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We became aware of a gap in the proof of Theorems 2(iii) and 6(ii) of [1] in
the case where a = 1 — 2s € (0, 1). We thank Arka Mallcik for bringing this to
our attention. We used there an L' weighted trace Sobolev inequality, namely the
displayed formula below relation (5.10) in page 143, which is valid fora € (—1, 0].
We provide a proof for the case a € (0, 1) using instead the following weighted
trace inequality:

Theorem 1. Leta € (0, 1) and 1 +a < p < n + 1. Then, there exists a positive
constant c such that for all u € C°(R" x R) withu(x,0) =0, x € R",

nt+lt+a—p
+o00 n n
/ / ¥ Vu|Pdxdy > ¢ f lu(x, 0)| nF1+a=r dx
0 " R

Proof. We start with the standard trace inequality

+0o0
/ |u(x,0)|dxs/ / Vuldxdy.
R’ 0 R

Pt - p, we have

For q = n+l+4+a—p

The original article can be found online at https://doi.org/10.1007/s00205-012-0594-4.
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The result then follows using the Sobolev inequality of Corollary 2, page 139 of
[2]. O

We will also use the following variant of Lemma 11 of [1]:

Lemmal.letA >0 B+1>0and A+ B+ 2 > 2I" > 0. Then, there exists
a positive constant ¢ such that for all v € C3°(R" x R) the following inequality
holds true:

+00 yA=lx B +00 A 1+B
|v|dxdy</ / [Vuldxdy. (1)
/ ./ (x2+y2)F—— n (x2 +y2)r

The same result holds true if we replace R', by R" with |x,| in place of x,.

Proof. Using polar coordinates and the fact that, for 8 € (0, %),

d
A(sin0)2 " (cos )8 = (1+ A + B)(sin ) (cos 9)B+£((sin9)f‘(cos 0)118),
we get

3 3
A/ (sin6) 1 (cos0)Blv|do < (1 + A + B)/ (sin0)'*4 (cos 6)B|v|do
0 0

3
+f (sin6)“ (cos )8 |vy|d6. )
0

A+B+1-2I"

We next multiply (2) by and then integrate over (0, 0o0) to get

/-'roo /+oo A 1 B
—————|v|dx,dy
(x3 +y2)r“

400 p4o0 1+AxB
<(1+A+B)/ / —]|v|dx,,dy
(g + )2

+00  p+oo A 1+B
/ / (x F|Vv|dx,,dy

We conclude as in the proof of Lemma 11 of [1]. O
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Using the previous lemma with |v|? in place of |v| we easily get
Lemma2. LetA >0, B+1 >0 A+B+2>2 > 0and p > 1. Then,

there exists a positive constant ¢ such that for all v € C§°(R" x R) the following
inequality holds true:

+oo A+p 1 p+B +o00 A Ly B
/ f —— ——|Vv|Pdxdy > C/ f ———|v|"dxdy.
RY (x7 42+ R} <x2+y2)”*

The same result holds true if we replace R", by R" with |x,| in place of x,.
We are now ready to give the proof of Theorem 2 part (iii) in case a € (0, 1).

Proof of Theorem 2(iii). Our aim is to establish

nta—1

+00 n
/ / y“¢2|Vw|2dxdch</ |(¢w><x,0>|n+€"ldx) .G
0 " R"

where ¢ is given by Lemma 2 of [1]. We recall that ¢ (x, 0) = 1, x € R’}
Fora € (0, 1) and p such that

2
1+Q<p<2 & — < p<2
2 2—a

Theorem 1 gives

)4

“+00 ap 4]
f /yTIVul”dxdyzc f e, 0)/2dx | @
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0= 2pn -
T2n+h-p2—a P

with

We apply (4) to u = ¢ v, with

PRI Gt 21U RO
pn+a—1)

to obtain

+oo a +oo a
/ / y T ¢%7|VvlPdxdy +9P/ / YT |Vp|P¢CDP [y dxdy
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We next show that in the above inequality the second term of the left-hand side is
controlled by the first one. Using the asymptotics of ¢ from Lemma 2 of [1] this is

equivalent to

+00
Y 7 xi
/ /u (x2 n<2+a)9p [Vv|Pdxdy
X

+00 O=Dp
>c v|Pdxdy,
/ /n(x+y2>0" Y

(6)
witho = &= a)p+(2+a)(0 Dp Toproveth1s we apply Lemma2 with A = 1- >
=@ —1p,and I' = 2 +o= 2 + & 4“)p + QM)? DP noting that

2 — 2 — —1
A+B+2—or=2ZPCza0ZD
2 +ta—1)
We thus get
o0 yErp(i-a) 0
Vu|Pdxd
/ A;1 (x2 + y2)2(1 a)+2+a9 | | Y
b p % (O-Dp
/ / - 5o lvlPdxdy,
n (x2 + y2)a
which implies (6), since W < 1. From (5) and (6) we have
¥
400 ap 0
/ / y2 ¢ |Vo|Pdxdy > ¢ / lu(x,0)|%dx ) . (7)
o Jrr R!

We set v = |w|?, we note that 6 Q =
get

_2n
nta—1°

2n 5 +o0 ap
¢ / lw(x, 0)|7a=T dx sf / y 2 ¢?|Vuwl? (lw))?C"Vdxdy
R 0 "

+o00 5
< ( f f y“¢2|Vw|2dxdy>
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We conclude using the Sobolev inequality (5.10) of [1]. O

Similarly, we have

and then apply Holder’s inequality to
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Proof of Theorem 6(ii). This time our aim is to establish

nta—1

+00 2n "
/ / yi? | Vw|?dxdy > ¢ / |w(x, 0)|7a—Tdx , (8)
0 " R

where ¢ is now given by Lemma 4 of [1]. Working as in the previous proof with
the same choices of 8, p and Q we arrive at the analogue of (5), which is

+OO ap +OO a,
/ / ¥ T ¢%7|VvlPdxdy +0P/ / YT |Ve|P¢@DPy|Pdxdy
0 R)l 0 R)l

([,

+

o
|v(x,0)|de> ) ©)

We again need to control the second term of the left-hand side by the first one. To
establish this we split the integrals over R’} and R”. Using the asymptotics of ¢
from Lemma 4 of [1], the required inequality on R’ reads

+o0
/ / — —|Vv|Pdxdy
Lo +y2) Ea

+00
/ ,/];” (x2+y2)a|v|”dxdy, (10)

@ 1)” To prove this we apply Lemma 2 with A = 1 - > 0,
B=0,and I" = 2 +o0 = 2 1+ 2 4”)‘" + a(941)p,n0tlng that

witho = —(2_4a)p +

2-p2—-a)n—-1)
2n+a—1)

> 0.

A+B+2-2I'=

We thus get

+o0 y%er(lfa) P )
dxd
/ / (2 4 y2)(-0+s +“"”| vidxdy

_a p

+00
Pdxdy,
/ f (x7 +y2)”|v| e
which implies (10).

The required inequality over R” is equivalent to

/+00/ +(1 a)fp
— | Vv|Pdxdy

(2 a)H

L2y

+o0 —Z+1-a)—-1)p
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n (x
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This is proved once again by applying Lemma2 with A = 1—%+(1—a)(9—1)p >
0,B=0,and I' = % + m, noting that

2-p2—-a)n—-1) -
2n+a—1)

A+B+2-2I= 0.

To conclude we argue as in the previous case of the Proof of Theorem 2(iii). We
omit further details. O
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