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Revivals in engineered waveguide arrays
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Abstract

We show that perfect and fractional revivals are possible in finite waveguide arrays with engineered parameters. We

consider potential applications of waveguide lattices utilizing operations such as multi-couplers and multi-beam-split-

ters. Specific examples of finite lattices with four and five elements that allow such operations are presented.
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1. Introduction

Optical couplers are widely used in optical com-

munications for switching applications [1,2]. They

can be implemented in different settings such as

optical fibers, waveguides, photonic crystals, and
photonic crystal fibers [3]. To describe propagation

of optical waves in coupled waveguides, coupled-

mode theory can be employed [4–6]. The equations

obtained using coupled mode theory, describe the

evolution of the amplitude of each waveguide.

The simplest system associated with coupling

that can be considered is a two port directional

coupler in which each waveguide or fiber in isola-
0030-4018/$ - see front matter � 2004 Elsevier B.V. All rights reserv

doi:10.1016/j.optcom.2004.11.009

* Corresponding author.

E-mail address: nefrem@mail.ucf.edu (N.K. Efremidis).
tion is single mode. In such a device a continuous

wave excitation will periodically revive along z to

the input state (complete revival) independent of

the initial waveform. Furthermore, when only a

single port or waveguide (say A) is initially ex-

cited and at a characteristic propagation length,
which is called the coupling length, all the power

is coupled to port B. At half the coupling length

the power is equally distributed between the two

ports and, due to that, a coupler can be used as

a beam splitter. These phenomena are associated

with the existence of complete and fractional

revivals which were originally used to describe

Rydberg electron wavepackets excited by short
laser pulses [7–10]. Complete revivals are field

or intensity restorations of the original excitation,

whereas fractional revivals represent coherent

superpositions of the original wavefunction. To
ed.

mailto:nefrem@mail.ucf.edu 


346 N.K. Efremidis, D.N. Christodoulides / Optics Communications 246 (2005) 345–356
better understand what a fractional revival is, we

assume that the intensity of a wave in a system is

fully restored after some specific time, i.e., the

complete revival time. This system possesses frac-

tional revivals if at some fraction of that time the
wave consists of superpositions of the original

wave. Each of these superimposed waves is a

scaled translation or reflection of the original

wave. Thus, the effects of beam switching from

port A to port B and beam splitting can be con-

sidered as typical cases of fractional revivals.

Going beyond the case of two port couplers

to a waveguide configuration with three elements
(N = 3), complete and fractional revivals are still

possible: the power now couples from port A to

port C and at half the coupling length the power

is equally distributed between these two ports.

However, this is true only when port B is not ex-

cited at the input. By further increasing the num-

ber of waveguides in the array, i.e., in the case

of four or more waveguides, the behavior of
the system changes drastically. The input pattern

now propagates in an aperiodic way and does

not revive at a characteristic distance. Thus,

the question that naturally arises is: What is the

effect that allows such a drastic change in the

behavior of a finite waveguide array from

the case of 3 waveguides to the case N = 4? Fur-

thermore, is it possible to engineer the parame-
ters of the lattice in such a way that beam

coupling and splitting (or fractional revivals)

are possible for waveguide arrays with N > 3.

Considering applications, this type of lattice

could be used to implement multi-couplers and

multi-beam-splitters. In a multi-coupler the input

field, originally at port j is directed to port

N � j + 1 at the output. Similarly, a multi-
beam-splitter equally distributes the input power

from port j to ports j and N � j + 1. Such de-

vices can be used in two-dimensional topologies,

such as 2D photonic crystals and in linear finite

waveguide arrays where it is desirable for the in-

put signal to cross a specified number of wave-

guides in a single element without overlap.

In this paper we show that under appropriate
conditions perfect and fractional revivals are pos-

sible in finite waveguide arrays. This can happen

by appropriately engineering the coupling length
among successive waveguides. We consider poten-

tial applications of fractional revivals in waveguide

lattices utilizing operations such as multi-couplers

and multi-beam-splitters. Our analysis is based on

the classification of the eigenvalues using coupled
mode theory. In Sections 2 and 3 of the paper

we present the general theory of revivals in wave-

guide arrays with N elements and in Section 4 we

present specific examples for the cases of four

and five waveguides (the cases N = 2,3 are also

presented for comparison). These results can be

extended to waveguide lattices with more than five

waveguide elements however, due to the complex-
ity of the problem, numerical computations might

be necessary.
2. Coupled mode theory

Using coupled mode theory [4–6], the normal-

ized evolution of the amplitude of the optical field
of the jth waveguide in a finite array of N wave-

guides satisfies

i _wj þ ajwj þ jj�1wj�1 þ jjwjþ1 ¼ 0; ð1Þ

where j = 1, . . . ,N, _wj ¼ dwj=dz, z is the propaga-

tion distance, jj is the coupling coefficient of the

field between waveguides j and j + 1, and aj is a lo-

cal eigenvalue detuning. The boundary conditions

are obtained by taking into account that energy
can not leak outside the lattice, i.e., j0 = jN = 0.

As it is expected for waveguide and fiber couplers

the coupling coefficients are positive, jj > 0. Notice

that if some of the values of aj are negative, then,

by applying the trivial transformation wj ¼ ŵj

expð�ik0zÞ along with aj ¼ âj � k0, where

k0 P �min(aj), all âj become positive (or zero).

Thus, without loss of generality, aj P 0.
By proper design, it is possible to have lattice

coefficients jj, aj that vary with the index j. For

example, jj and aj can be tuned by changing only

the waveguide geometry (that in turn modifies the

effective refractive index and the coupling of the

waveguides).

Eq. (1) has a Hamiltonian structure

i _wj þ
oH

ow�
j

¼ 0; ð2Þ
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where

H ¼
X
j

ajjwjj
2 þ jj�1½wj�1w

�
j þ w�

j�1wj�
n

þ jj½wjþ1w
�
j þ w�

jþ1wj�
o

ð3Þ

and, in addition, the total power is conserved

P ¼
X
j

jwjj
2
: ð4Þ

One can rewrite Eq. (1) as

i _wn þ Lnwn ¼ 0; ð5Þ
where the operator Lj is defined

Ljwj ¼ ajwj þ jj�1wj�1 þ jjwjþ1: ð6Þ

Alternatively, a matrix form can be used for Eq. (5)

i _Uþ AU ¼ 0; ð7Þ
where

A¼

a1 j1 0 0 . . . 0 0 0

j1 a2 j2 0 . . . 0 0 0

0 j2 a3 j3 . . . 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 0 0 . . . jN�2 aN�1 jN�1

0 0 0 0 . . . 0 jN�1 aN

0
BBBBBBBBB@

1
CCCCCCCCCA
; ð8Þ

U = (w1,w2, . . . ,wN)
T, and T denotes the transpose.

Notice that the matrix (8) is tridiagonal and sym-

metric (AT = A). We are interested to find the

eigenmodes of Eq. (1). To do so, we assume that

wðlÞ
j ¼ uðlÞj expðiklzÞ ð9Þ

or in vector form

Ul ¼ xl expðiklzÞ: ð10Þ
The resulting eigenvalue problem is

Axl ¼ klxl ð11Þ
or

Lju
ðlÞ
j ¼ klu

ðlÞ
j : ð12Þ

Due to the tridiagonal nature of matrix (8), its

characteristic polynomial is obtained by the fol-
lowing recursion formula:

F 0 ¼ 1; ð13Þ
F 1 ¼ a1 � k; ð14Þ

F n ¼ ðan�1 � kÞF n�1 � j2
n�1F n�2: ð15Þ

Eq. (1) has some interesting properties that we

are going to use in the following sections. For

the coherence presentation of our results, we sum-
marize these properties in Appendix A.
3. Revivals

An input field can always be decomposed into

the orthogonal and complete set of eigenvectors

xj of matrix (8)

U0 ¼ Uðz ¼ 0Þ ¼
X
j

cjxj; ð16Þ

which represent the array eigenmodes. The weights

cj can be found by projection to the orthogonal ba-

sis of eigenvectors

cj ¼ hxjjU0i; ð17Þ
where we denote by

hxjyi ¼ xyy ¼
X
j

xj
� ��

yj: ð18Þ

The evolution of an arbitrary waveguide excitation

in the lattice is then given by

UðzÞ ¼
X
j

cjxj expðikjzÞ: ð19Þ

According to the relation between the eigen-

values kj, the initial pattern can periodically reap-
pear at multiples of the revival length z = m

LREV. Except from these perfect revivals, frac-

tional revivals, representing a coherent superposi-

tion of the original wavefunction are known to

occur in systems with purely quadratic spectrum

[7]. As we will show, such revivals are also possible

in finite arrays by appropriately choosing the

parameters of the lattice. A major difference
between the continuous models that support frac-

tional revivals and the waveguide lattices consid-

ered here is that, in the latter case, the number of

eigenmodes is finite. Also the spectrum of the ar-

ray that is required for fractional revivals is not

parabolic as it is in the continuous case. We will

consider both types of revivals: perfect revivals of

the initial state and fractional revivals.
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3.1. Perfect revivals

For the sake of generality, in this section we do

not make any assumptions about the lattice

parameters (aj,jj). We distinguish two different
cases of perfect revivals, i.e., perfect field revivals

where the input field at z = LREV is identical to

the original as well as intensity revivals, where an

additional phase difference can accumulate

between each revival.

The condition for field revivals of the original

pattern is

Uðz ¼ 0Þ ¼ UðLFÞ;

that results to

kjLF ¼ 2mjp; j ¼ 1; . . . ;N ; ð20Þ

where LF denotes the field revival length or time.

The revival length is then given by the least com-

mon multiplier of all the 2p/kj, i.e.

LF ¼ LCM
2p
kj

� �� �
: ð21Þ

We can now define an effective klcm such that

LF ¼ 2p=klcm: ð22Þ
The eigenvalues should then satisfy

kj ¼ mjklcm: ð23Þ

Considering now intensity revivals, we notice that

the lth element of the field is given by

Ul ¼
X
j

cju
ðjÞ
l expðikjzÞ; ð24Þ

from which the corresponding intensity is obtained

Il¼U �
lUl

¼
X
j>k

4cjcku
j
lu

k
l cos½ðkk�kjÞz�þ

X
j

c2j ðu
j
lÞ

2
: ð25Þ

One can see that the condition for intensity revival

I(LI) = I(0) (where LI is the intensity revival

length) leads to

LIðki � kjÞ ¼ LIDki;j ¼ 2mp:

The intensity revival length is then given by
LI ¼ LCM
2p
Dki;j

� �� �
: ð26Þ

We can now define an effective Dklcm such that

LI ¼ 2p=Dklcm: ð27Þ
The eigenvalues should then satisfy

Dki;j ¼ mi;jDklcm: ð28Þ
3.2. Fractional revivals

Considering fractional revivals, we first assume

that the local detuning aj of all the waveguides is

zero (ai = 0,i = 1, . . . ,N). In this specific case (see
the detailed discussion in Appendix A), the evolu-

tion of optical field is given by

UðzÞ ¼
X
kj>0

½cjxj expðikjzÞ þ ~cj~xj expð�ikjzÞ� þ c0x0:

ð29Þ
Notice that if k is an eigenvalue then �k is also

an eigenvalue of the problem. Our second

assumption is that the array is symmetric

(jj = jN� j). Since the array is symmetric, all

the eigenmodes of this system are either even
or odd. The eigenvectors xj and ~xj with eigen-

values k and �k, respectively, are related via
~uðjÞk ¼ ð�1ÞkuðjÞk (see Appendix A). The last term

on the right hand side of Eq. (29) exists only

when the dimension of the lattice is odd

N = 2M + 1 and corresponds to zero eigenvalue.

The existence of fractional revivals is related to

the existence of pairs of eigenvectors with oppo-
site sign eigenvalues (k,�k). A zero eigenvalue

can, in general, break the symmetry of the spec-

trum that permits fractional revivals. To simplify

the results of this section we will assume that the

spectrum is such that there is a minimum eigen-

value kmin = kj and the rest of the eigenvalues are

multiples of kmin, i.e.

ki ¼ mikmin: ð30Þ

We will separately consider two different cases:

(a) all the eigenvalues are non-zero (even lattice

size or N = 2M); (b) one zero eigenvalue exists

(odd lattice size or N = 2M + 1). When N = 2M

the input field evolves according to
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UðzÞ ¼
X
j even

½cjxj expðikjzÞ þ ~cj~xj expð�ikjzÞ�: ð31Þ

Fractional revivals require even or odd parity

eigenvectors. Thus, using Property 7 in Appendix

A, the associated lattice should be symmetric. The
summation in Eq. (31) is over the eigenvalues kj that
correspond to even parity eigenvectors (see Defini-

tion 5 in Appendix A). Because the array has an

even number of lattice sites, N = 2M, x and ~x have

opposite parity. Since we assumed that the eigen-

vectors xj are even all ~xj are odd. The complete re-

vival lengths can be found by using the expressions

obtained in the previous section LF = 2p/klcm and
LI = 2p/Dklcm, where in the evaluation of these

expressions it should be taken into account that

for each kj, �kj is also an eigenvalue. Here, we will

consider the two simpler types of fractional reviv-

als, namely, reflection images and mirror states.

A vectorUj and its reflection imageVj, are related

by Vj = UN� j + 1. A waveguide lattice in which the

input fieldUj can evolve to itsmirror imageUN� j + 1

can realize a multi-coupler: the power can switch

from waveguide j to waveguide N � j + 1.

We express U as a superposition of the eigen-

vectors of the problem

U ¼
X

½cjxj þ ~cj~xj�: ð32Þ

Then, since x and ~x have opposite parity

V ¼
X

½cjxj � ~cj~xj� ð33Þ

is the reflection image of U. This can be shown, by

noting that the parity of

Uþ V ¼ 2
X

cjxj ð34Þ

is even, whereas

U� V ¼ 2
X

~cj~xj ð35Þ

is odd. Thus, UN� j + 1 + VN� j + 1 = Uj + Vj and

UN� j + 1 � VN� j + 1 = �(Uj � Vj). Adding these

two quantities we get UN� j + 1 = Vj (and

Uj = VN� j + 1). A generalized condition for reflec-
tion images is given by

Uj ¼ V N�jþ1 expði/Þ; ð36Þ
where / is an arbitrary phase shift.
We rewrite Eq. (31) in the form

UðzÞ ¼ expðikmzÞ
X
n even

½cnxne
iðkn�kmÞz þ ~cn~xje

�iðknþkmÞz�:

ð37Þ

From Eq. (37), the conditions for the occurrence

of reflections are given by

Lðkn � kmÞ ¼ 2j1p; Lðkn þ kmÞ ¼ pþ 2j2p: ð38Þ
Solving these equations, we obtain the following

relations between the eigenvalues

kj ¼ ð1þ 4mjÞkmin; ð39Þ

where kmin is the minimum eigenvalue, and the re-

vival length LR [such that Ij(LR/2) = IN� j + 1

(LR/2 + mLR)] is

LR ¼ p=kmin ¼ LI: ð40Þ
We would like to notice that condition (39) is

necessary for the existence of fractional revivals

but not sufficient. One should also take into ac-

count that all kj should correspond to eigenvectors
with even (or odd) parity. Arranging the eigen-

values that correspond to even (or odd) eigenvec-

tors as

jk1j > jk2j > � � � > jkmj; ð41Þ
a second relation between the eigenvalues is

derived

kjkj�1 < 0: ð42Þ

Conditions (39), (41) and (42) are now sufficient.

As an example, we consider the case N = 4. We as-

sume that the eigenvalue with the smallest absolute
value is �kmin. The second eigenvalue should then

be given by �kmin + 4mkmin, m P 1.

Another type of fractional revivals consists of

two mirror images, i.e., an equal amplitude super-

position of the original waveform (32) and its

reflection (33). In a waveguide array this corre-

sponds to a multi-beam-splitter. At a specific

length the input power from port j is equally di-
vided between ports j and N � j + 1. Interestingly,

mirror fractional revivals are required for this type

of operation.

A mirror image can be obtained from Eq. (31)

by assuming that kjz = p/4 and so
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U ¼ 1

2

X
½cjxj þ ~cj~xj� þ

i

2

X
½cjxj � ~cj~xj�: ð43Þ

Using Eq. (37) the relations between the eigen-

values become

Lðkn � kmÞ ¼ 2j1p; Lðkn þ kmÞ ¼ p=2þ 2j2p;

ð44Þ
Solving Eq. (44), one can find that the eigenvalues

should satisfy

kj ¼ ð1þ 8mjÞkmin ð45Þ
and the revival length LM, such that I(LM/

2) = I(LM/2 + mLM), is given by

LM ¼ p=2kmin ¼ LI=2: ð46Þ
Again Eqs. (41), (42) should be satisfied, to guar-

antee that kj are eigenvalues with even (or odd)

parity eigenvectors.

If the dimension of the lattice is odd

N = 2M + 1 then, in general, fractional revivals

are not possible. This is due to the existence of a
zero eigenvalue in the lattice spectrum. However,

reflection fractional revivals can still occur. In con-

trast to the even lattice case, here, since

N = 2M + 1, both x and ~x have the same parity.

Thus, we can write the evolution of an initial vec-

tor as

U ¼ c0x0 þ
XM
j¼1

cjxje
ikjz þ ~cj~xje

�ikjz
� �

; ð47Þ

where the eigenvalues have the arrangement

0 < k1 < k2 < � � � < kM : ð48Þ
Notice that if the eigenvector with zero eigenvalue

is even (odd) then all the eigenvectors with

k = 0,k2,k4, . . . are even (odd) and the eigenvectors

with k = k1,k3, . . . are odd (even). Following simi-

lar arguments as in the even case (N = 2M), a

reflection can happen if at some distance the wave-

guide eigenmode becomes

U ¼ c0x0 þ
X

j¼2;4;...

½cjxj þ ~cj~xj� �
X

j¼1;3;...

½cjxj þ ~cj~xj�:

ð49Þ
Eq. (47) will evolve to Eq. (49) if

kj ¼ kj�1 þ 2mjpþ p; m P 0: ð50Þ
The fractional revival length in this case is

LR ¼ p=kmin: ð51Þ
4. Examples

We are now going to consider some specific

examples of perfect and fractional revivals in

waveguide lattices. We will start from the simplest

cases N = 2 and N = 3 which have already been

examined in the literature. We will then proceed
to the cases of arrays with 4 and 5 lattice elements.

In these latter cases, we will show that by appro-

priately engineering the lattice parameters frac-

tional revivals are possible.

4.1. Array with two waveguides

This case, consisting of two linearly coupled
optical fibers or waveguides, has been studied

extensively. The coupled-mode equations describ-

ing the amplitude evolution are:

i _w1 þ jw2 ¼ 0; ð52Þ

i _w2 þ aw2 þ jw1 ¼ 0: ð53Þ
These equations are associated with the matrix

A ¼
j 0

a j

� �
ð54Þ

with a characteristic polynomial

k2 � ka� j2 ¼ 0: ð55Þ
The eigenvalues of Eq. (55) are given by

k1;2 ¼ k� ¼ a�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 4j2

p

2

and the corresponding eigenvectors are:

uþ ¼
1

kþ=j

� �
¼

�k�=j

1

� �
;

u� ¼
1

k�=j

� �
¼

�kþ=j

1

� �
ð56Þ

and, thus, w+ = u+exp(ik+z) and w� = u�exp(ik�z)
are the eigenmodes of the original problem. The
evolution of the field along z is given by:
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w1 ¼ �ðk�=jÞaeikþz � ðkþ=jÞbeik�z; ð57Þ

w2 ¼ aeikþz þ beik�z; ð58Þ
where the parameters a, b are determined from the

initial excitation. The intensities of Eqs. (57) and

(58) are given by:

jw1j
2 ¼ ð1=j2Þðk2�a2 þ k2þb

2Þ
þ ð2kþk�ab=j2Þ cosððkþ � k�ÞzÞ; ð59Þ

jw2j
2 ¼ ða2 þ b2Þ þ 2ab cosððkþ � k�ÞzÞ: ð60Þ

In this example, independent from the choice of the

parameters, perfect intensity revivals can happen.

However, fractional revivals will occur only if the

detuning a is zero. In this latter case the eigenvalues

will satisfy the condition k� = �k+. The lack of
fractional revivals when the detuning is non-zero

can be explained by the fact that when a 6¼ 0 the lat-

tice is not symmetric. In the rest of the examples,

we will consider only the zero detuning case aj = 0.

4.2. Array with three waveguides

In a lattice consisting of three waveguides the
equations read:

i _w1 þ j1w2 ¼ 0; ð61Þ

i _w2 þ j1w1 þ j2w3 ¼ 0; ð62Þ

i _w3 þ j2w2 ¼ 0 ð63Þ
and the corresponding array is given by

A ¼
0 j1 0

j1 0 j2

0 j2 0

0
B@

1
CA: ð64Þ

The characteristic polynomial of Eq. (64) is

k3 � ðj2
1 þ j2

2Þk ¼ 0

with eigenvalues

k0 ¼ 0; k1;2 ¼ k� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j2
1 þ j2

2

q
:

Since k� = �k+ this system will always possess per-

fect revivals as well as fractional reflections. How-

ever, the existence of a zero eigenvalue does not

permit any higher order fractional revivals to occur.
4.3. Array with four waveguides

The evolution of an array of four waveguides

with coupling coefficients that vary along the

lattice is described by:

i _w1 þ j1w2 ¼ 0; ð65Þ

i _w2 þ j1w1 þ j2w3 ¼ 0; ð66Þ

i _w3 þ j2w2 þ j3w4 ¼ 0; ð67Þ

i _w4 þ j3w3 ¼ 0: ð68Þ
The associated matrix is

A ¼

0 j1 0 0

j1 0 j2 0

0 j2 0 j3

0 0 j3 0

0
BBB@

1
CCCA: ð69Þ

Matrix (69) possesses a characteristic polynomial

k4 � ðj2
1 þ j2

2 þ j2
3Þk

2 þ j2
1j

2
3 ¼ 0

with eigenvalues

kf1;2g;� ¼ �ð1=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2

2 � 4G22

q
þ 2F 2

r
;

where F 2 ¼ j2
1 þ j2

2 þ j2
3 and G2;2 ¼ j2

1j
2
3. We ar-

range the eigenvalues as k2 > k1 > k1,�
(=�k1) > k2,� (=�k2). When k2 = mk1 perfect and

fractional revival can occur. After some algebraic

calculations this condition results

�ð1þ m2Þ2j2
1j

2
3 þ ðj2

1 þ j2
2 þ j2

3Þ
2m2 ¼ 0: ð70Þ

Perfect revivals can happen for any non-zero m

that is consistent with Eq. (70). However, for frac-

tional revivals additional constraints should be ap-
plied to the allowed values of m. Using Eqs. (39)

and (42) the required values of m for reflections

(permitting switching between waveguides j and

N � j + 1) are provided

m ¼ �1þ 4n; n ¼ 1; 2; . . . ð71Þ

or m = 3,7,11, . . . On the other hand mirror images

(that allow beam splitting between waveguide j

and N � j + 1) can happen if Eqs. (42) and (45)

are satisfied, i.e.



Fig. 1. Intensity evolution in a four element waveguide lattice

with j1 = j3 = 1 and m = 2 (corresponding to j2 . 0.707). In

the left (right) panel the initial pattern is (1 0 0 0) [(1 1 0 0)]. For

this value of m only perfect revivals are possible.

Fig. 2. Intensity evolution in a four element waveguide lattice

with j1 = j3 = 1 and m = 3 (corresponding to j2 . 1.15). In the

left (right) panel the initial pattern is (1 0 0 0) [(1 1 0 0)]. For this

value of m perfect revivals and reflection (but not mirror)

fractional revivals are possible.

Fig. 3. Intensity evolution in a four element waveguide lattice

with j1 = j3 = 1 and m = 7 (corresponding to j2 . 2.27). In the

left (right) panel the initial pattern is (1 0 0 0) [(1 1 0 0)]. For this

value of m perfect revivals as well as fractional revivals

(reflections and mirror images) are possible.
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m ¼ �1þ 8n; n ¼ 1; 2; . . . ð72Þ

or m = 7,15,23, . . . Notice that if Eq. (72) is satis-
fied, Eq. (71) is also satisfied. Thus, when mirror

revivals happen, reflection revivals will also hap-

pen, whereas, the opposite is not always true. In

addition a symmetric lattice is required for frac-

tional revivals to occur, i.e., j1 = j3 = j.

4.3.1. j1 = j3 = j
In this case, the lattice is symmetric and thus

both perfect and fractional revivals are possible.

Substituting the condition j1 = j3 = j into Eq.

(70) we find

j2
2 ¼

1

2m2
�4j2m2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2jmÞ4 þ ð2mð1�m2Þj2Þ2

q
 �
:

In Figs. 1–3 we can see some typical examples

of revivals for this example. In Fig. 1 the ratio of

the two eigenvalues is m = 2 and therefore only

perfect revivals are allowed. In Fig. 2, since
m = 3, reflection fractional revivals occur but

mirror revivals are not possible. Finally, in

Fig. 3 both reflection and mirror fractional reviv-

als happen since m = 7. In this latter case, an ini-

tial intensity pattern, say, (1,0,0,0) will revive to

its original form at z = LI. In addition, when

z = LI/2 the input power switches from wave-

guide 1 to waveguide 4, i.e., (0,0,0,1). Finally,
when z = LI/4,3LI/4, the intensity is equally

divided between waveguides 1 and 4, i.e.,

(1/4,0,0,1/4).

4.3.2. j1 = j2 = j
Due to the asymmetric nature of the cou-

plings only perfect revivals are possible. From

Eq. (70) the relation between the couplings and
m is

j2
3 ¼

j2

2m2
m4�2m2þ1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þm4�2m2Þ2�16m4

q
 �
:

ð73Þ

4.3.3. j1 = j � x, j2 = j, j3 = j + x

In this case the relation between the couplings
and m is
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x2 ¼ ð1� 3mþ m2Þj2

ðm� 1Þ2
: ð74Þ
Fig. 4. Schematic illustration of the two possible node types.

On the left panel ujuj + 1 < 0 whereas on the right panel
4.4. Array with five waveguides

Since N is odd, only perfect and mirror frac-

tional revivals are allowed by the lattice. The evo-

lution for the five equations is described by:

uj� 1uj + 1 < 0 along with uj = 0.
i _w1 þ j1w2 ¼ 0; ð75Þ

i _w2 þ j1w1 þ j2w3 ¼ 0; ð76Þ

i _w3 þ j2w2 þ j3w4 ¼ 0; ð77Þ

i _w4 þ j3w3 þ j4w5 ¼ 0; ð78Þ

i _w5 þ j4w4 ¼ 0: ð79Þ
The characteristic polynomial of the associated

matrix is

k5 � ðj2
1 þ j2

2 þ j2
3 þ j2

4Þk
3

þ ðj2
1j

2
3 þ j2

1j
2
4 þ j2

2j
2
4Þk ¼ 0

with eigenvalues

k ¼ 0; kf1;2g;� ¼ �ð1=2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 4 þ 2F 22

p
þ 2F 2

q
;

where F 4 ¼ j4
1 þ j4

2 þ j4
3 þ j4

4; F 2 ¼ j2
1 þ j2

2þ
j2
3 þ j2

4; F 22 ¼ j2
1j

2
2 þ j2

2j
2
3 þ j2

3j
2
4 � j2

1j
2
3 � j2

1j
2
4�

j2
2j

2
4. The revival condition k2 = mk1 then results to

ð1þ m2Þ2ðj2
1j

2
3 þ j2

1j4
2 þ j2

2j
2
4Þ

¼ m2ðj2
1 þ j2

2 þ j2
3 þ j2

4Þ
2
:

5. Conclusions

In this paper, we showed that perfect and frac-

tional revivals are possible in finite waveguide lat-

tices. Such revivals are experimentally realizable in

different settings, such as, waveguide arrays, multi-

fiber couplers, and photonic crystals. Potential

applications of fractional revivals utilizing opera-

tions such as multi-couplers and multi-beam-split-
ters have been considered.
Appendix A. Properties of the lattice

For completeness, we present here some of the

basic properties of linear waveguide lattices. The

properties of the eigenvector and eigenvalues of

Eq. (11) are associated with the properties of ma-

trix A. Direct consequences of the symmetric

nature of A are:

Property 1. The eigenvectors and eigenvalues of A

are real.

Property 2. A has N linearly independent and

orthogonal eigenvectors.

Property 3. The recursion formula (13)–(15) is a

Sturm sequence when jj 6¼ 0 "j.

Property 4. As a result of Property 3, the eigen-

values of A are distinct when all jj 6¼ 0.

The number of nodes of an eigenfunction in

continuous eigenvalue problems is directly related

to the order of the corresponding eigenvalue [11].

This property can be extended in the discrete do-

main [12].

Definition 1. An eigenvector ui has a node on j

when (a) ujuj + 1 < 0 or (b) uj = 0 along with

uj + 1uj� 1 < 0 (see Fig. 4).

Definition 2. We define N(u) = l as the total num-

ber of nodes of the eigenvector u and

N(u,j1 6 j 6 j2) as the number of nodes of u that

lie in the regime j1 6 j 6 j2.

Definition 3. If j1,j2, . . . are the nodes of the eigen-
vector u then IDX(u) = {j1,j2, . . .}.

Property 5. If the nontrivial eigenvector ui has a

zero on j then it has a node on j.
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Proof. Assume that uj = 0. If uj� 1 = 0 then from

Eq. (5) uj + 1 = 0. Applying Eq. (5) to adjacent

lattice elements results to ui = 0, i = 1, . . . ,N.

Thus, without loss of generality, we can assume

that uj� 1 > 0. From Eq. (5) and keeping in mind
that jl > 0, l = 1, . . . ,N � 1, it is uj + 1 =

�jj� 1uj� 1/jj < 0. h

Property 6. (discrete node theorem [12]). Assum-

ing that the eigenvalues of A have the order
k1 > k2 >� � �> kN � 1 > kN, and jj > 0, j = 1, . . . ,N,

then the eigenvector u(j) corresponding to kj has

exactly j � 1 nodes.

Proof. We consider two pairs of eigenvectors,

eigenvalues of A, say (k1,u
(1)) and (k2,u

(2)), with

different eigenvalues k1 6¼ k2. Without loss of gen-

erality we can assume that k1 > k2. By contraction,

one can show that

jjW uð1Þj ; uð2Þj

� 
� jj�1W uð1Þj�1; u

ð2Þ
j�1

� 

¼ k1 � k2ð Þuð1Þj uð2Þj ; ðA:1Þ

where the discrete Wronskian W is defined as

W ðuj; vjÞ ¼ ujþ1vj � ujvjþ1: ðA:2Þ

Summation over Eq. (A.1) from j1 to j2 results

to

jj2W uð1Þj2
; uð2Þj2

� 
� jj1�1W uð1Þj1�1; u

ð2Þ
j1�1

� 

¼ ðk1 � k2Þ
Xj2
j¼j1

uð1Þj uð2Þj : ðA:3Þ
We apply Eq. (A.3) into the regime j1 6 j 6 j2. We

assume that {IDX(u(1)): j1 6 j 6 j2} = {j1,j2}, i.e., j1
and j2 are two consecutive nodes of u(1)

(uð1Þj1
6 0; uð1Þj > 0 for j = j1, . . . ,j2 � 1 and

uð1Þj2
P 0). If u(2) does not have a node in the regime

j1 6 j 6 j2 then the left hand side of Eq. (A.3) be-
comes negative whereas the right hand side is pos-

itive. This is a contradiction and thus u(2) should

have at least one node in the regime j1 6 j 6 j2.

The same procedure can be applied in the domain

boundaries, where, for example, for the left

boundary it can be shown that if the first node

of u(1) is on j1 then N(u(2),1 6 j 6 j1) P 1.
We continue by considering the case

N(u(1),j1 6 j 6 j3) = 3 and {IDX(u(1)): j1 6 j 6 j3} =

{j1,j2,j3}. In this case we will show that u(2) has at

least two nodes in the regime j1 6 j 6 j3. If u(2)

has zero nodes then by restricting the domain to
j1 6 j 6 j2 we come to contradiction. Now assum-

ing that N(u(2),j1 6 j 6 j2) = 1 and {IDX(u(2)):

j1 6 j 6 j3} 6¼ j2, we can show that u(2) has at

least one node in each of the regions j1 6 j < j2
and j2 < j 6 j3. If N(u(2),j1 6 j 6 j2) = 1 and

{IDX(u(2)): j1 6 j 6 j3} = j2, we can show by

contradiction [applying Eq. (A.3)] that u(2) has at

least a second node.
We can extend this procedure to the general

case where u(1) has m nodes in the region

j1 6 j 6 jm. By dividing this region into subregions

that do not have common nodes in the boundaries

it is easy to show that N(u(2),j1 6 j 6 jm) P
N(u(1),j1 6 j 6 jm)�1.

Taking into account that the eigenvectors u(j) do

not have nodes on the boundaries we conclude
that

Nðuð2ÞÞ P Nðuð1ÞÞ þ 1: ðA:4Þ

Thus if k1 > k2, the number of nodes of u(2) are

more than the number of nodes of u(1), i.e.,

N(u(1)) < N(u(2)). Considering that the lattice con-

sists of N elements, the maximum number of nodes

that an eigenvector can have is N � 1. Taking this

into account, the only possible choice for the num-

ber of nodes of the eigenvector u(l) is N(u(l)) =

l � 1. h

Definition 4. A lattice is symmetric if its elements

are symmetric with respect to the center of the lat-

tice, i.e., jj = jN� j along with aj = aN� j + 1.

Definition 5. An eigenvector is symmetric or has

even parity if uj = uN� j + 1 and is antisymmetric

or has odd parity if uj = �uN� j + 1.

Property 7. The eigenvectors of a symmetric lattice

are either symmetric or antisymmetric.

Proof. For Eq. (6) it is

Lnun ¼ jn�1 þ jnun þ anun ¼ kun: ðA:5Þ

Since the operator is symmetric
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Lnun ¼ LN�nþ1un; ðA:6Þ
by applying the transformation n ! N � n + 1 we
obtain

LnuN�nþ1 ¼ kuN�nþ1: ðA:7Þ
By inspection of Eqs. (A.5) and (A.7) one can find

that uN� n + 1 = ± un. Thus, if uN� n + 1 = un the

eigenvalue is symmetric, whereas, if uN� n + 1 =

�un the eigenvalue is antisymmetric. h

Property 8. If the eigenvalues of a symmetric lat-

tice are arranged as k1 > k2 >� � �> kN then the eigen-

vector u(l) will be symmetric if l = 2m + 1 and
antisymmetric if l = 2m.

Proof. The lth eigenvector has l � 1 nodes (Prop-

erty 6). Also, it is either symmetric or antisymmet-

ric (Property 7). Notice that if the number of
nodes l � 1 is even (odd) the corresponding eigen-

vector will also be even (odd). As a result, the

eigenvector u(l) will be even (odd) if l = 2m + 1

(l = 2m). h

We will now discuss the properties of matrix A

when aj = 0 (zero local detuning). We define ma-

trix B as B = {A: aj = 0,j = 1 . . . ,N} or
B ¼

0 j1 0 0 . . . 0 0 0

j1 0 j2 0 . . . 0 0 0

0 j2 0 j3 . . . 0 0 0

..

. ..
. ..

. ..
. ..

. ..
. ..

.

0 0 0 0 . . . jN�1 0 jN

0 0 0 0 . . . 0 jN 0

0
BBBBBBBBB@

1
CCCCCCCCCA
:

ðA:8Þ
The characteristic polynomial of (A.8) is

kN � G2;1k
N�2 þ G2;2k

N�4 � G2;3k
N�6 þ � � � ¼ 0;

ðA:9Þ

where its coefficients are explicitly given by:

G2; 1 ¼
X
j

j2
j ;

G2;2 ¼
X
i<j�1

j2
i j

2
j ;
G2;3 ¼
X

i<j�1<k�1

j2
i j

2
jj

2
k

and so on. Matrix (A.8) has some interesting

properties that are absent from the original ma-

trix (8).

Property 9. We define matrix T as

T �

1 0 0 0 . . . 0

0 �1 0 0 . . . 0

0 0 1 0 . . . 0

0 0 0 �1 . . . 0

..

. ..
. ..

. ..
. ..

.

0
BBBBBB@

1
CCCCCCA

ðA:10Þ

Then if v is an eigenvector of B with eigenvalue k,
~v ¼ Tv will also be an eigenvector with eigenvalue

�k.

Proof. We multiply the original eigenvalue

problem

Bx ¼ kx ðA:11Þ
with T

TBx ¼ kTx: ðA:12Þ

However, since {B,T} = 0, where {A,B} is the anti-

commutator

fA;Bg ¼ ABþ BA; ðA:13Þ
it is

B~v ¼ �k~v ðA:14Þ
h.

Property 10. The sum of the eigenvalues of B is

zero

Proof. This becomes obvious by noticing that

Tr(B) = 0. h

Property 11. When the dimension of matrix B is

odd, N = 2M + 1, the matrix will have 2M non-zero

and one zero eigenvalues. If the dimension of the

matrix is even, N = 2M, then all the eigenvalues will

be non-zero.

Proof. If matrix B is even, N = 2M, one can prove

thatY
j

kj ¼ j2
1j

2
3 . . . j

2
2M�1:



356 N.K. Efremidis, D.N. Christodoulides / Optics Communications 246 (2005) 345–356
Since the coupling coefficients are non-zero, the

product of all the eigenvalues is positive. As a re-

sult all eigenvalues are non-zero kj 6¼ 0. On the

other hand, if the dimension of B is odd,

N = 2M + 1, sinceY
j

kj ¼ 0; ðA:15Þ

at least one eigenvalue will be zero. However, the

determinants of all the 2M · 2M submatrices are

non-zero. Thus, the remaining 2M eigenvalues

are non-zero. h
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