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Abstract. The existence, formation and stability of solitons in a system of
linearly coupled complex cubic Ginzburg-Landau (CGL) equations is stud-
ied in detail taking into account linear distributed gain, dispersive losses
and Kerr nonlinearity in the doped component and linear losses in the
passive one in a dual-core nonlinear fiber. Exact analytical chirped soliton
solutions are derived and their propagation features and stability are inves-
tigated. Interaction of the soliton solutions and applications to TDM and
WDM chirped soliton transmission are studied. The collision-induced delay
of the interacting solitons in the WDM case is estimated as well. There is
a strong evidence that, in both TDM and WDM cases, the chirped solitons
are stabilized by the presence of the passive core. A possibility of gener-
ating stable chirped solitons out of unchirped ones is also demonstrated.
The lumped version of this model could be the basis for a plausible opti-
cal transmission system with periodic amplification via a dual-core EDFA
confined in the amplification hub.
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1. Introduction

It is commonly known that solitons may exist in optical fibers in the region
of anomalous dispersion [1]. The losses, which are inevitably present in the
fibers, can be usually compensated by fiber amplifiers (ED-
FAs) [2]. However, EDFAs also give rise to various instabilities and related
detrimental effects, the most dangerous one being a random jitter of the
solitons induced by their interaction with optical noise which is generated
by the amplifiers [3]. Schemes providing for stabilization of the transmission
of periodically amplified solitons have been successfully developed, based
on various techniques such as guiding (fixed- or sliding-frequency) filters
[4], dispersion management [5], or combination of both [6].

A basic model that takes into account the constant group-velocity dis-
persion (GVD), (dispersion-management schemes are not considered here),
Kerr’s nonlinearity, amplification, and fixed-frequency guiding filters is a
perturbed nonlinear Schrödinger (NLS) equation for the electric field enve-
lope function

where and are the propagation distance and reduced time, is the
dispersion coefficient [1] and are respectively, the net gain
and the effective filtering strength (inversely propotional to the square of
the EDFA’s gain bandwidth [2]), which are uniformly distributed along
the long fiber link. This formulation also applies to systems with periodic
amplification if the discrete character of the amplification and filtering can
be disregarded for sufficiently broad solitons (with temporal width
whose period is essentially larger than the amplification spacing [3].

Upon normalizing the quantities involved
becomes,

where This is the complex cubic Ginzburg-Landau (CGL)
equation, which is a known model equation for the nonlinear pattern-
formation [7]. It is well known that the CGL equation (2) has an exact
pulse solution [8], which describes a stationary bright pulse with an inter-
nal chirp. It is necessary to stress that, while the unperturbed NLS equation
(i.e., Eq. (2) without the right-hand side) has bright soliton solutions only
in the case of anomalous dispersion the full Eq. (2) has exact
pulse solutions for both signs of the dispersion. The reason is that, while
for the unperturbed NLS equation, the compensation between the nonlin-
earity and dispersion is only possible when the dispersion is anomalous, for
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the CGL equation the nonlinearity, dispersion and filtering may all be in
balance through the internal chirp of the stationary soliton.

A fundamental weakness of the exact pulse solution to Eq. (2) is that
it is unstable, simply because the zero solution is unstable against small
perturbations This instability reflects a fundamental problem
which exists in systems in which the transmission of solitons is supported by
means of a distributed linear gain. However, the rate at which the instability
grows and, eventually, destroys the pulse, strongly depends on the relation
between the dispersion and filtering, that is, on the value and sign of the
coefficient D in Eq. (2). Recently, this issue was investigated by means of
direct numerical simulations in Ref. [9]. It was demonstrated that, in the
case of normal dispersion, the distance of the stable propagation
(followed by an instability-induced blowup) is much larger (by a factor of
up to than in the anomalous-dispersion case. This distance reaches
a well-pronounced maximum at D close to an optimum value,
and then gradually decreases with the further increase of inside the
normal-dispersion region.

Thus, quasi-stable transmission of pulses in the normal-dispersion range
of the carrier wavelengths is possible, and may be actually more stable than
in the anomalous-dispersion range. Besides better stability, employing the
normal-dispersion range for the soliton-based communications may have
a number of other obvious advantages, such as the use of the wavelength
band below

Nevertheless, full stability of the pulses cannot be achieved within the
framework of Eq. (2). A new approach allowing one to suppress the insta-
bility of the zero state and, thus, to facilitate the generation of absolutely
stable solitons, is to linearly couple the fiber to an additional parallel lossy
core [10, 11]. As far as the communication systems with periodically spaced
amplifiers and filters is concerned, one can add short segments of the par-
allel lossy core, integrating them into one unit within the amplification
hub since the coupling length between the two cores is very short (typi-
cally on the order of several centimeters). For broad solitons with a period
sufficiently larger than the amplification spacing, this new ingredient can
then be assumed to be uniformly distributed (as well as the gain and filter-
ing) along the communication line. This is an issue of current and future
investigation which goes beyond the aim of this work.

The system with the extra lossy core is bistable: it has stable states in the
form of the zero solution and nontrivial soliton with uniquely determined
parameters, which are separated by an unstable soliton with a smaller am-
plitude and larger width. It was demonstrated [12] that the stable soliton in
this dual-core model can be found in an exact form. However, the analysis
in Ref. [12] was rather sketchy and comprised limited parametric regions.
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In this work, a systematic analysis (in the three-dimentional parameter
space of the pulse transmission in the model stabilized by means
of the parallel lossy core will be presented. The character of the instability
will be studied in detail along with the bifurcating analytical solutions. It
will be demonstrated that absolutely stable pulses can propagate at both
normal and anomalous values of the dispersion. This opens way for a very
efficient use of the fiber’s bandwidth in the WDM mode [13]. It will be also
demonstrated that stable chirped solitons can be tailored out of unchirped
solitons lanched in a long distributed EDFA.

The paper is organized as follows: In Section 2, the distributed model
is formulated and estimates for the values of the parameters involved are
given. The exact solitary-pulse solutions are also described in detail. In
Section 3, a systematic analysis of the stability of the zero solution is per-
formed. This provides for a necessary basis for the direct numerical analysis
of the soliton’s stability presented in Section 4. The main result of Section
4 is a three-dimensional picture that shows a full stability region in the
model’s parameters space. In the first part, of Section 5, the interactions
between two stable solitons separated by some temporal delay (TDM) is
presented. The result is that, irrespective of the initial phase difference be-
tween the pulses, they eventually merge into a single one. In the second
part of Section 5 the respective behavior for the WDM case is presented.
The major result here is the robust character of the propagation as com-
pared to the TDM case and the eventual bifurcation towards asymptotic
states (one is zero) for the modes involved. Finally, Section 6 summarizes
the main results of this work.

2. Formulation of the Distributed Stabilized Model

In the distributed model the propagation of two parallel-coupled cores is
described by a system of the following form [12] (cf. Eq. (2)):

Here, is the normalized field amplitude in the extra (passive) core
with V being the electric field’s envelope function in that

core) which is characterized by a loss constant, a coupling constant, K,
and a phase-velocity mismatch with respect to the the active core, (all
normalized to the gain g). The nonlinearity and dispersion in the additional
core may be neglected since absorption and coupling are by far the major
effects. The filtering inside the passive core and a possible group-velocity
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mismatch between the two cores may also also be considered as minor
effects and can therefore be neglected.

The system of Eqs. (3) and (4) possesses an exact analytical solution,
which follows the pattern of the original solitary-wave solution to the CGL
(perturbed NLS) equation (2) [8]: Introducing the ansatz,

with F(t) being a real function, one may easily obtain the following linear
relation between the amplitudes and

and a complex ordinary differential equation for F(t),

Separating the real and imaginary parts in Eq. (7) leads to the following
equations which must hold simultaneously,

The compatibility conditions for the ordinary differential equations lead,
after some algebraic manipulations, to relations

where is the relative phase velocity mismatch. The equation for
F(t) now becomes

This equation admits the solution
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under the conditions

which leads to the Hocking Stewartson (Pereira Stenflo) [8] type of the
solutions (5),

The "chirp" parameter is given by the expression

while the amplitude and the soliton’s inverse width are determined by
the following equations

and

which always yield physically acceptable solutions under the conditions
(11).

Thus, an exact analytical solution in the form of a chirped solitary
pulse is available in the present model. However, we will see in the follow-
ing sections that stability analysis for this solution is a fairly complicated
problem, which we solve numerically. To estimate relevant values of the
normalized parameters kept in the model, we recall that the gain band-
width of the EDFA, which produces the gain, is which
can easily be reduced by means of the filters down to
typical value for the fiber losses is so that the filtering coef-

ficient takes values in an interval A typical
value of the physical dispersion coefficient in the telecommunication fibers
is [1], so that takes values within a broad in-
terval It should also be mentioned that the dispersion coefficient
of an EDFA fiber may vary from positive to negative (its value being, at the
same time, quite different from the respectly value for an undoped common
dispersion-shifted fiber) in a relatively narrow band measured in nanome-
ters. This variation is due to the contribution of the resonant dispersion
associated with the dopant [2]. Therefore, one may expect the possibility of
significant differences between the dispersion characteristics of the active
(EDFA) and passive (common dispersion shifted and lossy fiber) core.

Typical values used throughout the rest of the paper are _
(reasonable for an EDFA length of about 10 to 20 Km
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which, respectively, give the values or As far as the pulse
width is concerned, one can easily obtain ps and
ps for (anomalous) and (normal) EDFA dispersion re-
spectively. The normalized amplitude in all these cases is about or
6 depending upon the case. This leads to a peak intensity requirements of
the order of a few hundreds mW per

3. Stability of the Zero Solution

Proceeding to the stability analysis, we first of all notice that the solitary
pulse (12), (13) cannot be stable unless its background, i.e., the zero solu-
tion, is stable. Recall that it is exactly an instability of the
zero solution which renders unstable all the solitary-pulse solutions to the
CGL equation (1).

In order to investigate the stability of the zero solution, we linearize
Eqs. (3) and (4), substituting into them infinitesimal perturbations

where and are the (complex) wavenumber and (real) frequency of the
perturbations, respectively. Then, the stability region in the plane of the
model’s parameters is determined by the condition Im which,
after some algebra, yields the inequality

Evidently, this inequality holds, provided that Therefore, we need
to consider Eq. (18) only for . Additionally, it is readily seen that the
condition must hold for the right-hand side of Eq. (18) to remain finite
at these values of In the case can be strongly simplified
in some special cases, e.g., yielding

This is a known condition [10, 11, 12] which defines an area in the
plane, limited by two curves shown in Fig. and where the
trivial solution is stable in the above-mentioned special cases.

In what follows below, we will, chiefly, concentrate on the most straight-
forward case (this case, for instance, takes place when the two cores
are physically identical, all the asymmetry between them being created by
the fact that only in one of them the resonant dopant is pumped by an
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external source of light), although changes brought about by will
also be considered.

Setting we will fix D, aiming to analyze the stability condition
(18) in the plane. As for the choice of the value of D, it was mentioned
above [9] that, in the case of the single CGL equation (1), the propagation
distance (before the onset of the soliton’s instability) took its maximum
value around hence it seems natural to dwell, first of all, on this
value.

Upon investigating the condition (18) numerically, we have found, vary-
ing the arbitrary realfrequency that there exist a hyperbola-like curve,
which further reduces the stability region of the zero solution defined by
Eq. (19) (that is, the corner region I is excluded), as is shown in Fig. 1.
It is noticed that in the case this numerically found curve coin-
cides with the curve while for large values of it asymptotically
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approaches the straight line

4. The Stability of the Solitons

Proceeding from the stability conditions for the zero solutions to the full
stability analysis for the solitary-pulse solutions given by Eqs. (12) and (13),
one should, first of all, isolate a region in the plane where these so-
lutions actually exist. The existence condition may be readily found upon
utilizing Eq. (9), which may have one or three real solutions for k, that
determines the soliton’s inverse width [see Eq. (15)]. Evidently, the con-
dition selects physical solutions of the cubic equation (9). Following
this way, we have numerically found that there is an additional hyperbola-
like curve (a thick solid one in Fig. 1) in the plane, below which the
existence of at least one real positive value of is guaranteed. Beyond this
curve, there exists (in region IV), the solutions given by Eqs. (12) and (13)
cease to exist.

Thus, we have found a finite, wing-shaped region in the plane
(regions II and III, Fig. 1), where the two conditions, viz., the stability of
the zero solution and the existence of the exact solitary-wave one, are satis-
fied. However, direct numerical simulations of the solitary-pulse’s stability
demonstrate that it is really stable only in the shaded portion (region II),
in the present case with (and On the contrary, in the
slim region III the solitary solutions are unstable. Inside the region II, the
soliton is found to be completely stable over indefinitely long propagation
distances, showing no change in its shape. In Fig. 2, we display a typical
example of a robust pulse in the case and (this point is located
approximately in the center of the stability region (II) in Fig. 1).

Inside the region I, as we have seen, the zero solution is unstable. As
is illustrated by Fig. 3 for and in this case the “laminar”
evolution of the pulse is eventually followed by a blowup. Comparison with
the results of Ref. [9] demonstrates that the propagation distance before
the onset of the blowup in the present dual-core model is about an order
of magnitude larger than in the single-core one at the same values of the
common parameters of the two models [9]. The further one moves away
from the region II (deeper into the region I) the wider the range of fre-
quencies that generate the instability becomes, resulting in a decrease of
the propagation distance.

Inside the region III, the soliton decays to zero. In Fig. 4, we display
a typical example of such a case for and the soliton
propagates, initially, with small changes in its shape, but then it rapidly
decays to nothing, in compliance with the fact that the zero solution is
stable in this region.
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Figure 5 summarizes the stability of the solitary-wave solutions, along
with the stability of the zero background, as one varies the coupling param-
eter K at fixed values of the other parameters, namely
and In this figure, the peak powers of the solutions
are plotted vs. K. The lightly dashed curve corresponds to a root of the
cubic equation (9) which formally gives this solution is, thus,
unphysical. However, there are two other roots of the cubic equation which
lead to positive , which correspond to existing solutions that are either
stable (the solid curve), or unstable (the dashed curve).

Coming back to the four regions distinguished in Fig. 1, we conclude
that, inside the region I, both the zero and solitary-wave solutions are un-
stable. Then, as K is increased, we cross into the region II, where there
exist both stable and unstable solitary-wave solutions, the zero solution
being stable. In this region, the stable soliton, along with the stable zero
background, act as attractors for the unstable solitary wave solution: simu-
lations demonstrate that, in the subregion II(a), the unstable pulse evolves
into the stable trivial solution, while, in the subregion II(b), it evolves into
the stable pulse. Lastly, in the region III, both solitary-wave solutions are
unstable and decay into the zero solution. Note that the upward and the
downward arrows in Fig. 5 indicate the direction of the attraction.



150 K. HIZANIDIS, N. EFREMIDIS ET AL.

So far, we analyzed the stability of the solitary wave for fixed values
and In order to investigate the change of the stability

region with varying D and we note, first, that the stability region II
of the solitary wave almost covers the region of stability of the zero solu-
tion (regions II and III). Thus, it would be natural to evaluate numerically
the area of the stability region for the solitary wave, upon determining
the boundary curves separating the regions I, II and III, IV. The results
are shown in Fig. 6, where the stability region’s area is plotted vs. D for

As it can be seen, in the case the stability area
is an even, parabola-like function of D that increases with As ones
increases to positive values the stability area monoton-
ically decreases, creating an interval around where all the solutions
are unstable. On the other hand, if we decrease to negative values, the
stability area docs not decrease monotonically. In particular, for it
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is observed that, for the stability area increases, while for negative
values it almost coincides with that corresponding to

Coming back to the most essential case we can collect all the data
concerning the stability of the exact solitary-pulse solutions in the form of a
three-dimensional picture displayed in Fig. 7. This figure shows the stability
region in the parameter space from two different directions in
this space. This result, showing fairly large stability regions at positive and
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negative D (i.e., anomalous and normal group-velocity dispersion in the
main core) is the main result of this work.

5. TDM and WDM with the Chirped Solitons

Having found stable solitary pulses, it is natural to study their interac-
tions. We do this, simulating configurations defined by the following initial
condition for Eqs. (3) and (4):

Eqs. (20) and (21) represent two pulses in each core, with a tempo-
ral separation and phase difference  between them. The pulses evolve
practically without changes in their shape and separation, before their colli-
sion which almost instantly takes place, apparently, as a result of attraction
between them. As it is seen in a typical example displayed in Fig. 8, the
interaction results in a merger of the two initial pulses into a single one,
which finally relaxes into a stationary pulse, virtually coinciding with the
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exact solution given by Eqs. (12) and (13). In this example, we have ,
while the initial pulse separation and phase difference are

(i.e., about and As one can see in Fig. 8, the inter-
action of the pulse tails in the region between the pulses generate local
peaks and dips (due to the presence of the chirp in each pulse), that tend
to increase along with the propagation distance. Actually, the interaction
does not seem to change significantly the initial pulse shape up to the point

where the two pulses begin to really interact, and finally merge
into one stable pulse at

As the initial separation , is increased, the collision distance is nat-
urally found to grow exponentially, as is shown in Fig. 9. The initial phase
difference does not significantly affect the interaction, the collision dis-
tance only slightly varying with Moreover, even in the case when
the usual NLS solitons are well known to repel each other [1], the chirped
stable pulses existing in the present model again merge into a new single
pulse. The interaction between the pulses leading into their merger is, of
course, a very detrimental effect for the information transfer, but, using the
data presented in Fig. 9, one can easily select parameters of the soliton-
based communication system so that the collision distance will be larger
than the actual distance of the solitons’ propagation, hence the merger will
not take place.
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In Fig. 10 the time-domain interaction of two soliton pulses (TDM) for a
case with positive dispersion Figs. 10(a)–10(b)) is compared to
a case with negative dispersion , Figs. 10(c)–10(d)) for both the
single-core EDFA model (Figs. 10(b)–10(d)) and the one stabilized by the
extra core (Figs. 10(a)–10(c)). The temporal separation is (i.e.,
about and (in Figs. 10(a)–10(c)) or (in
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Figs. 10(b)–10(d)). It should be emphasized that the propagation distances
shown in the Figure (as well as in the whole of this Section) are normalized
to Km. Notice that, in the normal-dispersion regime, the chirp
parameter given by Eq. (14) is much higher than the respective one in the
anomalous dispersion regime. It is evident that the presence of high chirp
weakens the interaction between the two pulses in an average sense along
while low chirp cannot prevent fast “melting” of the pulses into one.
Furthermore, the presence of coupling, which (as we have shown) quaranties
the stability of the background, combined with high chirp leads to large
propagation distances without distortion in the pulse shape and in their
temporal separation (a common drawback in the conventional TDM soliton
communication senarios). The coupling also improves the transmission in
the weak chirp case (in the anomalous dispersion regime for the EDFA)
since it prolongs the distance of unperturbed propagation.

In the WDM case, on the other hand, two modes in the active core are
ineracting non-linearly through cross-phase modulation (XPM), while they
are linearly coupled to their respective excitatations in the passive core.
This case is therefore modeled by the following four CGL equations,



156 K. HIZANIDIS, N. EFREMIDIS ET AL.

where is the difference in the group velocity of the two
WDM modes.

Let be the exact solution to the dual-core model given
by (Eqs. (12) and (13); we then approximate the “vectorial” (two-channel)
solution for the WDM as:

which is an exact solution in the case of zero group velocity mismatch. On
the other hand, Eqs. (22) and (23) also admit another set of approximate
“scallar” (one-channel) solutions

for which are exact solutions provided that  or when the same
group velocity mismatch between the two modes applies for the excitations
in the passive core as well. Both above-mentioned approximate solutions
can be used as initial conditions (at the launching point ). In the
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following only Eq. (24) will be used as initial condition since Eqs. (25)
and (26) do not describe an inreraction between the solitons in different
channels.

In Fig. 11 the evolution of two solitons in different channels of the WDM
system is depicted for and . There
is a small shift to the right (left) for the respective mode in Eq. (22) with

at the very beginning. This shift constitutes a time delay between
the two modes at the end of the communication line and it is, in general,
small as compared to the pulse width. The solitary pulses propagate over a
long distance seemingly unperturbed and, at some point, the one with an
initial shift to the left passew the other. The latter pulse dies out while the
former one continues to move. That is, a single pulses survives eventually.

In Fig. 12, three different cases with the same
and varying are presented by a diagram which pro-

vides for a clear picture of both the maximum propagation distance and the
asymptotic character of the solutions for large It should be mentioned
that in all three cases the pulses have the same peak power. There is, of
course a small shift we mentioned before which is, however, very decisive for
the survivability of the pulses. It should also be mentioned that the asymp-
totic value of the peak power for the modes which survive is indeed 3 times
their initial value in accord with the factor Finally, in
Figs. 13(a) and (b) the free propagation distance (i.e., prior to the absorp-
tion of one pulse by the other) and the time delay (temporal separation)
between two WDM modes, respectively, are presented as functions of the
group-velocity mismatch between the two channels for

and
Lastly in Fig. 14 launcing of an unchirped soliton (given by Eq. (12) with
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and its subsequent evolution during the propagation are presented.
The parameters used are the typical ones, i.e.,
and We observe that the pulse, after a transition distance, tends
asymptotically to the exact chirped soliton solution given by Eq. (12) with
the chirp given by Eq. (14). This feature establishes the capability of the
system (active EDFA and parallel-running passive lossy core) to produce
chirped solitons out of initially unchirped ones.

6. Conclusion

In this work, we have studied in detail stability of exact chirped solitary-
pulse solutions in a model in which stabilization of the pulses is achieved by
means of an extra lossy core which is parallel-coupled to the main one. We
have demonstrated that, in the model’s three-dimensional parameter space,
there is a vast region where the pulses are fully stable, for both signs of
the group-velocity dispersion, normal and anomalous. These results open
way to a stable transmission of optical solitons in the normal-dispersion
region and, thus, to an essential expansion of the bandwidth offered by
the nonlinear optical fibers for telecommunications. In the cases when the
pulses are unstable, we have studied in detail the development of the in-
stability, which may end up by either a blowup or collapse to zero. The
interactions between two stable solitons separated by some temporal de-
lay (TDM) is investigated as well. The result is that, irrespective of the
initial phase difference between the pulses, they eventually merge into a
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single one. In the WDM case, however, the maximum propagation distance
is controlled by the group velocity mismatch between the WDM modes. By
appropriately minimizing the group velocity mismatch, greater propagation
distances can then be achieved as compared to the TDM case. Another in-
teresting result is the eventual transformation of the WDM modes towards
asymptotic states in which one channel is empty while the other one carries
a stable chirped pulse, with the peak power 3 times as large as its value in
the same channel. Another interesting feature the distributed EDFA with
dispersive losses and a parallel-running lossy core is a transformation of
initially unchirped solitons. They evolve, as they propagate along the line,
into the stable exact chirped-soliton solution. Finally, for communication
systems with periodically spaced amplifiers and filters one can envision
adding short segments of an extra lossy core which is parallel-coupled to
the main one inside the amplification hub. For broad solitons with the pe-
riod essentially larger than the amplification spacing, this new ingredient
can then be assumed to be uniformly distributed (as well as the gain and
the filtering) along the communication line. This is an issue of current and
future investigation which goes beyond the aim of this work.
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