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Abstract

We obtain Sobolev inequalities for the Sherédinger operator —4 — V', where V' has critical
behaviour ¥V (x) = ((N — 2)/2)*|x|"* near the origin. We apply these inequalities to obtain
point-wise estimates on the associated heat kernel, improving upon earlier results.
© 2003 Elsevier Inc. All rights reserved.

MSC: 35K65; 26D10 (35K20; 35B05)

Keywords: Singular heat equation; Heat kernel estimates; Sobolev inequalities; Hardy inequality

1. Introduction

The purpose of this paper is to obtain some new Hardy—Sobolev inequalities and
then use them in order to obtain new heat kernel estimates for the Schrédinger
operator —A — V for positive potentials V" with critical singularities, improving upon
analogous estimates of this type.

As a typical example, let us consider the case of a bounded domain Q=R , N >3,
containing the origin. We obtain upper estimates on the heat kernel of the operator
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H given formally by

(¢

Hu= —Au— —su, ulyo=0, (1.1)
|x]
for various values of the real parameter A (see Section 4 for the precise definition of

H). It is well known that the power \x|72 is critical for the corresponding linear
parabolic equation, as was shown in the fundamental work of Baras and Goldstein
[BG]; see also the recent works of Goldstein and Zhang [GZ] as well as Vazquez and
Zuazua [VZ].

Indeed, the associated heat kernel exhibits behaviour which is different from that
of the case |x|™7, y<2, which is in the Kato class. When 7y = 2 the semigroup is not

ultracontractive: indeed, for 0</4< ((N — 2)/2), the heat kernel of (1.1) satisfies

N
K1, x,y) <t 2|x[ 7y,

where o denotes the smallest solution of a(N —2 —a)=4; see the works of
Liskevich and Sobol [LS] and Milman and Semenov [MS] and references therein.

In Theorem 4.2 we extend this estimate to the critical case 1= (N —2)/2).
Namely, we prove that the corresponding heat kernel satisfies

N=2 N2
K(t,x,y)<er V2| 2y 2

This estimate is sharp as can be seen by comparing with the results in [VZ].
We also consider operators that act on the whole of R with potentials having the
critical Hardy singularity near zero, of the form

O <,
Ve(x) = 1.2
) {?f(x), |x|>1, (1-2)

under appropriate subcritical assumptions on the positive function f. Thus, in
Theorem 4.3 it is shown that if é>0 is small enough then the heat kernel of —4 — ¥,
satisfies

N N2 N2
K(t,x,y)<ct™/ max{|x| 2 ,1}max{|y| 2 ,1}. (1.3)

We also consider potentials that exhibit the critical behaviour (N — 2)/2)|x| >
near infinity, that is

V) = {SQ(X), Ix[<1, (1.4)

(22 |x 72, x> 1.

Under appropriate subcritical assumptions on g we obtain Sobolev estimates for
—A — V, for a sharp range of ¢>0. We note here that while the question of Sobolev
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inequalities for —A4 — V, is rather similar to that for —4 — V,, when it comes to heat
kernel estimates essential differences arise. As mentioned earlier, the Sobolev
inequality for —4 — V, yields estimate (1.3) for the corresponding heat kernel. On
the other hand, while the short-time behaviour of the heat kernel of —4 — V, is
similar to that of the Laplacian, the long-time behaviour is very different. Working
on a Riemannian manifold setting, Zhang [Z] used a parabolic Harnack inequality to
obtain estimates for the heat kernel of —4 — V', when V is equal near infinity to
2d(x)72, 2<((N —2)/2)*, d(x) = dist(xo, x); however no explicit power of 7 was
given. This complements earlier estimates given by Davies and Simon [DS] which
involved the correct power of ¢ in the Euclidean case. The corresponding problem for
the critical case 2 = ((N — 2)/2)* remains open.

Going back to bounded Q =R¥ and to the operator H given formally by (1.1), for
the critical case A = ((N — 2)/2)* we finally consider additional singularities, that is,
we consider potentials of the form ((N —2)/2)%|x|™* + V,, where V>0 is also
critical; V; is defined as a series involving iterated logarithms (see definition (5.17))
and is critical in the sense that the following improved Hardy inequality holds

SN2 2
/|Vu|2dx—(N—2> /u—zdx>/ Viu* dx, ueC*(Q), (1.5)
Q 2 o |x| Q

whereas this inequality is no longer true if we replace V; by (1 + ¢) V7 for any ¢>0. It
is remarkable that the extra potential 7} does not affect the time dependence of
the heat kernel estimates, but only affects the spatial singularity at the origin
(cf. Theorems 4.2 and 5.3). This is in contrast with Proposition 4.1(ii) where, for
A<0, the potential affects the time singularity of the heat kernel as well.

Throughout the paper we study a number of concrete potentials. These are chosen
precisely because they are critical. By simple monotonicity one can then obtain heat
kernel estimates for a whole range of other potentials, including potentials that are
not radially symmetric.

To prove the above heat kernel estimates we first use an appropriate change of
variables, u = ¢w, by means of which, the problem is reduced to obtaining uniform
estimates on the heat kernel K, (¢, x, y) of an auxiliary operator H, which acts on the
function w; see, e.g., [MS]. Those estimates are in turn proved by means of some new
Hardy—Sobolev inequalities.

As a typical example of such an inequality we mention the following inequality
proved by Brezis and Vazquez [BV]:

2 2 2/p
Vuldv— (Y22 [ sk ([ upax) 1.6
2
Q 2 Q |x| Q

valid for ue H}(Q) and 1<p<-2¥; this inequality fails for the critical Sobolev

N-2
exponent p = % To obtain sharp heat kernel estimates one needs to go up to

the critical exponent. In connection with this we mention the following sharp
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Hardy-Sobolev inequality established in [FT]:

N-2
—_7\?2 2 2N _N_ N
/|Vu|2dx— N=2 /“—dx>c /|u|mX1]+N_2 PN a) ™
Q 2 a|x)? Q D

valid for ueH}(Q); here D =supg|x| and X;(¢) = (1 —log n~', 1e(0,1). In
the present work we derive new Hardy-Sobolev inequalities that involve poten-
tials such as the ones given in (1.2) or (1.4); see Theorems 3.4, 3.5, 5.1 and 5.2.
We should mention that the validity of improved Hardy inequalities is strongly
connected to the existence and large time behaviour of solutions of the heat
equation with singular potential; see, e.g., [BV,CM,DD,GZ] as well as Vazquez
and Zuazua [VZ].

As a byproduct of our approach we establish various results concerning improved
Hardy inequalities with boundary terms. Such inequalities have recently attracted
attention, see the articles by Adimurthi [Ad], Adimurthi and Esteban [AE], Wang
and Zhu [WZ] and references therein.

The structure of the paper is as follows: in Section 2 we present some auxiliary
results concerning improved Hardy inequalities with boundary terms. In Section 3
we prove the Hardy—Sobolev inequalities; in Section 4 we apply them to obtain heat
kernel estimates. Finally, in Section 5 we prove refined Sobolev inequalities and heat
kernel estimates when additional singularities are present.

2. Two minimization problems

Throughout this section, Q<RY, N>3, is a bounded domain containing
the origin with C' boundary. Also, we always denote by v the outward-pointing
(with respect to Q) unit vector on the surface 0Q. In Section 2.1 we will work on 2,
while in Section 2.2 we will work on Q°. The results of this section will be applied in
Section 3.

2.1. Bounded domains

For oo>0 we define
Jo IVl dx + 2 [, <5 dS

H'(Q) Jo ﬁdx

(2.1)

Lemma 2.1. We have:

(i) If 0<a <52, then Jo(a) = a(N — 2 — «). Moreover, |x| "€ H'(Q) is a minimizer
for 0<o <32 whereas for o =32 there is no H'(Q) minimizer.

(ii) If o> 52 and Q is starshaped with respect to zero, then Jo(x) = (¥52)* and there
is no H'(Q) minimizer.
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In case Q is not starshaped with respect to zero, concerning the analogue of part
(i1) of the above lemma, we have

Lemma 2.2. Suppose Q is not starshaped with respect to zero. Then, there exist finite
constants o* =N — 2 and o, € [N32, o*) depending on Q such that:

(i) Ae(o*) = 0, whereas io(2)>0 for all Y52 <o <a*.

(i) If X2 <a<ay, then Ag(a) = (%)2 and there is no H'(Q) minimizer.

(i) If o <o<o*, then max(0, a(N —2 — a))élg(a)<(%)2, and there exists an
H'(Q) minimizer.

Remark. (1) We note in particular that for any Q and any o>0 there holds

2
a(N —2 —o)<lo(a)< (NT_2> . (2.2)

(2) We do not know whether there exists a nonstarshaped domain Q with smooth
boundary so that o* = N — 2. Similarly, we do not know whether there exists such an
Q for which o, = (N —2)/2.

Proof of Lemmas 2.1 and 2.2. Let ue C*(Q) be supported outside a neighbourhood
of zero. For any a>0 we set u(x) = |x| “v(x). A straightforward calculation
shows that

2 .
/ |Vu\2dx:/ \x|_2“|Vv\2dx+oc(N—2—o<)/ u—zdx—oc/ Y Vras (23)
Q Q Q |x| o

2
o |x|

therefore,
2 XV 5 u2
/ [Vl dx+oc/ —u dS>oc(N—2—oc)/ — dx. (2.4)
Q 00 |x| e |x|

By a simple density argument this inequality is valid for all ue H'(Q). This implies in
particular the lower bound on Aq(«) in (2.2).
If 0<a<®32 then |x| *is in H'(Q) and an easy calculation shows that it satisfies

(2.4) as equality, hence it is a minimizer. If « = %2 then the fact that Zo(2) = (%52)*

follows by considering the functions u,(x) = |x|~ 2 " in the limit ¢—0".

N-2
Using the same functions, u,(x)=]|x|" 2 ™ &>0, one can show that
(NT‘2)2>),Q(:X), for any >0, thus proving the upper bound in (2.2).
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Suppose now that @ is starshaped and a>¥. Then, using first the fact that
x-v=0 on the boundary of @, and then (2.4) (with o = 232

. N -2
/ |Vu|2dx+oc/ x—zvuzdS> / |Vul* dx + ——= Y wds
Q e |x| Q 2 0Q |x|

—72\?2 2
YL
2 o |x|
Hence, in this case Zo(o) = (252 2)2.

We next show that when Zo(a) = (NT’Z)Z7 there is no H'(Q) minimizer. Indeed
assuming that there is one, then it would be a positive H'!(Q) solution of the Euler—
Lagrange equation

However, by Lemma 2.3 (see below), this equation has no H'(Q) positive solutions.
Thus, Lemma 2.1 has been proved.

Suppose now that Q is not starshaped with respect to zero. The existence of o*
follows from the continuity of 1q(a) with respect to « combined with the fact that if
Q2 is not starshaped with respect to zero, then one can easily find test functions
making the surface integral in (2.1) negative. The fact that a* >N — 2 follows from
the lower bound in (2.2).

From Lemma 2.1(i), we have that Zo(¥52) = (¥52)*. We then define o, as the
supremum of all & for which lo(x) = (¥52)*. Assuming that o, >¥=2 we will show
that for any ¥2<a<a, there holds o(x) = (¥52)°. Indeed, if this is not the case
then there would exist an o in the above interval and ¢ e H'(Q) such that

V| d L% dS N2
fQ| ¢| x+j‘f89||¢ <<N 2) (2.5)
fg‘i)?dx 2

On the other hand from Lemma 2.1(i), we have that

Jo IV dx+ (*52) Jog 35 8% dS (N—2>2

B ‘(/: - : (2.6)

From the above two inequalities it follows that faQ Xy 52 1S <0. Using ¢ as a test

Ixf?
function and the fact that o.>o we conclude that )»Q(oc*)<(¥) , which is a
contradiction. Thus, the estimates of parts (ii) and (iii)) of Lemma 2.2 have been

proved.
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The nonexistence of H'(Q) minimizer of part (ii) follows exactly as in Lemma 2.1.
The existence of H' () minimizer of part (iii) will follow later from a more general
result; see Proposition 2.6. [J

Lemma 2.3. If Q contains the origin then there is no H'(Q) positive solution of the
equation
(2

2

Proof. We note that this is a very special case of [FT, Theorem C] (although in this
Theorem Dirichlet condition were imposed, the proof is independent of the
boundary conditions). Since in the present case the argument is simple we sketch the
proof.

Assuming that we have a positive H'(Q) solution we will reach a contradiction.
Taking the surface average of u (over 9B(0,r))

1
= d
N V-1 /aB, u(x) dS>0,

an easy calculation shows that for r near zero,

o(r)

N=2\2
N—lv,(r)+(T2)

r r?

v (r) +

N-2 N-2
Hence, v(r)=cir 2 +c¢r 2 Inr and the positivity of v implies that
)

v(r)=zc~ 2, for ¢>0. From this and using Holder’s inequality we obtain that

for small r,

)
r

2N c
UN-2dS>-
OB,

2N
from which it follows that [, uN-2dx = co contradicting the fact that
ue H'(Q). O

2.2. Complement of bounded domains

Here we consider the complement of a bounded domain and we study the
corresponding infimum, that is

2 v

B . ch ‘VU| dx7OCfaQ Wuz as

Uo(o) = inf > . (2.7)
ueCr (RY)]ge Jor IZde
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where Q, as before, is a bounded domain containing the origin and v is the outward-
pointing (with respect to ) unit vector on the surface 0Q2. Also, C* (RY) o 1s the set
of restrictions on Q° of all functions ue C* (R"). We also introduce the following
norms:

N-2

) 1/2 v N\
|[ul] gr2ge) = </Qt |Vul dx) +</QC |u|N-2 dx> , (2.8)
) (e
[l | 1 (@) = </ [Vu| dx) + / —dx | (2.9)
o o |x|

N
, A\ 2AN-1) IN=T)
W) = (/QC |Vl dx) +(/39 |u[ N-2 dS) ; (2.10)

and we denote by 2'%(Q°), #'(Q°) and #(Q°) the completion of C* (R")| under
the corresponding norms. The space #°(Q°) is well studied by Maz’ya [M, Section
3.6, Chapter 4]. For our purposes however, the natural spaces to use are 2'2(Q°)
and #'(Q°). In the next lemma we show that these three spaces coincide (a trivial
fact if Q° were replaced by Q).

|ul

Lemma 2.4. Let Q be a bounded domain in R, N =3, with C' boundary, containing
the origin. Then 7' (Q%) = #1(Q°) = W (Q°).

Proof. We will show that all norms are equivalent. Let ue C* (RY)|o. Under our
assumptions, it follows easily as in Lemma 2.1 (cf. (2.4) with o = NT’Z) that

_ 2 2
/ Vul? dx_NTzf XV s s <N22)/ Uogx, (@10
oQ \x| o |x|

whence,

u
/ Juf® dv< c(/ IV’ dx+ P dS)
o |’
N-2
) 209 NN
<C / |Vu|® dx + / |u| N-2 dS
Q° o

Hence, [[ull 41(or)<Cl[ully-o+)- To obtain the reverse inequality we note
that it follows from the standard trace Theorem (e.g. [A, Theorem 5.22],
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Chapter V)—applied to B\Q for some ball B> Q—that

_N-=2_
2(N-1) 2(N—1)

() wi=as)™ ™ <l
N-2
2(N-1) 2(N-T)

</{9 |u| N=2 dS> <C||HHQL2<QC>.

From the first one it follows that |[u|],/-q) < Cl[ul] 41 (q¢), Whence HQY) = W (Q°).
From the second one it follows that [[oel] 0y < C

|u|512(ge)- Thus, it remains
to prove that [[u[|g12(ge) < C||u[|-ge)- This inequality follows from Corollary 1 of
Section 4.11.1 [M, p. 258]. Notice that in the notation of Mazya
WQ) = W - (@,09). O

2oN= 2

An immediate consequence of the above lemma is that the infimum in (2.7) can be
taken over Z'?(Q°), that is

Jor [Vul* dx — a Jo0 ‘i—“zuz ds

uo(e) = inf - : . (2.12)
ue 2" (Q°) Joe #dx

We now state the analogue of Lemma 2.1 for exterior domains. We recall that Q is a
bounded domain in RV, N >3, containing the origin.

Lemma 2.5. We have:

) Ifoc>N*2 then pg (o) = oc(N 2 — ). Moreover, |x| "€ 2"*(Q°) is a minimizer
for a>N22 whereas for o = N2 there is no 2'*(Q°) minimizer.

(ii) If0<oc<T, and Q starshaped with respect to zero, then pg(o) = (NT’z)2 and
there is no 2"*(Q°) minimizer.

Proof. The proof is quite similar to the proof of the previous Lemmas 2.1 and 2.2.
An alternative proof can be given using the Kelvin transform; see the Remark that
follows. [

Remark. There is a duality between the minimization problems (2.1) and (2.7).
Indeed, by means of the Kelvin transform, u(x) = |y|" *0(y), y = x/|x|*, xe Q°, the
domain Q° is transformed to a bounded domain containing the origin that we denote
by (Q°)*. Denoting by v* the outward pointing normal to 9(Q°)" a straightforward
calculation shows that

/ |qu|2dx:/ \Vyv|2dy+(N—2)/ L ds,.
Q° (4" a(Q°)”

Iyl
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Also,

2 2
[ [ 1y,
o |x? @) |yl

2N 2N
/ |u|mdx:/ o2 dy.
O° (QC)*

It can be seen from these relations that ue 2'2(Q°) if and only if ve H'((Q%)"). It
then follows easily that ug(a) = Age) (N —2 —a), and that the existence of a

minimizer for uo(e) in 2'2(Q°) is equivalent to the existence of a minimizer in
Hl (Q) for )L(Qc)x (N —-2- OC).

2.3. Existence of minimizers

In this section we establish a sufficient condition for the existence of minimizers.
We recall from Lemma 2.2 that when € is not starshaped with respect to the origin,
o denotes the first zero of Ag(x). We also set o* = oo in case Q is starshaped with
respect to zero. Thus, in both cases we have Ag(2) >0 for 0<a<o*. Given 0 <o <o*,
and a nonnegative measurable potential ' we define

' Jo |Vu|2 dx +o [, l;—l‘zuz ds
lo(a, V) = inf 5
ue H'(Q) Jo Vi dx
Jo V2 dx>0

(2.13)

Note that with this notation Ag(x) = Ag(a, |x| ). Since the numerator in (2.13) is
always positive and finite when 0<a<a*, we interpret Ao(o, V) = 0 in case there
exists ue H'(Q) such that [, Vu? dx = +o0. It is worth mentioning that Ag(a, V) is
not monotone with respect to Q, unlike the case of Dirichlet boundary conditions.

We denote by B, = Q2 the ball centered at zero with radius . We have the following

Proposition 2.6. Let Q be a bounded domain in RY | N >3, containing the origin, and
let 0< VGL%C(Q\{O}). If for some r>0

0< o, V) <ip (2, V) (2.14)
then (2.13) has an H'(Q) minimizer.
Note. It is a consequence of (2.14) that [, Vi dx< + oo for ue H'(Q).

Proof. Let {u;} € H'(Q) be a minimizing sequence of the Rayleigh quotient in (2.13).
We may normalize it so that [, V7 dx = 1. We claim that |[44]] g1 () < C. This will
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follow from two inequalities. The first inequality follows from the fact that 0 <a<o*
and Ag(o*) = 0 and reads

/|Vu|2dx+oc/ x—';uzds>(1—1)/ IVul dx. (2.15)
Q oQ |x| o/ Ja

The second one is a consequence of Lemma 2.1 and reads

X -

2
/|Vu|2dx+tx/ —;uzdS>iQ(oc)/u—2dx
Q o0 |x| Q |x]|

> Kig() /Q w? dx. (2.16)

Thus, we may extract a subsequence such that u;—u weakly in H'(Q), and u; > uy
strongly in 1/(Q), 1<p<:2%. Moreover, since VeL/?(Q\B,), standard results
(see for instance [T]) give

/ Vu_/z dx— Vg dx. (2.17)
Q\B, \B,

Also by the trace theorem

/ X2 ds - / X V2 as. (2.18)
0Q |x| oQ |x|
Setting u; = v; + up we easily see that as j— oo,
/ Vi dx = / Vo dx +/ Vo, dx + o(1) (2.19)
Q Q Q

and

_ 2 2 2
17/Q Vu; dxf/Q Vuoder/Q Vu; dx + o(1). (2.20)

It then follows from (2.13) that

X -

lalo, V) :/ |ij|2dx+/ Vuo|* dx+oc/ ;uﬁ ds +o(1)
Q Q oe |x|

>/|VUj|2dx+;LQ(OC7 V)/ Vg dx + o(1). (2.21)
o Q
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We then have

/|ij\2dx>/ |ij\2dx
Q B,

= Ap, (o, V)/

Vv}dx—a/ x—.;)vde
B, 0.

5, |X]

=g, (2, V)/ vadx—f—o(l)
=g (o V)/Q vadero(l)
=g, (a, V)(l —/Q Vuédx) +o(1) (j— ). (2.22)

Using this and (2.21) we end up with
(Zo(a, V) — Jp (o, V))(l — / Vi dx) >0, (2.23)
Q

whence, since Ag(x, V)<ag(x, V), it follows that [, Vujdx>1. By lower semi
continuity we conclude that [, Vug dx = 1. It then follows that u is a minimizer for
(2.13). O

As a consequence we have:

Completion of Proof of Lemma 2.12(ii1) (Existence of a minimizer): Since
N2<o, <a<a® it follows from Lemma 2.2 that 0<Zg(2) <(¥%52)%. If B,cQ is a
ball centred at zero it follows by Lemma 2.1 that Ap («) = (NT”)2 By Proposition 2.6,
Zo(o) is attained by an H'(Q) function. [

We next state the corresponding result for the exterior of a bounded domain Q.
For 0<a< N — 2 we define

Jor \Vul* dx — Jog 5u* dS

, N
b ; _ 2.24
/’LQ(O(’ ) ue;?Z(QL) ch Vu2 dx ( )

f Vu? dx>0
QC

We then have

Proposition 2.7. Let Q be a bounded domain in RN, N >3, containing the origin, and
N
let 0SVeLl (Q°). Also let 0<a<N — 2. If for some ball Bx>Q centered at zero
0<,UQ(OC, V)<,LLBR<OC, V), (225)

then (2.24) has a 9'*(Q°) minimizer.
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The proof is similar to that of the previous proposition.

3. Hardy—Sobolev inequalities
3.1. Auxiliary inequalities

We begin this section with two known Sobolev-type inequalities that will be used
in the sequel. In Theorems 3.4 and 3.5 we then prove two new Sobolev inequalities.

By the classical inequality of Caffarelli-Kohn—Nirenberg [CKN] we have
that

2/p
/R |VW|2|x|2°‘dx>c(/RN |w|P|xPﬁdx> , weC*(RY), (3.1)

with p =2N/(N —2+42(f — a)), provided a<(N —2)/2 and 0<ff —a< 1.
At the critical case @ = ff = (N — 2)/2 inequality (3.1) fails. A sharp substitute for
bounded Q was obtained in [FT], where it was shown that, with

Xi()=(1—logn)™", 1e(0,1), (3.2)

and D = supg, |x| there holds

2N-2 (N-2)/N
/ (VA |x2 Ndx>c</ N2 Y XN <|x|> dx) L (33)

for all we C (Q2), where the exponent 2Y=2 of X (|x|/D) is optimal.

In the sequel we will make essential use of the following one-dimensional result,
which is a special case of a more general statement by Maz’ya, cf. [M, Theorem 3,
Section 1.3.1, p. 44]:

Proposition 3.1. Let A(r), B(r) nonnegative functions such that 1/A(r) and B(r) are
integrable in (r, o) and (0,r), respectively, for all positive r< co. Then, for g=2 the
Sobolev inequality

/0 " W) aw dr>c< /0 “ OIB) dr>z/q

is valid for all ve C'(0, o0) that vanish near infinity, if and only if

([ moar) ([ 505) <+ e

The above proposition will be applied to higher dimensions by means of the
following
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Lemma 3.2. Let N>2. Suppose that VeLZ(RM{0)nLL (RY) is a radially
symmetric function. We further assume that inequality

/ Vul? dx—/ Vi? dx=0, (3.4)
RV RY

is valid for all radially symmetric functions ue C* (RV).
(i) Then, (3.4) is also valid for nonradial functions, that is, for all ue C (RN ).
(i) If, in addition,

0<esssup |x|*V(x) = < 0, (3.5)

;
xeR¥

then the following improved inequality holds:

/ |Vul* dx—/ Vi dx
RN RN
N

-1
= /RN |Vu0|2 dX7‘/RN Vu% dX+N_—1—|_0 - ‘V(U*M()szx, (36)

where uy(r) denotes the spherical average of ue C* (RY), that is

1

Proof. Let ue C*(RY) and let
Z fm ulﬂ
m=0

be its decomposition into spherical harmonics; here f;, are orthogonal in L?>(SV=1),
normalized by #ﬂ Jsv1 fi(o)fj(0) dS = 0. In particular fo(o) = 1 and the first term
in the above decbmposition is given by (3.7). The f,’s are eigenfunctions of the
Laplace—Beltrami operator, with corresponding eigenvalues c¢,, = m(N — 2 + m),
m>=0. An easy calculation shows that

/V (IVul* — Vii?) dx = 2 /N{Wumz + (sz — V)u,zn} dx
R’ m=0 JR |X|

= [, (VP = iy ax

+ Z / {|wm| + (II_ V) m}dx. (3.8)
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Part (i) follows immediately since ¢, >0 and u,, = u,,(r), r = |x|. To prove part (ii)
we first observe that
m 2
3 um} dx.

V(u—up)|* dx = ) / Vuszrc
IMLCEOEEDY {| P

In view of this and (3.8) it is enough to establish that for any m>1, there holds

2 Cp 2 N -1 ) Cm »
‘/RN{|Vum + (x|12 - V) um} dXZm /RN{|Vum| +|x—2um} dx (3.9)

or, equivalently,

N—-1+0 ;
/ Vit |* dx> / u N +0 V- C—mz dx.
RY RY 9 ‘X|

Since ¢,,=¢; = N — 1 it is enough to establish this for ¢,, = N — 1. By the definition
of 0, cf. (3.9), it follows easily that

N—1+0  N-I
H0y, N-1
0 |x]

v,

and the result follows from (3.4). [
As a consequence of this we next establish the following result.

Lemma 3.3. Let N>3. Suppose that VeLZ (RMN{0})nLL (RY) is a radially
symmetric function, such that

0<esssup |x|*V(x) =< o,
xeRY

and W e L* (RY) is a positive radially symmetric function. We further assume that the
inequality

(N=2)/N
/ |Vul* dx — / Vi dx}c(/ |u|2N/(N_2) de> (3.10)
RN RN RN

is valid for all radially symmetric functions ue C* (R"). Then inequality (3.10) is true
for all ue C* (RN) (without radial symmetry), provided the constant c is replaced by a
new constant C depending on ¢, N, 0 and ||W|], .
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Proof. Starting from (3.6) we compute

/ {|Vul* — Vi?} dx
RN

N -1
N_1+0 RJV

(N-2)/N (N-2)/N
>C(/ g 2N/ VD) de) L </ e — ap PN/ N dx)
RY RY

(N-2)/N
ZC(/ u|2N/(N2)de) ,
RN

where, for the last inequalities we used the standard Sobolev inequality, the
boundedness of W and the triangle inequality. [

;/ (Vo> — Vi) dx + IV — o) dx
RY

3.2. Hardy—Sobolev inequalities

In this section we prove improved Hardy—Sobolev inequalities for potentials that
are critical either near zero or near infinity. We first consider a potential which is
critical near zero. For ¢>0 we define

_ O <, 111
V) {sfx>, x> 1, .

where f is a nonnegative, continuous and radially symmetric function on {|x|>1}.
Moreover we assume f to be subcritical, satisfying

S)<SKIXTT (x> 1, (3.12)

for some o, K >0.
Also, for X as in (3.2) we define the auxiliary function

Xi(lx)),  |xl<1,

3.13
1, |x|>1. (3.13)

X = {

We shall henceforth denote by B the unit ball in RV centered at zero, by B° its
complement, and, as before, we denote by C* (R")|, the set of restrictions on B¢ of
all functions ue C* (R"). We also denote by v the outward-pointing unit vector on
the surface 0B. We have the following:

Theorem 3.4. Let

. [ Vul? dx — N2 [ udS
g = inf 5 .
ue A (BY) [ fus? dx

(3.14)



G. Barbatis et al. | Journal of Functional Analysis 208 (2004) 1-30 17

Then €y>0 and for any ¢€(0,¢) there holds

. (N=2)/N
/R - |Vudx /R R dx>c< /R |u|2N/(N2)X(12N_2)/(N_2)(|x|)dx) ,
(3.15)
for all ue C* (RY). Moreover, (3.15) fails for & = &.
roof. Since f (x) < K|x| ~ the positivity of gy follows from Lemma 2.5 with a = =54,
Proof. Since /' K|x|™* th f ¢ foll i L 2.5 with N22
yielding in fact gy =K '((N —2)/2)%.

Let us now fix £€(0,¢). By Lemma 3.3, it is enough to prove (3.15) in the case
where u is radially symmetric, u = u(r). Now, there exists a radially symmetric and

positive function ¥ on B¢ which solves the Robin problem

A+ =0, |x|>1,

o)  N-2. B
5——7% X[ = 1.

The existence of such a y can be easily derived, for example, by a shooting argument

from {|x| = 1}. We assume that  is normalized so that }y = 1 on {|x| = 1}. The
function

_ |x‘7(N72>/2a lx] <1, 3.16
Ve {Mx), | >1, (16

then lies in C'(RM\{0}), is positive, radially symmetric and satisfies Ay + Vi = 0 in
RY. Following [FT] we change variables, u = v, and (3.15) for radially symmetric
functions is then written as

. " N (N=2)/N
/ W) 22N dr> C( / PN/ (V=20 2N/ (N=2) N1/ (N=2) dr) . (317
0 0

We claim that ¥(r) has a positive limit as r— + oo. Indeed, since (r¥~'y/) =
—rN"1Vah <0 and /(1) <0, (r) is decreasing on (1,4 00). If the limit lim, , y , ¥(r)
were zero it would then follow from [LN, Theorem 2.9] that y(r)<cr* " near
infinity, which then easily implies ye.#'(B°). Hence ¥ can be taken as a test
function for the infimum in the right-hand side of (3.14), in which case the value of
the Rayleigh quotient is &<gy, contradicting the definition of ¢. Hence
lim, ;o Y(r) = 1>0. Using this we deduce (3.17) from Proposition 3.1. Hence
(3.15) has been proved.

We finally show that (3.15) fails for ¢ = &j. For this we will use Proposition 2.7. Let

Br> B,. Then V,, (x)<eoKR°|x|~* on (Bg)¢, hence

RU
g, (0 Vi) 2? g, (%)
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By Lemma 2.5 (i), for ae (0, N —2) up, (), is positive and independent of R; taking
R large enough we have ug(a, Vi) <pg,(a, V3,). Hence, by Proposition 2.7—with

o = (N — 2)/2—there exists an #' (B°)-minimizer ¢ to (3.14). It is standard to show
that ¢ is simple, radial and of one sign; we normalize it by (;’>||x|:1 =1 and for >0

we define the function uge H'(RY) by

N-2
- 25540
¢ (x), x> 1.

We then compute the left-hand side of (3.15): in B there holds Aug + Vup = 0%uy,
hence

[ (19wl = Vi) s

Ou
= —/ (ugAug+Vgou§)dx+/ u0—9d5+/ (IVug|* = Vyyul) dx
B

0
2
_ [ _N-2 E/ 2
= H/BrdeJerN( 5 +9>+ 3 aBquS
_N(DNH
==

On the other hand for the right-hand side of (3.15) we have

N2
/ uéN/(N72)X1N,2 dx>/ IN/(N-2) / $N/(V-2)
RY B

the last term being independent of 0. Letting 6 —»0 we conclude that (3.15) fails
fore=¢. 0O

We close this section proving a Sobolev inequality which involves radial potentials

with critical behaviour ((N —2)/2)?|x|™* near infinity. Let g be a nonnegative,
radially symmetric, and continuous in B\{0} function that is subcritical near zero,
satisfying

-2
g(x) <K|x[77, x|< 1,

for some g, K>0. For ¢>0 we define

, &g(x), Ix[<T,
Vi(x) = { (1\/7_2)2|x|727 |X‘>1 (318)
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We also set

| 1 X <1,
Yi(|x[) = .
(L+1In|x])™, |x|>1.
We then have
Theorem 3.5. Let

) [ VU dx 852 [ uPdS
g = inf 5 .
ueH'(B) Jz gu? dx

Then g >0 and for any ¢€(0,%) there holds

(N-2)/N
/ |Vu|2 dx—/ Vguz dx;c(/ |u|2N/(N72) Y?(Nl)/(NZ)(ldex) 7
RN RN RN
(3.19)

for all ue C* (RN). Moreover, (3.19) fails for ¢ = .

Proof. The proof of (3.19) follows closely that of Theorem 3.4, reversing essentially
the role of B and B° while making the necessary adjustments; in particular, we now
use Lemma 2.1 instead of Lemma 2.5. In fact, an alternative and simpler proof
consists in simply taking the Kelvin transform of (3.15). The optimality of & is also
proven analogously; we omit the details. [

4. Heat kernel estimates

In this section we shall apply the Sobolev inequalities of Section 3 to obtain heat
kernel estimates for the Schrédinger operator

Hu=—Au—Vu, ulyo=0,

for various critical potentials V. We still assume that QcR", N>3, is a domain
containing the origin and we will consider the case of bounded 2 as well as the case
Q =R". The operator H is defined via quadratic forms, with initial domain
Cl(2\{0}); it will always be the case that H>0. Note that, equivalently, we could
have set C!(Q) as the initial domain.

We shall use the standard technique of transference to a weighted L? space,
which we now describe briefly. Let ¢peC!'(2\{0}) be positive and such that
A¢peLl (2{0}). The unitary map

u

L(Q)sur>w= p

eL} = L*(Q, ¢ dx) (4.1)
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satisfies

/ (IVu|* — Vi) dx = / <|Vw|2 — w? — %W2> $* dx (4.2)
Q Q )

for all ue C!(2\{0}). Hence, if in addition ¢ satisfies Ap + V¢ =0 (weakly) on
Q\{0}, then

/ (|Vul* - Vuz)dx:/ [Vw|*¢? dx (4.3)
Q Q

for all ue C!(2\{0}). Hence H is unitarily equivalent via (4.1) to the self-adjoint
operator Hy on Li, defined initially on C!(2\{0}) and given formally by

1
Hyw = — Ediv(quVw), Wpo = 0.

The space C!(2\{0}) is invariant under multiplication by either ¢ or 1/¢ and hence
it is a form core also for Hy. Moreover, a Sobolev inequality of the form

2/q
/ (IVul* - Vuz)dx>c(/ |u|qux>
o Q

is valid for all ue C!(©\{0}) if and only if

2/q
/|VW|2¢2dx>c(/ |w|"¢‘1de)
Q Q

for all we C!(2\{0}). Finally, the heat kernels of H and H, are related by

K(t,x,y) = ¢(x)p(n)Ky (1, %, ), >0, x,ye, (4.4)
and hence one can obtain estimates on K(z,x,y) via estimates on Ky(?,x, ).

Example. As a typical example let us consider the case of a bounded domain
Qin RY, N>3, and let V(x) = A|x| %, 2<((N —2)/2)*. Let ¢(x) = |x|*, o being
the smallest solution of a(N —2—o)=2/1. Then Ap+ V=0 on Q\{0} and
therefore

2
/(|Vu|2—i|u—)dx:/ Vw2 d (4.5)
Q Q

2
x|
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for all ue C!(Q\{0}) or, equivalently, for all we C!(Q\{0}). Moreover, the heat
kernel of H = —4 — V' is related to the heat kernel of Hy by

K(1,x,p) = x|y Ky (1, x, ).

We note here that a simple approximation argument shows that for 1< ((N — 2)/2)2
the form domain of H is H} (), but at the critical case 2 = ((N — 2)/2)* the form
domain is strictly larger than H}(Q); see also [FT].

Sobolev inequalities are related to heat kernel estimates by the following standard
result [D, Theorem 2.4.2]: for any ¢>2,

the upper bound
Ky(t,x,y)<ct™9?, >0, x,yeQ
is equivalent to the Sobolev inequality (4.6)

29 (4=2)/q
[y [Vw]*¢? dx?c(fg lw[a=2¢> dx) , weCHQ\{0}).

In the rest of this section we shall apply the Hardy—Sobolev inequalities of Section
3 in order to obtain upper estimates on the heat kernel K(z,x,y) of the operator
—A — V for critical and subcritical potentials V. For this we shall use (4.4) for
appropriate functions ¢, together with uniform estimates on Ky(z, x, y), obtained by
means of (4.6). We initially present on-diagonal estimates, and add the Gaussian
factor in Proposition 4.4.

We assume that Q is a domain in RV, N >3. We retain the notation introduced
in the last example, and, in particular, we have H = —4 —},|x|727 subject to
Dirichlet boundary conditions on 0Q. We first consider the subcritical case.
Although the result is known, see [LS,MS], we include the proof for the sake of
completeness.

Proposition 4.1 (Subcritical case). Let K(t,x,y) be the heat kernel of H=—A—
A ﬁ, subject to Dirichlet boundary conditions on Q. For A< ((N — 2)/2)*, let o be the

smallest solution of (N —2 —a) = L.

() If Q is bounded and 0< /. < ((N —2)/2)* then

o

K(t,x,p)<ct™N2|x| |y ™%, >0, x,yeQ. (4.7)

(i) For any Q<R" (bounded or unbounded) and <0 there holds

—o —o
K(t,x,y)<cl_N/2min{l,<t|l%> }min{l,(!ly—/L) }, t>0, x,yeQ.

(4.8)
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Proof. (i) The boundedness of Q together with (3.1) imply

N (N-2)/N
/|vw|2|x|2“dx>c</ |w|mx|2“dx> , weC*(Q).  (49)
Q Q

By (4.6) this implies Ky(?,x, ) <ct~N/2 from which (4.7) follows using (4.4).
(ii) Comparison with the Laplacian implies that K(z,x,y)<ct /2. Moreover,
inequality (3.1) for fip = 2a reads

N—2-2q

2 -2 N2 -, N=2a
/ P dxs e [ iR a ] dx .
Q Q
By means of (4.6) we deduce that Ky(t,x,y)<ct™V/>™* >0, x,ye Q. Hence

K(t,x,y)<ct_N/2min{1 <t|1/|2> (t|1);|2> }, >0, x,ye. (4.10)

This proves (4.8) when x = y. The general case follows from the semigroup property
since

K(t,x,y):/gK(t/2,x,z)K(t/2,z,y)dz

< ( /Q K(t/2,x,z)2dz>l/2< /Q K(I/Z,z,y)zdz)l/z

:K(Z,x,x)l/zK(t,y,y)l/z. O

We now consider the critical case.

Theorem 4.2 (Critical case). Let Q be a bounded domain and K(t,x,y) be the
heat kernel of H = —A — ( )2‘ 2 subject to Dirichlet boundary conditions on 0.
Then

N N2 N2
K(t,x,y)<ct” 2|x|” 2 |y|” 2, t>0, x,yeQ. (4.11)

Proof. Estimate (3.3) implies the weaker inequality

N (N-2)/N
/ IV w]? PN dx>c( / |w| V=2 x> dx) ‘ (4.12)
Q Q

N
Hence Ky(t,x,y)<ct” 2 and (4.11) follows. [
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We next consider the case where @ = RY and the potential is critical at zero. More
precisely, we consider the potential V, defined by (3.11), that is

V(x) = (52772, <1,
e, e

where f is a nonnegative, continuous and radially symmetric function on {|x|>1}.
Moreover we assume f to be subcritical, that is it satisfies (3.12)

<K x>,

for some o, K >0.
We retain the notation of Section 3.1, and in particular we recall definition (3.14)
of &y. We have

Theorem 4.3 (The operator —4 — V, on RY). For any c€ (0, &) the heat kernel of the
operator —A — V, satisfies

N2 N2
K(t,x,p)<et™?max{|x|” 2 ,1}max{[y| 2 ,1}, >0, x,yeRY. (4.13)

Proof. Let y/(x) be as in the proof of Theorem 3.4, cf (3.16). It follows from (3.15)
that

(N-2)/N

/ o2y dx;c(/ |v|21v/</v_z)wzzv/</v_z)/\;gzzvfzwvfz) dx) @
RY

RN

for all pe C!(RM{0}). Since y>N/N=2) Y2V =2/N=2 5 2 and ! (RM\{0}) is a form
core for Hy and we conclude that Ky (t,x,y) <ct~V/? whence,

K(t,x,p)<et Py xu(y).
The required estimate on K(z, x, y) follows if we note that

o max{|x| 2 N<y(x)<cmax{|x| VP2 1}, xeRY. O

It is well known that the estimates of the above theorems can be improved to yield
Gaussian decay of the heat kernel. We have

Proposition 4.4. Proposition 4.1 as well as Theorems 4.2 and 4.3 can be improved by
adding a factor c; exp{—|x — y|*/((4 + 6)1)} to the corresponding right-hand sides.
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Proof. The proof is standard. One can use Grigoryan’s argument [G] or Davies’s
method of exponential perturbation [D] as adapted in [S-C, Section 4.2]. Note that
the argument is applied to the operator Hy—not to H. We omit the proof since it
follows exactly the proof in [S-C]. [

5. Logarithmic refinements

Our aim in this section is to obtain refined versions of the improved Hardy—
Sobolev inequalities of Section 3. As an application, we prove heat kernel estimates
for H=—4 — V — V| where V is one of the potentials studied in Section 4 (that is,
V(x) = ((N —2)/2)*|x| * near zero) but ¥, >0 is also critical. The criticality of V| is
meant in the sense that the following improved Hardy inequality holds:

/|Vu|2dx—/ Vu2dx>/ Vi dx, ueCr(Q),
Q Q Q

whereas this inequality is no longer true if we replace V; by (1 + ¢) V). Of course, V;
is of lower order with respect to |x| > (near x = 0) since ((N — 2)/2)*|x| * is already
critical for the validity of the (simple) Hardy inequality. It is remarkable that the
addition of the extra potential 7} does not affect the time dependence of the heat
kernel estimates, but only affects the spatial singularity at the origin, which is
increased by a logarithmic factor; see Theorems 5.3 and 5.4.

More precisely, recalling that X;(¢) = (1 — log t)fl, let us introduce the functions
Xk+l(t):Xl(Xk(t))7 k:1a23-~~7 IG(O,I). (515)

These are iterated logarithmic functions that vanish at an increasingly slow rate at
t = 0 and are equal to one at ¢t = 1. In [FT] the following improved Hardy inequality
was obtained for a bounded domain Q with D = supg |x]|:

/Q{IWP—(NT‘Z)% o 2 0(5) - (5) o
>3 /. —Xl (3> Xk+1<| |>dx ue C*(Q). (5.16)

The potentials in the left-hand side of (5.16) are critical for each k, in the sense that
(5.16) is sharp: the term X1%+1 cannot be replaced by ch,f;f for any ¢>0, and the
constant 1/4 in the right-hand side is also optimal. In Theorem 5.3 and for bounded
2 we obtain upper estimates on the heat kernel of the operator

H=-A (N_2>21 : kixz - L x x2 (517
2 ) P AP e T Rt ’
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for u>1/4, as well as for the critical case u = 1/4; for this we use results obtained in
[FT]. For the critical case u = 1/4 we also consider operators defined on R" in
analogy to the operator —4 — V, of Theorem 4.3; for this we use Theorem 5.1 below,
and the corresponding heat kernel estimate is given in Theorem 5.4.

5.1. Refined Hardy—Sobolev inequalities

In this subsection we prove two theorems that are refined versions of Theorems 3.4
and 3.5 correspondingly. We recall definition (5.15) and set

Xelx),  Ixl<1,
L x> 1,

Xe() = {

{ Yi(|x]) = Xi(1/]x]), [x[>1,
Yi(|x[) = X (1/]x]),  |x[>0.
We point out the differentiation rules for Xy (r) and Y(r):

d a d a
EX,f:;XI...Xk,lX;’“, EY;’:—;Yle...Yk,IY,f“, r=Ix,  (5.18)

valid for 0<r<1 and r> 1, respectively, which are easily proved by induction.
As in Theorem 3.4, we assume that f is a nonnegative, continuous and radially
symmetric function on B° satisfying (3.12), that is,

F)<K[x| 770, |x[=1,

for some g, K>0. For ¢>0 we also define

N-2\* o, 1, o,k 5
v 4 () WS XD, W<t
‘?f(x)v |X|> 1.
We then have
Theorem 5.1. Assume that k<N — 2 and define
Vul? dx — N=25k [ 12 dS
eo= inf Jp [Vul dx = B2 Jyp 02 dS (5.20)

ue A (B) S fus? dx

Then &,.0>0 and for ¢ (0,¢r0) there holds

. . 2N-2 (N=2)/N
/, |Vu|2dx—/ Vk‘ﬁuzdx>c(/r M V2(X LX)V 2 dx) ,(5.21)
R]\/ RN R]\/

for all ue C* (R").
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Remark. The constant g is optimal in the sense that inequality (5.21) fails for
& = &r0. Also the exponent (2N —2)/(N —2) in (5.21) is sharp in the sense that it
cannot be replaced by a smaller exponent. The proof of these two facts is rather
involved; see [FT] for similar arguments. We do not use these facts in the sequel.

Proof. The proof follows closely that of Theorem 3.4, so we only give a sketch of it.
The positivity of & follows from Lemma 2.5(), yielding &xo=>K 'ug((N —2 +
k)/2). Now let £€ (0, x0) be fixed and let i be the radially symmetric solution to the
problem

AJ+ Vi =0, |x|>1,

o) N-2+k; B
a*—flﬂa |x[ =1,

normalized so that } = 1 on {|x| = 1}. The function

(5.22)

—(N— —1/2 —-1/2
J(x) = x|V x VxS X <1,
v(x), |x[>1

is then C', radially symmetric and a direct computation which uses (5.18) shows that
AY + Vi = 0 in RY. Exactly as in Theorem 3.4,  is positive, radially symmetric
and has a positive limit as r— + oo. We then prove (5.21) in the case where u is
radially symmetric, using once again Proposition 3.1. The validity of (5.21) for
general ue C* (R") follows from Lemma 3.3. O

We finally prove a refined version of Theorem 3.5. Let us fix a nonnegative,
continuous and radially symmetric function g on B = {|x|< 1}, such that

g(x)<KIx[Z7, <1,

for some o, K >0. Further for ¢>0 we define

A Sg(‘x>7 |x‘<17
Vie(x) = —2\2( -2 k
=) (2P0 4 S Vil YA, [ 1

We then have

Theorem 5.2. Assume that k<N — 2 and define

2 ok
fo— inf Jp |Vu|”dx + Y5 [ uzdS'
" ueH!(B) Jp gu? dx
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Then &> 0 and for e€(0,8,0) there holds

. . a2 N\ WA
/ , (Vul dx —/ Vi ot* dx}c(/ , NN (YY) N2 dx) ,
R]\/ RJV R]\/

(5.23)
for all ue C* (RV).

Proof. We omit the proof, which is similar to that of Theorem 3.5. O

5.2. Refined heat kernel estimates

In Theorems 4.2 and 4.3 we obtained heat kernel estimates for operators —4 — V'
where ¥ (x) = ((N — 2)/2)*|x|~* near the origin. We shall now prove estimates for
—A—V —Vy, with V| also critical near the origin. In Theorems 5.3 and 5.4 we
consider the cases Q bounded and @ = RY, respectively.

For k=1 and pu<1/4 we define

N-2)2
V,ﬁ‘(x)z( 22) + 1
| x|

k—1
— S xtox2+ Ex2 x2 xeQ 5.24
4|x|2 ; 1 i |x|2 1 k ( )

(X; = Xi(|x|/D), D = supg |x|) and consider the operator H = —4 — V}' subject to
Dirichlet boundary conditions on 9Q. In [FT, Proposition 7.2] the Hardy—Sobolev
inequality
/ (|Vu)* - V,i“uz) dx
Q
2N-2 (N=2)/N
>c(/ MWV (¥ X ) N2 dx> . ueCr(Q), (5.25)
Q
was obtained. Let  be the largest solution of (1 — ff) = p and define
SN2 —1/2
bep(x) = Ix7 2 XL x P xt (5.26)

Using (5.18) we verify that A¢; s+ Vf(f’k,p =0 and hence the change of variables
u = ¢y pw yields

/Q (IVul* — Viu?) dx = /Q Vw4 dx (5.27)

for all we C(22). We have
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Theorem 5.3. Let Q be bounded, 1<k<N —2, and 0<u<1/4. The heat kernel of
H = —A — V! satisfies the estimate

K(t,x,y) <CI_N/2¢k,/;(X)¢k,/;(y)’ >0, x,yeQ, (5.28)

here V)| is given by (5.24) and b p(x) by (5.26).

Proof. For the proof we distinguish two cases.
(1) Case p<1/4. For we C(Q) we have

/|Vvv|2¢,2€ﬁdx:/ |Vu|2dx—/ Vit dx
Q Q Q
2 1/4 2
= c(/ (\Vu|” = V" u )dx) (by (5.16))
Q

2N/(N-2) N2 (N-2)/N
> C</ |u] (X1... X)) N2 dx) (by (5.25))
Q

IN-2-2NB (N=2)/N
- c( / WP VD N (X)X, Y2 dx>
Q

(N=2)/N
= c</9 |w|2N/(N_2)¢,2€ﬁ dx) .

This implies that Ky, (7, x, ) <ct™N/% and (5.28) follows.
(2) Case u=1/4. By [FT, Lemma 7.5] the following Sobolev inequality
holds:

/ [Vwx NV x X dx
Q
N 2N-2 (N=2)/N
>c</ |w|m|x|’NX1 ...Xka’XI2 dx) , weCr(Q).
Q
This implies in particular

2.2 i 2N =2y @
VW[ "y pdx>c |wN=2¢ 5 dx , weCr(Q)
Q Q

N/2

and hence we have the uniform estimate Ky, (¢,x,y) <ct™"/* as required. [J

We finally have the following consequence of Theorem 5.1, where we retain the
notation of that theorem:
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Theorem 5.4. Let 1<k<N —2, and ¢€(0,¢r0) with & given by (5.20). the heat
kernel of the operator —A — V., satisfies

K(t,x,y)<et VPy(x)p(y), >0, x,yeRY,

here Vi is given by (5.19) and y(x) by (5.22).

Proof. The result follows directly from Theorem 5.1 by means of (4.6). [
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