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Abstract

We establish Liouville type results for weighted anisotropic elliptic equations in divergence form in
the strip RV~ x (=1,1), N > 2. The weights depend on one variable and they include the case where
they are powers of the distance functions to the boundary of the strip.

1 Introduction and main results
In this work our interest is to prove Liouville type results for the anisotropic elliptic operator
Lu=wApu+ 6,\(w1w26)\u), (1.1)

where z = (2/,\) € S := RVN~1 x (=1,1), N > 2 and w;(\) = w;(|\|) for i = 1,2, are locally positive and
bounded weight functions. That is, we look for conditions on wi, we under which the only bounded weak
solutions of Lu = 0 are the constant solutions.

Let us recall the uniformly elliptic case

N
> 9i(aij()05u) =0,

ij=1
with
N
alg? <) ai(@)6g < el VEERN,  c,0>0.
ij=1

The pioneering work of De Giorgi and Moser [DG, Mol, Mo2], see also [HL], played a crucial role in
establishing many properties of weak solutions such as Harnack inequality, Liouville type results, Holder



continuity etc. Several extensions of these results were made by various authors in a number of directions,
see e.g., [FKS, G, GSC].
To discuss the nonuniformly elliptic case we denote by a(x) the matrix with entries a;;(x) and set

I e
M) = ol e Ho) = R e

Assume that for p,q € (1,400, p € L} (RN), A=t € L (RY), and

loc loc

moup 5+ ,
limsup [Br| \P" 2/ ||ullzesy) 1N llLa(By) < oo
R—o0

Under essentially these assumptions, and provided that

1 n 1 - 2

p ¢ N’
Trudinger [T], established Harnack inequality and Holder continuity for nonnegative weak solutions, see
also [MS]. Quite recently the same results have been proved by Bella and Schéffner [BS] under the weaker

condition
1 1 2

p g TN-T
As a consequence, every bounded weak solution is constant, cf Corollary 4.4 of [BS] for the precise result
and the definition of weak solutions.

There is a recent interest in the study of anisotropic operators see e.g. [CL, HP, MNS1, MNS2]. Our
motivation for studying (1.1) comes from the work of Caffarelli and Cordoba [CC] in phase transition
analysis and is a continuation of [FMT2]| and [M2]. In [FMT2] the aim was to establish various Sobolev
type inequalities for anisotropic weighted operators whereas in [M2], Liouville type Theorems for (1.1) are
presented, for particular choices of the weights.

We first consider the model anisotropic elliptic operator

Loyu=(1—|A)*Apu+0x((1 = [A)*T0hu) (1.2)

for (2/,\) € S := RVN=1 x (—1,1). We focus our attention only in the case a > —1 and we state the results
in three cases, the subcritical one, that is ¥ < 2 and the critical or supercritical case corresponding to
v =2 and v > 2 respectively. Then, our first result reads

Theorem 1.1 (Subcritical case) Let o > —1.

(a) If v <1 — « then the function

A
u()) = / (1 [t))=at,

~1
is a nonnegative (and bounded) weak solution of Lo ,u =0 in S.

(b) If 1 — a < v < 2 then any nonnegative weak solution of Lo ,u =0 in S is constant.
When v > 2 our result reads

Theorem 1.2 (Critical and supercritical cases) Let o > —1 and v > 2. Every bounded weak solu-
tions of Lo,u =0 in S is constant.
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Figure 1: For a > —1, the lines ¥ = 1 — o and v = 2 define three regions in the plane a—v. In the pink
region (subcritical) there exist nonnegative non constant solutions. In the purple region (also subcritical)
all nonnegative solutions are constants. Finally in the green region (supercritical) as well as in the case
v = 2 (critical) all bounded solutions are constants.

-

The critical case v = 2 in the case o = 1 was already treated in [M2]; in such a case the validity of
a Liouville type result entails a positive answer to De Giorgi conjecture under the additional assumption
that level sets are Lipschitz graphs, see also [BBG], [CC].

An operator like £, , when v = 2a and 0 < o < 1 (which corresponds to the subcritical and critical
case in the present terminology) is naturally related to the phase transition analysis in [CC].

When 1 — a < v < 2 our result is stronger than establishing that the only bounded weak solutions
are the constant ones and is proved by means of a parabolic Harnack inequality up to the boundary.

We note that our results are outside the range of applicability of the ones by Bella and Schéffner [BS]
mentioned above.

We next consider the more general elliptic operator (1.1). We assume that w;(\) = w;(|A]), i = 1,2,
~1< A< 1,and w; € L (—1,1). We only consider the case w; € L!(0,1) and we state the results in two

loc

_1
cases, the subcritical one, which corresponds to the case w, * € L'(0,1) and the critical or supercritical

_1
case which corresponds to the case w, 2 ¢ L*(0,1). The results then are the following

Theorem 1.3 (Subcritical case) Let wy € L'(0,1) and (wg)_% c L'(0,1).
(a) If (wqwq)~t € LY(0,1) then the function

A
u(N) = / (wrws) L (£)dt

~1
is a nonnegative (and bounded) weak solution of Lu =0 in S .

(b) If (wyw2)~! & LY(0,1) and there exists @ > 1 and constants c1,ca > 0 such that for any X € (—1,1)

there holds ; ;
1 1 1 I
o (/AI w2_2(t)dt> < wi(A)ws (]A]) < ez (/M w, Q(t)dt) , (1.3)

then any nonnegative weak solution of Lu =0 in S is constant.

Also,



Theorem 1.4 (Critical and supercritical cases) Let w; € L'(0,1) and (wg)_% ¢ L1(0,1) and define
Y .
e(A) =1 +/ (wrwg) ™ (t)dt. (1.4)
0

_1
We assume that there exists m > 2 such that go_%wQ 2 € LY0,1) and 0 > 0 such that for some constants
c1,¢2 >0 and any A € (—1,1) there holds

1 1 1 o 1 1 1 1 1 o
01 </ w_m(t)wzz(t)dt> < wi([A)w3 (A)em (A]) < e </ @ (t)w,y 2(lf)dlf> : (1.5)
| [Al

Al
Then any bounded weak solution of Lu =0 in S is constant.

Notice that if wy; € L*(0,1) and (wg)fé ¢ L'(0,1) then necessarily (wywz)™! & L*(0,1), as it follows
1

_1 1
easily from the decomposition w, *> = w; (wlwg)fé, whence
©(A) = +oo as |A] = 1.

The result of Theorem 1.4 is weaker than the one in Theorem 1.3(b). This is not due to our approach,

since if one considers the strip
S, =Rt x(0,1),

with w1, we as in Theorem 1.4 that is w; € L*(0,1) and (w2)7% ¢ L'(0,1), then the function

A
) =1+ [ (i) 0,

is a nonnnegative weak solution of Lu = 0 in S, which is actually unbounded. Hence the requirement of
boundedness of weak solutions in Theorem 1.4 cannot be replaced by the nonnegativity of weak solutions.

To prove Theorem 1.3(b) we establish a parabolic Harnack inequality up to the boundary for nonneg-
ative weak solutions u(z,t) of

ou 1 . 9
a—w—lﬁum Cr x (0,R*) . (1.6)
with

Cr:={l7'| <R, |\ <1}

Parabolic Harnack inequality follows once one establishes Poincaré and Sobolev inequalities as well as a
doubling volume growth condition as is shown in [FKS, CS]. See also [GSC, SC] for extensions on complete
Riemannian manifolds. In the present work we follow an adaptation made in [FMT1], ¢f Theorem 2.11
there. In particular the proper energy space is now given by the following norm

ol e = [ (08 Do+ w(0y)) nda’d
R

wq, w9

This is done in Section 2.

To prove Theorem 1.4 we make use of the oscillation decrease method, cf section 4.3 of [HL|, as
adapted in Theorem 1.4 of [M2] to the anisotropic setting. This is done in Section 3.

In Section 4 we give the proofs of Theorems 1.1 and 1.2. We also discuss various extensions of our
results.



2 Subcritical case: Proof of Theorem 1.3

In this section we give the proof of Theorem 1.3(b). This will be done by means of a parabolic Harnack
inequality up to the boundary, using the Moser iteration scheme, as adapted to isotropic degenerate
elliptic operators on bounded domains in [FMT1]. There is a difference in the cut off functions used here
as compared to the ones used in [FMT1]. In this work our cut off functions take into account the geometry
of the cylinder and they depend only on z’. We combine this with a density argument similar to [FMT1]
that takes care of the A\ direction.

The three ingredients needed for the scheme to work are the doubling volume-growth condition, a
local weighted Sobolev inequality as well as a local weighted Poincaré inequality.

The doubling property follows easily from the fact that

1
V(C’R):/ widz'd\ = / dz’ /wld)\:CRN‘l, (2.1)
Cr Bf, -1

for some uniform constant C' (independent from R) and any R > 0. Here we denote with B}, the Euclidean
ball of radius R in RV~1.
Concerning the local weighted Sobolev inequality we have

Lemma 2.1 (local weighted Sobolev) Let w; € L'(0,1), (wg)_% € LY0,1) and (wiwg)~! & L1(0,1).
In addition we suppose that there exists @ > 0 and some constants c1,c2 > 0 such that for any X € (—1,1)

there holds
1 o 1 L o
c1 /w22(t)dt < wi(|A)w; (|A]) < e /wQQ(t)dt . (2.2)
Ry (Al
2(N+6)

Then for ¢ = =514 there exists a positive constant Cg such that for any R > 1 and for all f € C§°({|2'| <
R}) there holds

</ |f|qw1dm’d>\>q < 05R2(V(CR))3‘1/ (IVar f1? 4+ w2(0r f)?) wida'dA. (2.3)
CR CR

Proof: 1t is clear that it is enough to prove the inequality in the half cylinder,
Ch=Crn{A>0}={]2'| <R, 0< A< 1}

Thus, we will prove that for any f € C§°({|2'| < R})

(/ f\qwldx’d)\>q gCSRQV(Cg)il/ (Vo f12 + w2 (0xf)?) wida'd (2.4)
ct ct

R R

We change variables by defining

5= s(\) = (/: w25<t>dt> (/OIwQé(t)dt>_1, o(2's) = F(&',A). (2.5)

With this change of variables and taking into account (2.2), inequality (2.4) takes the following equivalent
form

q
</+ ]g]qsgdx’ds> < Cg R2V%71(CE) /+ (IVargl* + (959)%) s%dx'ds, (2.6)
C C

R R

5



with C = {|2/| < R, 0 < s <1} and V(C}) = eyRY™! . For R =1 the above inequality is written

2
q
(/@' |g|qsed$’ds> < Cg Vﬁfl(Cf) /C* (IVargl* + (959)?) s’da’ ds. (2.7)
1

1

2(N+6)

This is true by Proposition 2.1 of [FMT2] with @B = 2A = ¢ there. As a consequence ¢ = F=57.

To establish (2.6), after a rescaling in the 2’ variables the inequality takes the form
q
(/ |g|q50dfn'ds) < Cg Vg_l(clﬂ /+ (|Vx/g|2 + R? (039)2) s%da'ds.
cf ¢

This is true by (2.7) and the fact that R > 1. This completes the proof.

We next consider the local weighted Poincare iequality. If

r 1 / !
= ', \) widz'dA
f VCn) CRf( ) w1

we have

Lemma 2.2 (local weighted Poincare) Let wy € L'(0,1), (wg)_% € LY(0,1) and (wywo) ™t & L*(0,1).
In addition we suppose that there exists @ > 0 and some constants ci,co > 0 such that for any A € (—1,1)

there holds ; ;
1 1 1 L
c1 </A| w22(t)dt> < wi(JA)ws (|A]) < e </|A W,y 2(t)dt> . (2.8)

Then there exist positive constant Cp such that for any R > 1 and for all f € C'(CRr) there holds

/ \f — flPwida’d\ < CpR? / (V2 fI? + w2 (0rf)?) wida'dA, (2.9)
CR CR

Proof: The result will follow once we establish that for any f € C'(Cg) we have the following inequality
in the upper half cylinder C}},

/ |f — &Pwida’d) < CPRQ/ (Vo fI? + w2 (0rf)?) wida'dN (2.10)
Cr Ck
for some positive constant Cp (independent on R), with the choice

f|x,|<R f(2’,0)da’
walRNfl

A similar inequality will hold in the lower half cylinder C; with the same choice of §. Then, since
/ |f — flPwyda’d) = min/ |f — &[Pwidx’d),
Cr LeR Jog
the required inequality in C'r will follow.

Making use of the change of variables (2.5) and taking into account (2.8) inequality (2.10) takes the
following equivalent form (modulo absolute constants)



/ lg — &1?s"da’ds < CPRQ/ (IVarg|? + (0s9)?) s"da’ ds. (2.11)
{]z’|<R, 0<s<1} {]z’|<R, 0<s<1}

We note that ) .
_ Jiiemy 90 Dde
- wN_1RN_1

£

Once again it is enough to establish the result for R = 1. The general case then follows by scaling in z’
and using the fact that R > 1, as it was done in the proof of (2.6).

For s € [0, 1] we define
ooy 9(&, 5)da’
gte) = Lzt ,

WN-1

and note that £ = g(1). There holds

/ lg(z, s) — &?s%da’ds
{]z’|<1, 0<s<1}

< 2/ lg(z', s) — g(s)[2s%da’ds + 2/ 15(s) — g(1)?s%da’ds . (2.12)
{]z’|<1, 0<s<1} {|z’|<1, 0<s<1}

We next consider the first integral on the right hand side. By Poincaré in the 2’ variables we have

1
/ 9@, 5) — g(s)Psdalds = / & / g(a,s) — g(s)Pde’ | ds
{|z’|<1, 0<s<1} 0 |z’|<1

< C \Varg(a!,s)|?s’ da'ds. (2.13)
{]z’|<1, 0<s<1}

Concerning the second integral on the right hand side of (2.12) we have the following one dimensional
Poincaré

/

1

1 89 1 1
[ st —gtesas = |g<s>—g<1>|2< . ) ts =52 [ oo - gy ()5 s

IN IN
> S
4+l 4o
— —
/N 7 N
S— o
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— —
QI QI
— —
» »
S~— N—
| |
QI QI
— —~
— =
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N— SN—
[\o} [N}
» oy
= ¥
£ N
N— QL
= @
N~
/—\ ]
S~
QI C\H
/—S lQ\\
N i
“ &
o “s
~__ %
. SN—
DN

whence,

from which it follows that

4
/ 13(s) — g(1)2s%da’ds < 2/ (959)%s%dx' ds. (2.14)
{|z’|<1, 0<s<1} (9 + 1) {]z'|<1, 0<s<1}

Combining (2.12), (2.13) and (2.14) we obtain (2.11) with R = 1 and this completes the proof.



For the Moser iteration scheme to work, we will also need the analogue of Theorem 2.11 of [FMT1].
We first introduce the following norm

ol e = [ (0 Vo + (000 wnda'i
R

We next define the following two Hilbert spaces: H} , (Cg) is the completion of C*°(Cg) under the

wy,w2
above norm, whereas H §7w | w, (CR) is the completion under the same norm, of functions that have compact

support in A € (—1,1), that is

He 0, (Cr) = Co @Y1 x (=1, 1)) tbis@n)
We then have

Proposition 2.3 (Density) Let wy € L}(0,1), (w)"2 € L1(0,1) and (wiws)~t & L(0,1). In addition
we suppose that there exists @ > 0 and some constants c1,co > 0 such that for any X\ € (—1,1) there holds

1 1 0 1 L ’
o (/MwQ (t)dt) < wn(MJw? (A < e (/l/\w2 (t)dt) . (2.15)

H’i)l,’wz (CR) = H&,wth (CR)

If 6 > 1, then

Proof: Once again we change variables by (2.5) and work in the half cylinder
Ch={2| <R, 0<s<1}h

We recall that A = 1 corresponds to s = 0. The norm now takes the form

2 . 2 2 A
1l o sograsy = /C (U [Vl + (00?) s°delds,

R
and the corresponding function spaces are now H'(C}, s%dz'ds) and H{(C}, s°dz’ds). We need to prove
that any function in H*(C%, s?da’ds) can be approximated by functions in H}(C#, s?dz’ds).
By Theorem 7.2 of [K] it is known that the set C°°(C}) is dense in H'(C};,s%dz'ds). Hence for any

v € HY(C}, s%da'ds) and any € > 0, there exists w € COO(@) such that ||[v — w||j1 < e. We then define
the function

0 if s< k% ,
In(ks .
or(A\) =<1+ ln((k)) 1fki2 <s<i,
1 if s> % ,
and set
Wk 1= W € 08’1({5 >0}, -
R
Then,
lw —willfn = [lw(l — o)l
< 2/ (w? + |Vpw|? + (9sw)?) (1 — pp)2s%dz’ds + 2/ w?(Dspr)?sda’ ds
Chh Ch
1
< 2/ (W2 + [Vow]? + (0sw)?) sPda’ds + CRN[w]|?. / ds.
{Ja’|<R, 0<s<t} Lo (Cp) = %52(111(]{?))2

8



For 6 > 1 there holds

1 1 /1\t 1
/ e T =1 (k) (In(k))? *

k2

whereas for § =1,

/ 1 0,4 1 / 1d - 1
s $'ds = —— Zds < .
Lcs<t s*(In(k))? (In(k))? J 4 csct s In(k)

Thus, for § > 1 and k large enough we have ||v — wg|| g1 < 2€ and the result follows.

O
We are now ready to study positive weak solutions u(z’, A, t) of the parabolic problem
ou 1
— =—Luin Cg x (0, R?) . 2.16
5 = mLuin g x (0,7) (216)

To this end we first have

Definition 2.4 A weak solution u(z',\,t) of (2.16) is a function
u € CH((0, R?); L*(Cr, wida'd) 0 C%((0, B); Hy, 0, (Cr))
such that for any ® € C°((0, R?); C§°(CRr)) and any 0 < t; < t2 < R? we have

u

2
/ / {a P+ < Vou,Vy® > +0hu 0\ wg} w1 dx'd\ dt =0 .
t Jop L Ot

Thus, the Moser iteration scheme entails the following result

Theorem 2.5 (Parabolic Harnack inequality up to the boundary). Let N > 2, w; € L'(0,1),
(wg)_% € LY(0,1) and (wiwe)~t € LY(0,1). In addition we suppose that there exists § > 1 and some
constants c1,ca > 0 such that for any X\ € (—1,1) there holds

1 3 0 1 L ’
o (/MwQ (t)dt) < wn(MJwk (A]) < e </|/\w2 (t)dt) . (2.17)

Then, there exists a positive constant Cgr such that for any R > 1 and any positive weak solution u(x’, A, t)
of (2.16), the following estimate holds true

/ . /
€55 SUD (11 3 )eC g x (B2, B2) u(z', A\, t) < Ch ess mf(x,’/\’t)ech(%mﬁg) u(z', A\ t) .
2

As a consequence of Theorem 2.5, the only nonnegative stationary weak solutions of the parabolic
problem (2.16) are the constants and this proves Theorem 1.3(b).

3 Critical and supercritical cases: Proof of Theorem 1.4

To obtain the result we make use of the oscillation decrease method, cf section 4.3 of [HL], as adapted in
Theorem 1.4 of [M2] to the anisotropic setting; we recall its statement for the convenience of the reader.

We first define a nondecreasing positive function v = y(R), R > 1, that satisfies limp_,oo 7(R) = +00
and in addition has the following property (level growth) :



For 7 > 0, there exist two positive functions [(7) and L(7) such that

for all R > 1 and lim,_,q+ L(7) =0 .
For a positive and locally Lipschitz function ¢ = ¢(z', \) we define

Lr=Lpyr ={@"A) € S:[d/| <R, o <~v(R)}.

We assume that ¢ has the following two additional properties

i) ¢ is an almost-supersolution, that is, there exist constants Cys > 0, 79 > 0 an > 0, suc a
i) @i Imost lution, that is, th ist tants Cgs > 0 >0and 5>0 h that

1 v(R) .
uTlﬁSDSCasW mn LR\LR,VO :{’xl| <R7 Yo S@<7(R)}7

for every R > 1 such that v(R) > 7.
(ii) (balancing property) As R — 400,

K(R) := 1 )Vfé(LR) (/L (‘Vz/g0|2 + wz(a)\(p)Q) wldx’d)\> ’ —0.

V(R
In addition we ask for the following properties.

(iii) (volume doubling) There exists a positive constant Cp (independent of R) such that

V(L2r) < CpV(LR) ,

for every R > 1, where V(D) := [, widz'd.

(iv) (local weighted Sobolev) For some ¢ > 2 there exists a positive constant C's (independent of R) such
that,

1 @ 1
V(Lg) fund m) < Csk” / Var 2 + w05 f)?) wida'dA,
<V(LR) /LR FFurda =S TR LR(’ fI* + w2(0xf)7) wrd

for every R > 1 and f € C§°(Lg).

(v) (local weighted Poincaré) There exists a positive constant Cp
R > 1 and every f € C1(LR) satisfying f =0on {|2/| <R, o =7~

—~

independent of R) such that, for every
R)} and

—

\% ({(x/,/\) €Lg: f(2/,)\) = 0}) > —V(Lg),

N

there holds

(2, Nwydx'd\ < CpR? / (Vo fI? + w2 (0rf)?) wida'dA.

Lr Lr

Then, by Theorem 1.4 of [M2] it follows that if oscy,u := supy,, u — infy , u, then
(a) (Density theorem) Let u € H}

w1, w2

(L2r), u >0, =L u > 0 (weakly) in Log, oscr,,u < 2 and

\%4 ({(%l,)\) e€Lg:u> 1}) > V(LR)

N =

for R big enough. Then we have inf;, , u > ¢ , for some § > 0 independent from R.
2

10



(b) (Oscillation decrease) Let u € Hy, ,,(Lagr), £ u =0 (weakly) in Lyg for R big enough then for some
0’ > 0 independent from R,

oscr, ,u < [1— d'oscr, ,u.
2

(c) (Liouville theorem) Any bounded (weak) solution of £ v =0 in S is constant.

In the sequel we take v(R) = R™ for m > 2 and the function ¢(\) as defined in (1.4). Assuming that
w1, wy satisfy the hypotheses of Theorem 1.4, we will verify properties (i)—(v). It is easily seen that ~y
satisfies the level growth estimate (3.1).

Function ¢()) is in fact a solution of £ u = 0, in S away from A = 0; moreover, since (wjwsz)~! &
L(0,1), it is unbounded as || — 1. Thus, the almost-supersolution property (i) is satisfied with Cys = 0.

Recall that

Lr={]2'| <R, p < R™}.

Since wy € L'(0,1) for R large enough we have

RNV < V(Lg) = / widz'd\ < doRN L,
Lgr

for suitable positive constants dj, da, therefore the volume doubling property (iii) is satisfied too.
Concerning the balancing property (ii), we compute

/ (IVarpl? + w2 (0rp))wnda'dh = CRN! / wiws (D) dA
Lg {p<R™}

IN

CRN! / (wiwg) " dA < CRNT™,
{p<B™}

It follows that )
_ l_m

K(R)<CR"™R "2 R"z R% = CR" %,

which tends to zero as R tends to +oo since m > 2. Hence the balancing property (ii) is also satisfied.
It only remains to prove the local weighted Sobolev and Poincaré inequalities, which we believe are
of independent interest.

Lemma 3.1 (local weighted Sobolev) Let w; € L'(0,1) and (wg)_% ¢ LY(0,1) and define
A .
o) =1+ [ () )at. (3.2)
0

_1
We assume that there exists m > 2 such that gofin 2 € LY0,1) and 0 > 0 such that for some constants
c1,c2 >0 and any X € (—1,1) there holds

1 1 1 0 1 1 1 1 1 0
c1 </| @m(t)wz_2(t)dt> < wi([A)w3 (A (JA]) < e </| @m(t)wz_2(t)dt> - (3:3)

Al Al

Then for q = %Jj;fg there exists a positive constant Cs such that for any R > 1 and for all f € C3°(LR)
there holds

24

</ \f]qwldx’d)\>q < CsR*(V(Lg))4 / (IVar 1?4+ w2(0r f)?) wida'dA. (3.4)
Lgr Lgr

11



Proof: The proof is similar to the proof of Lemma 2.1, we therefore sketch it. By scaling in the 2’'—variables
=Ry, g/, N)=FfRNe€CF(Y] <L <R,

estimate (3.4) takes the following equivalent form

i
(/ Iglqwldy’d/\> < Cs/ (IVy gl + R*w2(0rg)?) widy'd;
{ly’'I<1, p<R™} {ly’'|<1, p<R™}

Since ¢(\) < R™ is equivalent to QO%(A) < R?, it is enough to establish

2
q
(/ !g!qwldy’d/\> < Cs/ (’Vy’QP + SD%U)Q(&\Q)Q) widy'd;
{ly'|<1, p<R™} {ly'I<1, p<R™}

In fact we will prove a stronger inequality, namely for g € C5°(|y| < 1, |A| < 1).

2
q
</ !g!qwldy’d/\> < Cs/ <Wy’9|2 + ¢%w2(8A9)2> wdy'dA.
{ly'|<1, [X<1} {ly']<1, |A|<1}

It is enough to prove the result in the upper half cylinder, that is for g € Cg°(|y/| < 1, |A| < 1),

2
q
(/ |g|qw1dy'd)\> < Cs/ <|Vy’9’2 + <P%w2(3xg)2> widy'd. (3.5)
{ly'|<1, 0<A<1} {ly'|<1, 0<A<1}

To do this we change variables by

-1

szsm:(Alw—%<t>w;5<t>dt> (/Olw—fn@)w;%(t)dt)  hhs) =g N, AE(0.1). (36)

Taking into account (3.3), inequality (3.5) takes the form

q
(/ |h|q59dy/d5> < C’s/ (IVyh? + (0sh)?) sPdy'ds,
{ly’'|<1, 0<s<1} {ly'|<1, 0<s<1}

with h € C§°(|y’| < 1). Since 6 > 0, this is true because of (2.7).

O
Next, after recalling that
_ 1 )
= 2’ ) widx'd\
/ V(LR) Jrg, Fas 2) wn
we have
Lemma 3.2 (local weighted Poincaré) Let wy € L'(0,1) and (wg)_% ¢ L1(0,1) and define
Al )
e\ =1 +/ (wrwa) ™" (t)dt. (3.7)
0

_1
We assume that there exists m > 2 such that gofin 2 € LY0,1) and 0 > 0 such that for some constants
c1,c2 >0 and any X € (—1,1) there holds

1 1 1 o 1 1 1 1 1 o
c1 </ wm(t)wf(t)dt) < wi([A)w3 (A)em (A]) < e </ @m(t)wf(t)dt) : (3.8)
| [ Al

Al

12



Then there exists a positive constant Cp (independent of R) such that, for every f € CY(Lg) satisfying
f=0on{l2'| <R, ¢ = R™}, there holds

/L |f — flPwida’d)\ < CpR? /L (IVar f1? + w2 (0rf)?) widz'dA (3.9)
for every R > 1. Moreolz)er, if in addition f is such tl;;at
V({0 € L f&',0) = 0) = SV (Ln),
then, for every R > 1, we also have
: (', Nwde'd\ < CpR? /L (Vo fI? + wa(0xf)?) widz'd. (3.10)
R R

Proof: Assuming that (3.9) has been established, we first show that it implies (3.10). To this end we show
that if f satisfies V/({f = 0} N Lg) > 3V (Lg), we then have

frwyda'd) < 2 / |f — flPwida’d). (3.11)

Lgr Lr

Indeed (3.11) follows easily from the following computation:

F ([, fwida'dX)?
/LR |f — fPwidad/d\ = . FPwydr’d) — ~2Ln i
(1 s2ovmr, fwida'd))?

= . F2wida’d) — {f#0} VJZLR)

> Py’ d — (f{f¢0}mLR f 2“1141"%) V{f#0}NLg)
Lr V(L)
Lz V(Lr)

> % - f2w1da:’d)\,

and (3.11) follows. In the sequel we will give the proof of (3.9).

Since

/ |f — flPwidy'd)\ = min/ |f — &[Pwydy'd),
Lr E€R Jrp
it is enough to prove that for every f € C!(Lpg) satisfying f = 0 on {|2/| < R, ¢ = R™}, the following
inequality holds
/ |f — EPwida’d) < CpRQ/ (Vo fI? + w2 (00 f)?) wida'dA, (3.12)
Lr Lgr

for a particular choice of the constant £ that we will specify later.

Once again we rescale by

=Ry, g/, \)=[YRN),

and (3.12) takes the following equivalent form

/ g — EPwidy/dr < Cp / IV, 912 + R2wn(039)?) wndy/dA
{ly'|<1, p<R™} {W'|<1, p<R™}

13



for any g € C1({]y'| <1, ¢ < R™}) such that g = 0 on {|y/| < 1, ¢ = R™}. This inequality will follow
after establishing

/ 9 €Pudyar<cr (Vo + phun(@r0)?) mdy/ar  (3.13)
{ly/I<1, |A[<1} {ly'I<1, |Al<1}

for any g € C1({]y'| < 1, |A| < 1}).
To prove (3.13), once again we work in the upper half cylinder and choose

Ji1<1 9, 0)dy/

WN-1

&=

We will show that for every g € C*({|y'| < 1,0 < A < 1}) there holds

/ lg — €Pwidy’d\ < Cp/ (|Vy/g|2 + gpﬁwg(@\g)Q) widy'd\, (3.14)
{jy/|<1, 0<A<1} {ly'|<1, 0<A<1}

Syt <1 P D)dy'
WN-1

Using (3.8) and making the change of variables (3.6) we are lead to prove that for { =
and 6 > 0 there holds,

/ h— €?sdy’ds < CP/ (Vb + (0sh)?) sPdy'ds,
{ly'|<1, 0<s<1} {ly’'|<1, 0<s<1}

for any h € C1({|y'| < 1, 0 < s < 1}). This inequality follows from (2.11) with R = 1.

4 The distance function weight and final remarks

In this section we first make specific choices of the weights wy, wo and give the proof of Theorems 1.1 and
1.2. We next present some extensions of our results.
We make the following choices

wi(A) = (1= [AD* and w2 (A) = (1 =AD"

Proof of Theorem 1.1: Tt is a consequence of Theorem 1.3. For part (a) we note that o > —1 is equivalent

to wy € L'(0,1) and v < 1 — « is equivalent to (wjwq)~! € L'(0,1). Since a > —1 and v < 1 — a it
_1

follows that v < 2, which is equivalent to wy 2 € L'(0,1). Similarly, for part (b) when 1 —a < v < 2 then

(wiwg) ™t ¢ LY(0,1), and (1.3) is satisfied by choosing 6 = ng > 1.

Od
We next have

Proof of Theorem 1.2: 1t is a consequence of Theorem 1.4. As we have seen, o > —1 is equivalent to
wy € L1(0,1). We next note that (ws)~2 & L*(0,1) corresponds to v > 2. Then,

RY By
p(A) =1 +/ (wywe) "L (t)dt = 1 +/ (1= [t~ vdt ~ (1 — |A|)~etD),
0 0
for [A| ~ 1. When 5= — 5 41> 0 & m(v — 2) < 2(a + v — 1), then

1 _1 atv—1_v

P~ m (Nwy *(A) ~ (1= [A) " 72 € LY(0,1).

14



Moreover in this case

1 _ 1 _1 a+u 1 Y41
/ o (Eywy 2 (£)dt ~ (1 — A 55

Al
It follows that (1.5) holds if we choose € such that

-1 -1
9<04+V_V+1>:a+”_a+”. (41)
m

If m is such that
at+v—1 a+t+v-—1 1%
> > — —1,
2 m 2

then, since & > —1 and v > 2 we have that °‘+” L < 2 and it follows from (4.1) the positivity of §. Hence,

all hypothesis of Theorem 1.4 are satisfied and the result follows.
O

Remark (i) Our Liouville type results in the supercritical case, that is a > —1 and v > 2 of Theorem
1.2, can be transformed to Liouville type results for the isotropic equation of the form

2a+1/‘

div((1 +|s))"Vo(z',5)) =0, in RY for 7= 5 ;
—v

(4.2)

here 7 can be any number in the interval (—oo, —1). This can be done via the change of variables

A v
s :/0 A—|t)-5dt,  o(@,s) = u(z,N).

It follows that every bounded weak solution of (4.2) is constant.
(ii) In the critical case, that is v = 2, using the same change of variables, one can obtain Liouville type
results for the isotropic equation of the form

div(e™*Vo(2/, s)) = 0 in RY, T=—-(14 ),

here 7 can be any number in the interval (—oo,0).

We note that the above results do not follow by the ones by Bella and Schéffner [BS] but they do
follow from Theorem 2.1 in [M1].
(iii) Similarly, in the subcritical case, that is 1 — o < v < 2, one obtains Liouville type results as in
Theorem 1.1(b), for the equation

20z+y.
2—v’

div((1 —|s))"Vo(a',s)) =0, in RN 71 x(-1,1), 7=

here 7 can be any number in the interval [1, 00).

In an other direction, we note that the same results with Theorems 1.1 and 1.2 hold for more general
operators that can be thought of as perturbations of the operators we considered so far. More precisely,
let

ﬁla,v u = div(Bay(z', \)Vu)
N—-1
= 7 (1 — O‘% 2 _ a+u8l
- ()2 (AN,N<1 - B
N-1 N—1
(9 a+£ 6u 6 a+” au



in
S=RV!x(-1,1), N>2
where the N x N matrix A = (4, ;) has bounded and measurable entries A; ; = A; ;(z/, \) for (', \) € S,

and it is symmetric and uniformly elliptic, that is, for some constants 0 < ¢y < Cj the following inequalities
hold true for any ¢ = (¢/,¢éy) € RV"1 x R and (2/,A) € S:

N
col? < D Aij(a!, N&&; < Colél.

ij=1
Equivalently, we have
N
co(L = AD(EP + (L= [ADIENP) < D (Baw)igla', N&&j < Co(L = AD(E'P + (1 = (A [En )
ij=1

Clearly, the model operator L, ,, defined in (1.2), follows from Efx’y in the special case where A; ; = d;; ,
that is, when A is the identity matrix. By quite similar arguments one can prove

Theorem 4.1 Let o > —1.
(a) If in addition 1 — a < v < 2, then any nonnegative weak solution of L;, ,u =0 in S is constant.
(b) If in addition v > 2 and

A; N do not depend on x;, i=1,2,..., N-1,
AN, N does not depend on A,

every bounded weak solutions of L, ,u =0 in S is constant.

We can also consider the more general operator

L' u = div(B(z',\)Vu)
N-1
0 0 (9 du

7 j—l
0
<Ai,Nw1 v w28§> ;

N—

+ Z N <ANﬂw1\ﬁ o ) Z

in
S=RV1x(-1,1), N>2
where the N x N matrix A = (4; ;) has bounded and measurable entries 4; ; = A4; j(2’, \) for (z/,\) € S,

and it is symmetric and uniformly elliptic, that is, for some constants 0 < ¢y < Cy the following inequalities
hold true for any & = (¢/,&y) € RY~1 x R and for any (2/,)) € S:

N
colé]® < D Aij(al, N&&5 < Colél.
ij=1
Equivalently
N
cowr (|€'* + walen[?) < D Bij(a!, M€ < Cow(|€)? + walén ).
ij=1
We recall that w; = w;(|A|), i = 1,2. The model operator £ in (1.1) follows from £’ in the special case
where A is the N x N identity matrix. By quite similar arguments we have
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Theorem 4.2 Let wy € L'(0,1).

(a) If (wg)f% € LY(0,1), (wqwz)~t € L'(0,1) and there exists § > 1 and constants c1,ca > 0 such that
for any A € (—1,1) there holds

I 1 o 1 L ?
c1 (/M% (t)dt> < wi([Aw3 (|A]) < e </|Aw2 (t)dt> ;

then any nonnegative weak solution of L'v = 0 in S, is constant.

(b) Let (wy)"2 ¢ L1(0,1). We define

[Al
e(A) =1+ /0 ' (wywo) " 1(t)dt.

_1
We assume that there exists m > 2 such that gofin 2 € LY0,1) and 0 > 0 such that for some constants
c1,¢2 >0 and any X € (—1,1) there holds

1 1 _1 o 1 1 1 1 _1 o
c1 </| @~ m (t)w, 2(t)dlt> < wi([ADwg ([Aem (JA]) < e </| @~ m (t)w, 2(t)dlt> :

Al Al

In addition,

A; N do not depend on x;, i=1,2,..., N-1,
Apn,N does not depend on .

Then any bounded weak solution of L'u =0 in S is constant.
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