α′ ∂

2U

∂X2
+ p|U |2U + q|U |4U = 0 . (33)
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Equation (33) can help us understand the Hopf bifurcations of the soliton
solutions with zero background. Exact soliton solutions of (33) were first
found in [10]. Since we are interested in low-intensity solutions, it is natural
to assume that the quintic term is negligible. Under this assumption, the
bright soliton solution of (33) reduces to [7]

U(X,Z) = A [sech(ηX)]1+iµ eikZ , (34)

where

µ =
3b±

√
9b2 + 8a2

2a
, (35)

η2 =
ε

2µαr + αi(1 − µ2)
, (36)

k = η2[αr(1 − µ2)2µαi] , (37)

A2 = −
3µ

(
α2

r + α2
i

)
a

η2 , (38)

a = prαi − piαr , b = prαr − piαi . (39)

Note that the plus/minus signs in (35) correspond to opposite signs of µ, of
which only one satisfies the constraints η2 > 0 and A2 > 0. Using (38), we
can see that the pulse width, 1/η, of a soliton is inversely proportional to its
amplitude A, and this, in turn, confirms our original assumption. Again, we
would like to mention that the expressions derived here are valid for solutions
that are sufficiently broad.

4.2 Highly-Confined Discrete Solitons

At the other extreme, i.e., when the discrete solitons are highly confined
inside the lattice, these solutions are accurately described by

u = u0 exp(−s|n| + iλz) , (40)

where the parameters of the solution satisfy

λ + iε = 2α cosh s (41)

and
sinh s = u2

0

(
p + qu2

0

)
/(2α) . (42)

In addition, one can obtain valuable information from the DS tails, since
locally, un ∝ exp(iλz−s|n|) is satified. In this case, the relations/constraints
of (8)–(9) hold true.
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Using a perturbation method for the cubic model, one can accurately
estimate:

u2
0 =

(√
ε

pi
−
√

pi

ε

2prαrαi + pi(α2
i − α2

r)
ε(p2

r + p2
i )

)2

, (43)

k =
prε

pi
− 4

αrαi(p2
r − p2

i ) + prpi(α2
i − α2

r)
ε(p2

r + p2
i )

(44)

u±1 =
α

p

√
pi

ε
(45)

while similar expressions can be obtained for the quintic model. Again, for
asymptotically-large values of the maximum intensity, |u0|2 is linearly-related
to ε.

4.3 Discrete Solitons and Their Bifurcations

We will now investigate the structure, as well as some of the basic properties,
of DS states existing in the GL lattice. To do so, we look for stationary
localized modes, un = exp(iλz)vn, of (1). Then the resulting algebraic system
is solved numerically using the Newton iteration method. Note that (1) is
subject to certain symmetries that can be used to reduce the parameter
space of the system under study. We note that, by employing the phase
transformation un → un exp(iπn), along with α → −α, (1) remains invariant.
This, in turn, allows the one-to-one mapping α ↔ −α. Here, without any loss
of generality, we assume that αr > 0. A second symmetry also exists, viz.
z → −z, and un → exp(iπn)un, p → −p, q → −q, which is used by applying
an additional constraint, pr > 0, to the system. In doing so, we consider
immobile GL discrete solitons that reside either at the base (θ = 0), or at the
edge (θ = π), of the Brillouin zone [37]. For θ = 0, the DS bifurcates from
the zero solution at ε = 2αi, while in the case θ = π, the DS bifurcates at
ε = −2αi. It is important to note that the existence of these two bifurcation
points is a result of the periodicity introduced by the lattice model, and is
in clear contrast to the continuous GL equation, where only one bifurcation
occurs when the linear gain is zero.

In Fig. 5, typical co-dimension 1 bifurcation diagrams of the cubic DGL
model are depicted. Figures 5a and c show bifurcations for DS located at the
base of the Brillouin zone, whereas the curves of Fig. 5b and d correspond
to the edge of the zone. As in the continuous GL case, these bifurcations are
super-critical when pi > 0 and sub-critical when pi < 0. In all the bifurcation
figures, solid and dash-dotted curves represent stable and unstable branches,
respectively.

Close to the bifurcation point, the DS are quite broad, and, as a result, the
numerically-found curves shown in Fig. 5 (with either θ = 0 or θ = π) are well-
approximated by (33). Also, when the maximum intensity becomes relatively
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Fig. 5. Typical co-dimension 1 bifurcation diagrams of the cubic DGL model. In all
the bifurcation figures, solid and dash-dotted curves represent stable and unstable
branches, respectively

high, the solutions residing in the normal diffraction regime become highly
localized inside the lattice. Figure 7a depicts such a highly-confined DS (at the
base of the Brillouin zone), which is in excellent agreement with the analytical
results of (40). On the other hand, in the anomalous discrete diffraction
regime (at the edge of the Brillouin zone), a rather peculiar feature arises,
viz. that the amplitude profile becomes broader and flatter with stronger
chirp. We attribute this property to the rather involved energy flow within
the GL DS under anomalous diffraction conditions. As an example, Fig. 7b
shows the field of a high intensity DS in the anomalous diffraction regime that
extends over seven lattice points. Similar types of solutions (flat-top) can also
be found in the continuous Ginzburg-Landau model [11, 12]. On the other
hand, these discrete flat-top solutions exist when the maximum intensity of
the solutions is above a certain threshold, and their stability properties may
be relevant to the modulational instability of the corresponding continuous-
wave solutions. However, the possible bifurcation of these solutions is an issue
that merits further investigation.

In general, the stability properties of the cubic DGL solitons can be iden-
tified from the corresponding bifurcation diagrams. A sub-critical DS will
be unstable, whereas an unstable background can destabilize a super-critical
DS. The properties of the bifurcation diagrams can be modified when the
quintic term in (1) is non-zero. In fact, a saddle-node bifurcation emerges
if the condition piqi < 0 is satisfied. It is then of interest to determine the
parameter space where absolutely stable DS exist. To realize this, it is neces-
sary that the zero background, on which these discrete modes reside, is stable
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for any perturbation frequency, i.e., ε < −2|αi|. By taking this into account,
and knowing, from standard bifurcation theorems, that stable and unstable
manifolds alternate, one can then conclude that necessary conditions for DS
stability are pi < 0 and qi > 0. In Fig. 6, such bifurcation diagrams of the
quintic model, satisfying the necessary stability conditions, are presented.
The curves shown in Fig. 6a and b correspond to the base and the edge of
the Brillouin zone, respectively. The stability of these solutions has been in-
vestigated by performing numerical simulations. The DS shown in Fig. 7a
lies on the upper branch of the bifurcation diagram and its stability has also
been verified numerically. On the other hand, the solution shown in Fig. 7b
happens to be unstable.

−2 −1 0 1
0

10

α = 0.1-i0.2
p = 1-i0.8
q = 0.1+i0.1

(a)

ε

|u
0|2

−2 −1 0 1
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α = 0.1-i0.2
p = 1-i0.8
q = 0.1+i0.1

(b)

ε

|u
0|2

Fig. 6. Bifurcation diagrams of the quintic DGL equation (a) at the base and (b)
at the edge of the Brillouin zone

We would also like to mention that, for a certain range of parameters,
the DS solutions of the DGL equation can exhibit interesting behavior – the
tails of the DS become very broad (occupying many lattice sites), whereas
the central part of it is confined and displays a cusp-like feature, as shown
in Fig. 8. Note that no such cusp soliton structures are possible in either the
continuous GL regime or in DNLS lattices. To understand this behavior, one
may use the relation λ + iε = 2α cosh s, whence the rate of decay, sr, of the
soliton tails in (40) can be determined. In the case of Fig. 8, sr = 0.2, which
indeed justifies the slow field decay in the tails.

More complicated bifurcation diagrams that have no analogs in the con-
tinuous GL case also appear in the discrete model. For example, in Fig. 9
(normal diffraction regime), we can observe a sub-critical bifurcation that is
followed by three successive saddle-node bifurcations. As a result, four dif-
ferent branches of non-zero solutions exist, allowing up to two stable DS for
the same value of ε.

Except for the DS that are centered on a single lattice point (on-site),
two different types of DS that are centered between two lattice points (intra-
site) exist. These are characterized by the phase difference between the two
central lattice points, and this can be either 0 or π when the solutions are
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Fig. 7. (a) A highly-confined DS solution in the normal diffraction regime, and
(b) the corresponding DS that resides at the edge of the Brillouin zone, when
α = 0.1 − 0.2i, p = 1 − i0.8, q = 0.1 + 0.1i, u0 = 2.1
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Fig. 8. A cusp-like DS solution for α = 0.4 − 2i, p = 0.1 − 0.4i, q = 0.43i and
ε = −0.4
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Fig. 9. A sub-critical bifurcation, followed by three successive saddle-node bifur-
cations at θ = 0

highly confined. In the DNLS regime, the π-out-of-phase intra-site DS are
known to be stable [38, 39] for relatively strong nonlinearities, whereas, the
in-phase intra-site DS are always unstable because of oscillatory instabilities.
However, in the DGL lattice system, we have identified regimes where both
types of DS solutions are stable. In Fig. 10, such a stable intra-site in-phase
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Fig. 10. In-phase stable intra-site DS for α = 0.1 − i0.1, p = 0.2 − i6, q = 0.2 + i,
and ε = −8

state is depicted. For these values of the parameters, both the in-phase and
the out-of-phase DS are stable. Their intensity profiles are almost identi-
cal, and the main difference between them is the relative phase between the
high-intensity lattice sites, which is 0 or π. The stability of these DS has
been checked dynamically against symmetry-breaking perturbations. A more
detailed stability analysis of these DS will be presented elsewhere.
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