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Quantum-Mechanical Many-Body Problem |

This is joint work with
Sébastien Breteaux (Metz), Thomas Chen (Austin),
Jurg Frohlich (Zurich), Israel Michael Sigal (Toronto).
Consider a system of many particles in R?, d € N.
@ The one-particle Hilbert space is b := L2(R9).
@ The Hilbert space of N particles is the subspace
FWN) .= S[h®N] of symmetric vectors in h&N,

@ The Hamiltonian generating the dynamics of an N-particle
system is

N
n=1 1<m<n<N

where h, .= —Ay, + V(x») is the one-particle Hamiltonian,
and v(x — y) is the pair interaction potential.
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Quantum-Mechanical Many-Body Problem I

To study states of all possible particle numbers N > 0in a
single vector, we pass to boson Fock space.
@ The Hilbert space of many-particle states is the boson
Fock space F := @f_q FN).
@ The Hamiltonian generating the dynamics of many-particle
states is H := @g_q HM.
@ Itis convenient to represent the boson Fock space as
}‘ span{w*(ﬁ) zp*(fN)Q IN € No, f; € b}, where
= [f(x )" dx are the creation operators and
Q e J—“(O) is the vacuum vector.
@ Creation operators and their adjoints ¢ (f) := (¢*(f))", the
annhiliation operators, fulfill the CCR
[(x), ¥ ()] = [¥*(x), ¥*(¥)] = 0, [¥(x), " (¥)] = 6(x — y),
P(x)Q =0, on F.

Volker Bach (TU Braunschweig) TD HFB equation for Bosons



Quantum-Mechanical Many-Body Problem 1

On Fock space, all observables can be expressed in terms of
creation and annihilation op’s, e.g., H := @x_, HMN is

H = [ 000 [ol(x) o
+5 [[ V=)o) v dray.

with h = —A + V(x). We assume either
(H) V< -A, v —A, v(x)=v(—x),or
(H) V< —-A, 3p>d: ve WP(RY), v(x) = v(—x).
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Quasifree Approximation to Dynamics |

@ The dynamics is defined by the Schrédinger equation
i0:V(t) = HY(t), Vg € F.

© If pr = >, Ni|Wi(1)(W)(t)| € L1(F) is a density matrix, the
Schrédinger equation for p; reads i0ip; = [H, py.

@ For quantum states A — w¢(A) := Tr{p:A}, this is
equivalent to the von Neumann-Landau equation,

iOpwor(A) = wi([A,H]),

where A € B[F] is an observable.
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Quasifree Approximation to Dynamics I

@ Given a state w, its one- and two-point functions are
deflned as

= w(¥(x)),
Yoo (X y w(¥*(y) (x ) —w@* (y)w(@(x) = wln(y)nx)),
7u(X, Y) —w(w( (X)) —w(®y))w(®(x) = wny)n(x)),
where n(x) := w(x) —w((x)) and " € {n,n"}.
@ A state w is quasifree if all higher truncated correlation
functions vanish, i.e., if w (7™ (xq) - - - ™1 (X2x_1)) = 0 and

W(UT1 (X1) .. '77T2k(X2k))

Z H OJ( m(@v=1) 7r(21/ 1)) Tr(2) (XTr(ZZ/))> :

TEPoy v=1

@ Quasifree states are the quantum analogue of Gaussian
probability distributions.
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Quasifree Approximation to Dynamics I

@ The von Neumann-Landau dynamics does not preserve
quasifreeness, i.e., if wg is quasifree and w; is determined
by idwwi(A) = wi([A, H]) then w; is not quasifree for t > 0.

@ The (nonlinear) quasifree approximative dynamics wy for
quasifree initial value wg is defined for t > 0 by demanding
that (a) wy be quasifree and (b)

O (8) = wi ([A,H]),

to hold true for all observables A that are linear or
quadratic in ¥*(x) anbd ¥(y).
@ These requirements are equivalent to the HFB equation

iOwi(A) = wi([A, Haw(wy)])

for all observables A (of arbitrary degree), where Hhﬂj(wf)
is the effective HFB Hamiltonian.
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Quasifree Approximation to Dynamics IV

The HFB equation idww{(A) = w{ ([A, Hyp(wy)]) contains the
effective HFB Hamiltonian

Hyp(w7) = / () [h()] (x) ox
- [ Bllavel) 6w (0
45 [[ ol xy) o) w ) + adi.

where h(v) := h+ b[v], b[y] := v d(y) + v#~,
d(7)(x) :==~v(x, x), and [v#9](x, y) :== v(x — y)o (X, y).
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Quasifree Approximation to Dynamics V

Since wy is determined by ¢; := G0Vt 7= ,9, and ot = g, 4,
the HFB equation is equivalent to the system

i0pr = h(t)pe + K[yt
iy = (M), 7] + K[oP ot — atk[a?]*
it = [y, o), + [K(of"), ], + Klo{'],

where k(o) := v#0, 7% :== v+ |¢)(¢|, and o® := o + |¢)(¢|.
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Quasifree Approximation to Dynamics VI

If we put I := (2 47%,) and ¢; == ((Z—i) then the HFB equation

is, yet, equivalent to the system
006n(x) = S (h+[767%9) i) + [ SE#T¥anly)dy
io e =Te(h+[V+T?]) S — S(h+ [V« ),
+ [ swariar— [ripgris,

where S := (§ ) is the natural symplectic form in this
framework.
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History |

@ HF approximation: Hartree, Fock, Slater, Lieb-Simon 1978;
time-dependent: Chadam 1976, Zagatti 1992;

@ Quasifree states and reduced one-particle density
matrices: Robinson 1965, Shale-Stinespring 1965,
Araki-Shiraishi 1971, Bach-Lieb-Solovej 1994,

Solovej 2007/2014, Bach-Breteaux-Knérr-Menge 2014;

@ MF and GP Limit (only ~, no ¢ or o): Hepp 1974,
Ginibre-Velo 1979, Frohlich-Tsai-Yau 2000,
Bardos-Golse-Gottlieb-Mauser 2000-04,
Erdds-Schlein-Yau 2007-09, Ammari-Nier 2008-11,
Fréhlich-Knowles-Pizzo 2007-11,
Grillakis-Machedon 2010-13;
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History I

@ Approximation of full dynamics by HFB dynamics for
fermions: Gottlieb-Mauser 2007, Pickl 2011, Petrat 2015,
Benedikter-Porta-Schlein 2014-16,
Bach-Breteaux-Petrat-Pickl-Tzaneteas 2016,
Porta-Rademacher-Saffirio-Schlein 2017;

@ Approximation of full dynamics by MF dynamics for
bosons: Erdés-Schlein-Yau 2007-13,

Rodnianski-Schlein 2009, Grillakis-Machedon 2010-13;

@ Studying (nonlinear) HFB dynamics for fermions:
Benedikter-Sok-Solovej 2017;

@ Studying (nonlinear) HFB dynamics for bosons (with ¢, -,
and o): Grillakis-Machedon 2017, BBCFS 2018;
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New Results |

We introduce suitable Sobolev spaces (X, || - [lx;). with
(6,7, )l = l18lljs + [1lljy + ol @D 18] = [| M S,
Vi = MM 21y, llolljo == M o]l g2y + [lo M| 225,
where M := /1 — A.

Thm 1: Assume (H) and that

t e (¢t 01) € CH (RS Xo) N C' (RS Xo) is a solution of the

HFB equations and w? is the unique corresponding quasifree

state. Then

(A) The particle number is conserved, i.e., forall t > 0

Te(ye) + |0l = wf (N) = wg(N) = Tr(v0) + l|ollf,
where N = [ ¢*(x)y(x) dx is the number operator.

(A") More generally, any observable A, which is linear or
quadratic in creation and annihilation operators and
commutes with H, is conserved, i.e., for all t > 0,

wi(A) = wg(A).
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New Results Il

(B) The energy
E(bt, 71, 01) = wi (H) = Tr { M + bl|o)(Bl]v + 3b[7]V}
is conserved, i.e., forall t > 0
wi(H) = wg(H)

(C) IfTg:=(a017%,) =0thenT;:= (2 475,) >0,forall t>0.

Thm 2: Assume (H’) and that (o, 70, 00) € Xi. Then the HFB
equations possesses a unique global solution

t— (tha’YtaUt) S C1 (RJ,XO) N C1 (Ra_, XO)

Thm 3: Construction of Gibbs States and condensate
for B < .
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