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Anisotropic diffraction and elliptic discrete solitons in
two-dimensional waveguide arrays
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We demonstrate that both the linear (diffraction) and the nonlinear dynamics of two-dimensional waveguide
arrays are considerably more complex and versatile than their one-dimensional counterparts. The discrete
diffraction properties of these arrays can be effectively altered, depending on the propagation Bloch k-vector
within the first Brillouin zone of the lattice. In general, this diffraction behavior is anisotropic and therefore
permits the existence of a new class of discrete elliptic solitons in the nonlinear regime. © 2004 Optical
Society of America
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Over the past few years, discrete waveguide arrays
have become a topic that has attracted considerable
attention.1 During this period, this class of periodic
structures has been shown to exhibit a wealth of
new phenomena that have no analog in homogeneous
systems.2 – 6 These include discrete diffraction man-
agement and Bloch oscillations as well as discrete
solitons (DSs). As a result of the periodic nature
of these arrays, linear optical wave propagation is
associated with allowed and forbidden bands. This
association, in turn, enables one to tailor the diffrac-
tion properties of these arrays, depending on the
propagation k-vector (Bloch vector) within the Bril-
louin zone.5,6 Therefore it is possible to achieve zero,
or even reverse, diffraction in these waveguide lattice
structures.

At high power levels these arrays can act non-
linearly, leading to intriguing new behavior that is
not possible under linear conditions. One of the ex-
citing consequences of nonlinearity in such a periodic
environment is the existence of discrete solitons.2 In
nonlinear waveguide arrays the optical field locally
perturbs the refractive-index distribution, thus in-
terrupting the periodicity of the lattice structure.
Within this local defect, light is able to localize, thus
forming a DS. Such DSs have been experimentally
observed in arrays with Kerr,4 – 6 quadratic,7 and
photorefractive8,9 nonlinearities in both one and two
dimensions. In addition, several classes of DSs, some
entirely unique to discrete systems, have been iden-
tified. These include bright and dark DSs in both
self-focusing and defocusing arrays that can be either
in phase or staggered,2 – 6,9 higher-order Floquet–Bloch
solitons,10 and vector DSs,11 to mention a few. In
addition, recent studies have demonstrated that DSs
in networks of intersecting arrays may be useful for
achieving intelligent functional operations.12

In this work, we demonstrate that two-dimensional
(2D) discrete waveguide arrays are considerably more
complex and versatile than their one-dimensional coun-
terparts in both their linear (diffraction) and nonlinear
optical dynamics. By employing coupled-mode theory
we show how the diffraction properties of a square two-
dimensional (2D) lattice can be manipulated according
to the position of the Bloch k-vector within the Bril-
louin zone. Such 2D discrete diffraction is, in general,
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anisotropic, therefore causing a beam to exhibit diffrac-
tion behavior that is not possible in homogeneous
systems. As we shall show, in nonlinear arrays this
process ultimately leads to the existence of a new
class of DSs, namely, discrete elliptic solitons. Our
analytic results are verif ied by numerical simulations.

We begin our analysis by considering, for example, a
2D square waveguide lattice in which all waveguides
are identical and are separated by a distance d in both
the X and the Y directions, as shown schematically
in Fig. 1(a). Each waveguide is of the step-index type
and is designed to be single moded at the operating
wavelength. For demonstration purposes we assume
that the background refractive index is n0 � 1.5, the
linear index difference between core and cladding is
d � 3 3 1023, and the operating wavelength is l0 �
1.5 mm. The effective core radius of each waveguide is
taken here to be a � 5.3 mm, and the distance between
adjacent waveguides is d � 15.9 mm. For these val-
ues of the parameters, the linear coupling coeff icient
between nearest neighbors is k � 0.284 mm21 and the
ratio of long-range to nearest-neighbor interactions is
c�k � 0.15. If we assume that the material has a sat-
urable nonlinearity (as in photorefractives8,9), then the
evolution of the f ield envelope obeys the following non-
linear paraxial equation:
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where f is the electric field envelope, k � 2pn0�l0,
the function f �X,Y � represents the normalized linear
refractive-index distribution of the waveguide array,

Fig. 1. (a) Schematic drawing of a square 2D waveguide
array. (b) The first three bands of Eq. (1) as obtained from
numerical computation. (c) Contour plot of the dispersion
relation obtained from Eq. (3).
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and fs
2 represents a saturation intensity. The band

structure (linear spatial dispersion relation) associated
with this periodic array is obtained with a plane-wave
decomposition technique. Figure 1(b) depicts the f irst
three bands along with the corresponding bandgaps of
the array structure considered in this example.

Even though, in general, it is difficult to understand
globally the system’s properties as described by Eq. (1),
it is often possible to describe its underlying behavior
accurately by means of a tight-binding reduction (in the
case of high mode confinement1 – 3). In this case Eq. (1)
is reduced to a discrete representation by coupled-mode
theory and assumes the form
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Em, n � 0 , (2)

where Em, n is the normalized modal field amplitude in
waveguide �m,n�, z � kZ is a dimensionless distance,
r � c�k, and the dimensionless nonlinear strength, r,
is taken to be unity in this example.

Under linear conditions, the spatial dispersion rela-
tion of Eq. (2) is obtained by the assumption of a
discrete plane-wave solution, Em,n � A exp�i�mp 1

nq��exp�ikzz�, and is given by

kz � 2 cos�p� 1 2 cos�q� 1 4r cos�p�cos�q� . (3)

A contour plot of kz as expressed by Eq. (3) is shown
in Fig. 1(c) and, in fact, corresponds to the f irst band
(highest value of kz) of the complete band structure
of the system in Fig. 1(b). The two results are in good
agreement, indicating that Eq. (2) accurately describes
the dynamics of the system (in the first band).

The discrete dispersive nature of such 2D arrays be-
comes apparent when only one waveguide is initially
excited, i.e., when E0, 0 � A0 and Emfi0,nfi0 � 0. In
this case the linear part of Eq. (2) exhibits the ana-
lytic solution Em,n�z� � im1nJm�2z�Jn�2z�, where Jm�x�
represents a Bessel function of order m, provided that
long-range coupling effects are relatively small �r � 0�.
A direct outcome of this solution is the fact that most
of the power couples away from the central waveguide
in four main lobes traveling along the 45± diagonals
of the array. Inasmuch as in our case the long-range
coupling is only a 15% effect, this analytic approxima-
tion happened to be in excellent agreement with exact
numerical simulations carried out on Eq. (1).

It is also fundamental to understand the dispersive
properties of these 2D lattice systems when broader
beams, exciting more than one waveguide element, are
involved. Under these circumstances the modal f ields
within waveguide m, n are written in the form Em,n �
Fm,n exp�i�mp 1 nq��, where Fm,n is the discrete modal
field amplitude and p and q, respectively, represent
the phase difference between adjacent waveguides in
the X and Y directions. Physically, p and q define
a Bloch momentum vector within the Brillouin zone,
kp,q � px̂ 1 qŷ . Substituting this form of Em,n into
Eq. (2) and by applying the continuum approximation
(a Taylor expansion),2 we can describe the evolution of
the envelope Fm,n in the continuous regime; i.e.,

i�Fz 1 vxFx 1 vyFy � 1 aFxx 1 bFyy 1 gFxy
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F � 0 , (4)

where vx � 2D sin�p� 1 4rD sin�p�cos�q� and
vy � 2D sin�q� 1 4rD sin�q�cos�p� are the transverse
velocities in the normalized x � X�a and y � Y�a di-
rections and a � D2 cos�p� 1 2rD2 cos�p�cos�q�,
b � D2 cos�q� 1 2rD2 cos�p�cos�q�, and g �
24rD2 sin�p�sin�q� are the array diffraction coef-
ficients. The distance between waveguides is also
scaled as D � d�a. Because we assume broad input
beams, only the f irst- and second-order diffraction
terms are included in Eq. (4). Notice that the new
diffraction coeff icients, a, b, and g, depend on the
values of p and q. In addition, note that, unlike in
the bulk, mixed derivative Fxy diffraction terms are
also introduced because of long-range interactions r.
Thus, in the linear regime, the diffraction behavior
of the array can be tailored or altered, depending on
the position of the Bloch momentum vector within the
Brillouin zone. It is also clear that the diffraction
behavior in 2D array lattices is, in general, anisotropic
(sometimes highly anisotropic). This anisotropy
leads to interesting possibilities. Under appropriate
conditions, not only can the strength of diffraction
be different in each transverse direction but also the
type of diffraction �6� can differ, i.e., it can be normal
diffraction in one direction and anomalous diffraction
in the other, depending on the x y curvatures of the
first band. Figure 2 shows what happens to a circu-
lar 2D Gaussian beam envelope when it is launched
into the waveguide lattice at an angle corresponding
to p � p�2 and q � 0. We carried out the simulations
by exactly solving Eq. (1) under linear conditions. For
these values of p and q it is easy to see from Eq. (4)
that diffraction coefficients a and g are both zero,
whereas b is finite. Consequently, this Gaussian
beam will experience diffraction in the y direction,
as can be seen from Fig. 2(b), only after a distance
of 8.4 mm. For this Bloch momentum, transverse
velocity vy is zero, whereas vx is f inite; therefore the
beam travels across the array along the x direction.

As in the one-dimensional case, the dispersive be-
havior of the lattice can be suppressed by means of

Fig. 2. Discrete 2D Gaussian beam injected with p � p�2
and q � 0. (a) at z � 0 mm and (b) at z � 8.39 mm. Note
that the anisotropic diffraction considerably elongates the
beam in the y direction.
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Fig. 3. (a) Discrete elliptic beam launched at p � 0.8 and q � 0. (b) In the linear regime the beam diffracts considerably.
(c) When nonlinearity is present, a discrete elliptic soliton is formed.
material nonlinearity, therefore leading to the forma-
tion of 2D discrete solitons. To gain a better under-
standing of what these self-localized states look like, it
is beneficial to rewrite Eq. (4) in a more familiar form.
In fact, we can do this by rotating the original coordi-
nate system by an angle u, the value of which can be
evaluated from the following relation:

tan�2u� � 4r
sin�p�sin�q�

cos�q� 2 cos�p�
. (5)

Applying first a translation transformation and
then a coordinate rotation, such that �u, v� �
R�u� �x 2 vxz, y 2 vyz�, yields the familiar form
of Eq. (4):

iCz 1 eCuu 1 mCvv 1
jCj2

1 1 jCj2
C � 0 , (6)

where e � a cos2 u 1 b sin2 u 1 g cos u sin u,
m � a sin2 u 1 b cos2 u 2 g cos u sin u, and R�u� is
the rotation operator. In the nonlinear regime, based
on Eq. (6), discrete elliptic solitons are expected to
exist with their principal axes lying along the new
rotated �u, v� coordinates with their amount of elliptic-
ity determined by the diffraction anisotropy e and m.
Note that the parameters u, e, and m depend again
on p and q. Thus the orientation of these discrete
elliptic solitons, as well as their ellipticity, is also
determined by the position of the Bloch momentum
vector within the Brillouin zone. To identify such dis-
crete elliptic solitons, one first obtains their envelope
function by numerically solving Eq. (6) and then uses
it as input in Eq. (1) to exactly monitor the discrete
soliton transport dynamics. An example of formation
of a discrete elliptic soliton with p � 0.8 and q � 0
is illustrated in Fig. 3. Under linear conditions the
elliptic input beam [corresponding to the elliptic dis-
crete soliton of Eq. (6) at z � 0] considerably diffracts
in this array after 2.4 cm, as shown in Fig. 3(b).
However, in the presence of nonlinearity the same
elliptic beam remains practically invariant through-
out propagation, indicating formation of an elliptic
DS. In addition, we found that when the magnitude
of the Bloch vector is in the range
p
p2 1 q2 # 0.6

(near the bottom of the Brillouin zone) the 2D DSs
are almost circular and propagate invariantly in the
lattice. However, at higher values of �p,q�, where the
DS becomes appreciably elliptic, we found that it tends
to destabilize into a circular shape owing to higher-
order effects. We also attribute this behavior to the
fact that, for arbitrary �p,q� parameters, the DS sees
a nonperiodic environment during propagation.

In conclusion, we have demonstrated that the
diffraction behavior of two-dimensional waveguide
arrays is, in general, anisotropic and can therefore
lead to the existence of a new class of discrete elliptic
solitons.
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