A NEW FAMILY OF MIXED FINITE ELEMENTS FOR THE LINEAR ELASTODYNAMIC PROBLEM

E. BÉCACHE^{† ¶}, P. JOLY^{‡¶}, AND C. TSOGKA^{§ ¶}

Abstract. We construct and analyze a new family of quadrangular (2D) or cubic (3D) mixed finite elements for the approximation of elastic wave equations. Our elements lead to explicit schemes (via mass lumping), after time discretization, including in the case of anisotropic media. Error estimates are given for these new elements.

Key words. mixed finite elements, mass lumping, elastodynamics

AMS subject classifications. 65M60, 65M12, 65M15, 65C20, 73D25

1. Introduction. In this paper we develop and analyze a new family of mixed finite elements for the velocity-stress formulation of elastodynamics.

We have recently developed an efficient numerical method for approximating the linear elastodynamic problem in complex media, such as anisotropic heterogeneous media with cracks of arbitrary shapes [6]. We use the fictitious domain method to take into account the boundary condition on the crack : that consists in extending the initial problem in a domain with a simple geometry (typically a rectangle in 2D) and considering the boundary condition as an equality constraint in a given functional space. The boundary condition on the crack is a free surface condition (the normal stress is zero). Thus, to express it as an equality constraint, the stress tensor has to be one of the unknowns. That is our first motivation for using the mixed velocitystress formulation. The second one is that this formulation is compatible with a very efficient absorbing layer model [14], which generalizes to elastodynamics the PML introduced by Bérenger [10, 11].

We are concerned in this paper with the space discretization of this formulation. For efficiency reasons (to reduce the computation time and memory requests) we want to have mass lumping in order to get a really explicit method after time discretization.

Several families of mixed finite elements have been proposed in the literature for static plane elasticity. The main difficulty appearing in this problem is finding a way to take into account the symmetry of the stress tensor. Actually, taking into account the symmetry in the approximation space is not easy and can lead to numerical locking (this is what happens with Raviart-Thomas elements). The approach which is usually followed is the relaxed symmetry approach: the symmetry is imposed in a weak sense via a Lagrange multiplier [1, 2, 22, 23, 20]. Another approach using spaces of symmetric stress tensors, based on composite elements, was introduced in [18]. None of these, however, are adapted to mass lumping.

For this reason, we have introduced mixed finite elements (inspired by Nédelec’s second family [21]), which appear to be new in spite of their simplicity. These new elements have two basic characteristics; they allow mass lumping and they use spaces of symmetric stress tensors. In [7], we have presented the lowest order element in 2D.

The outline of this paper is as follows. The first part (§2) is devoted to the description of these elements in two and three space dimensions. In §2.1, we define some notations and present the model evolution problem we shall consider, as well as its variational mixed formulation. In §2.2.1, we present the construction of our lowest

†(eliane.becache@inria.fr) ‡(patrick.joly@inria.fr) §(chrysoula.tsogka@inria.fr) ¶INRIA, Domaine de Voluceau-Rocquencourt, BP 105, F-78153 Le Chesnay Cédex 1

order elements in dimension 2 and show how we obtain mass lumping. Section 2.2.2 is devoted to the generalization to higher order elements and §2.3 to the generalization to the 3D case. The second part concerns the analysis of these new elements in 2D. The main difficulty is that the classical Babuska-Brezzi assumptions for the discrete problem (c.f [12, 4]) are not satisfied (defect of coerciveness). In a previous paper [9], we developed and analyzed a scalar version of these mixed finite elements. The approach is not directly adapted to the elastodynamic problem and we present here a different analysis. Section 3 is concerned with the mixed approximation of an elliptic problem, namely a stationary version of the evolution problem of §2. In section §3.1, we explain why the new element does not fit the classical theory, and we announce a convergence result (theorem 3). Sections 3.2 and 3.3 are devoted to the proof of this theorem, which requires in particular the use of a macro-element approach (cf. [25]). Section 4 is devoted to the analysis of the semi-discrete time dependent problem without mass-lumping. This analysis, which essentially relies on energy estimates, relates the error estimates on the time domain solution to the error estimates obtained in the previous section on the elliptic problem.

2. Presentation of the new mixed finite elements.

2.1. The model problem : the 2D elastic wave equation. In the following, we identify the space of 2 × 2 tensors with the space L(IR^2) of linear applications from IR^2 to IR^2, in which we define the linear form

as(σ) = σ_{12} − σ_{21}.

Let L^s(IR^2) be the subspace of symmetric tensors of L(IR^2), that is

L^s(IR^2) = { σ ∈ L(IR^2) / as(σ) = 0 } . The scalar product in L(IR^2) is defined by (with summation convention) σ : τ = σ_{ij} τ_{ij} , ∀(σ, τ) ∈ L(IR^2), |σ|^2 = σ : σ. In the sequel, a tensor σ is indifferently identified with an element of IR^4 or an element of IR^2 × IR^2. In particular, to each σ in L(IR^2), we associate the two column vectors

σ_1 = [ σ_{11} σ_{12} ] , σ_2 = [ σ_{21} σ_{22} ] . (2.1)

If Ω is an open subspace of IR^2, σ a tensor field in Ω (σ ∈ D^′(Ω; L(IR^2))), we set

div σ = div σ_1

div σ_2 = ∂σ_{11} ∂x_1 + ∂σ_{12} ∂x_2 ∂σ_{21} ∂x_1 + ∂σ_{22} ∂x_2 .

If (u, v) ∈ (L^2(Ω))^d (d=1,2,3), (u, v)_Ω denotes the usual inner product of (L^2(Ω))^d.

2.1.1. The elastodynamic problem. We consider now that Ω is filled by an elastic material. We denote by u(x, t) the displacement field in Ω, at time t (x ∈ Ω, t > 0). We associate to u(x, t) the strain tensor ε(u)

ε_{ij} (u) = 1 2 ( ∂u_i ∂x_j + ∂u_j ∂x_i ) .

In the following, we consider ε as a linear operator from D^′(Ω; IR^2) into D^′(Ω; L^s(IR^2)). The displacement is governed by the following system ϱ ∂^2u ∂t^2 − div σ(u) = f, (2.2) where ϱ = ϱ(x) denotes the density which verifies 0 < ϱ_− ≤ ϱ(x) ≤ ϱ_+ < +∞, a.e. x ∈ Ω.

We should add to (2.2) the initial conditions, homogeneous for simplicity: u(t = 0) = 0 ; ∂u ∂t (t = 0) = 0, and a boundary condition on ∂Ω, for instance the homogeneous Dirichlet condition u = 0 on ∂Ω.

The stress tensor σ(u) is related to the deformation tensor by Hooke’s law σ(u)(x, t) = C(x)ε(u)(x, t), where for all x in Ω, C(x) is a 4 × 4 positive tensor having the usual symmetry properties [3] which means that C(x) is a positive symmetric definite operator in L^s(IR^2). We set A(x) = C(x)^{−1} and assume that x → A(x) is measurable and satisfies the uniform inequalities (α and M are strictly positive real numbers) 0 < α |σ|^2 ≤ A(x)σ : σ ≤ M |σ|^2 , ∀σ ∈ L^s(IR^2), a.e. x ∈ Ω. (2.3) The elastodynamic problem in Ω can be written as a first order hyperbolic system, the velocity-stress system, with the unknowns : v = ∂u/∂t the velocity vector and σ = σ(u) the stress tensor, ϱ ∂v ∂t − div σ = f, A ∂σ ∂t − ε(v) = 0, (2.4)

subject to the initial conditions v(0) = 0, σ(0) = 0 and the boundary condition v = 0 on ∂Ω.

(2.5)

2.1.2. Variational formulation in X^{sym}. We introduce the Hilbert spaces M = L^2(Ω; IR^2), H = L^2(Ω; L(IR^2)) and X = { σ ∈ H / div σ ∈ M } . We denote X^{sym} ⊂ X the subspace of symmetric tensors in X X^{sym} = { σ ∈ X / as(σ) = 0 } . We can write now a mixed variational formulation of system (2.4, 2.5) in the form Find (σ, v) : [0, T ] −→ X^{sym} × M such that d dt a(σ(t), τ) + b(v(t), τ) = 0 , ∀τ ∈ X^{sym}, d dt c(v(t), w) − b(w, σ(t)) = (f, w) , ∀w ∈ M, (2.6) where a(σ, τ) = ∫ Ω Aσ : τdx, ∀(σ, τ) ∈ H × H, c(v, w) = ∫ Ω ϱv · wdx, ∀(v, w) ∈ M × M, b(w, τ) = ∫ Ω div τ · wdx, ∀(w, τ) ∈ X × M. (2.7)

The bilinear form a(·, ·) (resp. b(·, ·)) is continuous on H × H (resp. on X × M), thus we can define linear continuous operators A : H → H^′ and B : X → M^′ by ⟨Aσ, τ⟩_H′_{×H} = a(σ, τ) ; ⟨Bτ, w⟩_M ′_{×M} = b(w, τ), where H^′ holds for the dual space of H, and so on. We set B^{sym} = B_{|X} sym ∈ L(X^{sym}, M^′). The following properties are satisfied , e.g. [13, 17] | | | | | | | | | | | | | | |

(i) The continuous inf-sup condition ∃ β > 0 / ∀ w ∈ M, ∃ τ ∈ X^{sym}, τ ≠ 0 / b(w, τ) ≥ β ‖w‖_M ‖τ‖_X . (ii) The coercivity of the form a(·, ·) on Ker B^{sym} = Ker B ∩ X^{sym} ∃ α > 0 / ∀ σ ∈ Ker B^{sym}, a(σ, σ) ≥ α ‖σ‖^2_X , with Ker B^{sym} = { τ ∈ X^{sym} / b(w, τ) = 0, ∀ w ∈ M } .

(2.8)

The mixed formulation (2.6) is the one we shall work with for the numerical approximation. Note that, it is crucial to work in the space X^{sym} of symmetric tensors because the operator −ε is not the adjoint of div if one works in X.

2.2. Presentation of the finite element in 2D.

2.2.1. The lowest order finite element. We explain in this section the construction of the lowest order element (see also [7] where we include a dispersion analysis). In what follows, we shall use the following standard notation for spaces of polynomials of two variables. We denote by P_k the space of polynomials of degree less than k, and define P_{k,l} = p(x_1, x_2) | p(x_1, x_2) = ∑ i≤k,j≤l a_{ij} x^i_1x^j_2 , and Q_k = P_{k,k}. We suppose now that Ω is a union of rectangles in such a way that we can consider a regular mesh (T_h) with squares elements (K) of edge h > 0. To obtain our finite element spaces, we shall adopt a constructive approach which aims in particular at exploiting the geometry of the mesh. We look for approximation spaces M_h = {v_h ∈ M / ∀K ∈ T_h, v_h |_K ∈ P} , X_h = { σ_h ∈ X / ∀K ∈ T_h, σ_h |_K ∈ Q } , X_h^{sym} = { σ_h ∈ X_h; / as(σ_h) = 0 } , (2.9) where P and Q are finite dimensional spaces of C^∞ functions, for instance polynomials, to be determined. We can remark that X_h^{sym} is seeked as a subspace of X^{sym} : we want to take into account the symmetry condition in the strong sense. Then the approximate problem associated to the mixed velocity-stress system for elastodynamics can be written in the following form

Find (σ_h, v_h) : [0, T ] −→ X_h^{sym} × M_h such that d dt a(σ_h, τ_h) + b(v_h, τ_h) = 0, ∀τ_h ∈ X_h^{sym}, d dt c(v_h, w_h) − b(w_h, σ_h) = (f, w_h), ∀w_h ∈ M_h, (2.10)

with initial conditions σ_h(0) = 0, v_h(0) = 0.

Let us construct our lowest order spaces X_h and M_h. It is natural to approximate the velocity with piece-wise constants

M_h = { v_h ∈ M / ∀K ∈ T_h, v_h |_K ∈ (Q_0)^2 } . A possible choice for X_h is the lowest order Raviart-Thomas element RT_{[0]} X_h^{RT} = { σ_h ∈ X / ∀K ∈ T_h, (σ_1, σ_2) |_K ∈ (RT_{[0]})^2 } , where RT_{[0]} = P_{1,0} × P_{0,1}.

However, this choice is not satisfactory, since the space X_h^{RT} ∩ X^{sym} is too small and thus cannot be considered as a good approximation space for X^{sym} : indeed, if σ_h is a symmetric tensor in X_h^{RT} , then it is easy to see that σ_{12} is necessarily constant in Ω. That is a kind of numerical locking.

We shall construct X_h^{sym} as a subspace of X^{sym}, guided by the following observation, which is true only because we consider a mesh with squares whose edges are parallel to the coordinate axis (we omit the proof which is trivial).

Theorem 1. For all σ_h ∈ X_h, where X_h is given by (2.9), we have σ_h ∈ X_h^{sym} ⇐⇒ ( σ_{11} σ_{22} ) ∈ H(div, Ω) and σ_{12} = σ_{21} ∈ H^1(Ω).

Theorem 1 shows that σ_{12} must belong to an approximation space of H^1. Thus, in order to define the lowest order element, it is natural to choose

σ_{12} ∈ H^1(Ω)/∀K ∈ T_h, σ_{12} |_K ∈ Q_1.

It remains now to define the approximation space of H(div, Ω) in which the vector (σ_{11}, σ_{22})^t belongs. Once again, a natural choice is the lowest order Raviart-Thomas element RT_{[0]}. We denote

~X_h^{sym} = {σ_h ∈ X^{sym}/∀K ∈ T_h, σ_{12} |_K ∈ Q_1 and (σ_{11}, σ_{22}) |_K ∈ RT_{[0]}} .

However, we can easily show that this choice does not permit to get an explicit time discretization scheme. This was explained in [9] for the anisotropic wave equation. The reason is that the degrees of freedom for the stress tensor are associated whether to a vertex of an element K (for σ_{12}) or to an edge (for (σ_{11}, σ_{22})). To obtain an explicit time discretization scheme, we want to use a mass lumping technique for the approximation of the mass matrix associated to the bilinear form a(σ_h, τ_h) (the reader can verify that the matrix associated to c(v_h, w_h) is already diagonal in the usual basis of M_h). Thus, we are led to approximate the mass matrix a(σ_h, τ_h) by

a_h(σ_h, τ_h) = ∑ K∈T_h I_K (Aσ_h : τ_h),

where I_K is some quadrature formula, to be determined. The key point for choosing the approximation space of H(div, Ω) is to regroup all the degrees of freedom at the nodes of the quadrature formula, namely the nodes of the mesh. Under this condition the adequate choice for (σ_{11}, σ_{22}) is the lowest order element of the second family of mixed finite elements proposed by Nédélec in [21], that is { q_h ∈ H(div, Ω) such that q_h |_K ∈ (Q_1(K))^2, ∀K ∈ T_h } , and thus our choice for the space X_h^{sym} can be written as X_h^{sym} = { σ_{12} ∈ H^1(Ω)/σ_{12} |_K ∈ Q_1, ∀K ∈ T_h and

(σ_{11}, σ_{22}) ∈ H(div, Ω)/(σ_{11}, σ_{22}) |_K ∈ (Q_1)^2, ∀K ∈ T_h } . (2.11)

With this choice, the degrees of freedom for the stress tensor are all associated to the vertices of an element K as we can see in Figure 2.1 (we choose point values instead of moments as in [21], see also section 2.2.2 for a complete description of the degrees of freedom). In this case the approximation of a(σ_h, τ_h) using the following quadrature formula in K ∫ k fdx ≈ I_K (f) = h^2 4 ∑ M∈{vertices of K} f(M), ∀f ∈ C^o(K),

leads to a block diagonal mass matrix. Each block is associated to a node of the mesh and its dimension is equal to the number of degrees of freedom at this point (that is 5, see Figure 2.1).

Fig. 2.1. Degrees of freedom for the stress tensor.

2.2.2. Extension to higher orders and mass lumping. The natural generalization of the lowest order element presented in §2.2.1 consists in taking

X_h = { τ_h ∈ X / ∀K ∈ T_h, τ_h|_K ∈ (Q_{k+1})^4 } , X_h^{sym} = X_h ∩ X^{sym}, M_h = { w_h ∈ M / ∀K ∈ T_h, w_h|_K ∈ (Q_k)^2 } . (2.12)

This will be referred as the Q^{div}_{k+1} −Q_k element. The locations of the degrees of freedom for these elements correspond to tensor products of 1D quadrature points associated to Gauss-Lobatto (for σ_h) or Gauss-Legendre (for v_h) quadrature formulas [15]. As an illustration, we represent the degrees of freedom of the element corresponding to k = 1 in Figure 2.2 and we also indicate the number of degrees of freedom per node. One can notice -this is general for all the higher order elements- that, for σ_h, there are three kind of nodes:

1. The nodes located at a vertex of an element, that are associated to 5 degrees of freedom: the value of σ_{12}, the two values (up and down) of σ_{11}, the two values (left and right) of σ_{22}.

2. The nodes located on an edge, associated to 4 degrees of freedom:

• for a vertical edge: the two values (left and right) of σ_{22}, the value of σ_{11}, the value of σ_{12}, • for a horizontal edge: the two values (up and down) of σ_{11}, the value of σ_{22}, the value of σ_{12}.

3. The interior nodes located inside one element, associated to 3 degrees of freedom: the value of σ_{12}, the value of σ_{11}, the value of σ_{22}.

Fig. 2.2. Degrees of freedom in the Q_2 − Q_1 element.

Mass lumping can then be achieved using the same technique as for the anisotropic wave equation [9]. That consists in approximating the integrals in the mass matrices a(σ_h, τ_h) and c(v_h, w_h) by adequate quadrature formulas. More precisely we use the Gauss-Lobatto quadrature formulas to compute a(σ_h, τ_h). The resulting matrix is now block diagonal. Each block is associated to one quadrature point and its dimension is equal to the number of degrees of freedom at this point: from 3 × 3 for the interior nodes to 5 × 5 for the vertices of the mesh. Note that c(v_h, w_h) leads naturally to a block diagonal matrix. However, using the Gauss-Legendre quadrature formula and appropriate degrees of freedom leads to a diagonal matrix.

2.2.3. On some properties of the Q^{div}_{k+1} − Q_k element. We regroup in this section important theoretical properties of the spaces X_h and M_h that will be useful for the convergence analysis. We introduced in [9] the spaces X_h and M_h defined by X_h = { q_h ∈ X = H(div; Ω) / ∀K ∈ T_h, q_h|_K ∈ X_k } , X_k = Q_{k+1} × Q_{k+1}, M_h = { w_h ∈ L^2(Ω) / ∀K ∈ T_h, w_h|_K ∈ Q_k } , (2.13)

and we have shown that X_h admits the following orthogonal (in L^2) decomposition | | | | | | | |

X_h = X_h^s ⊕ X_h^r, X_h^s = { p_h ∈ H(div; Ω) / ∀K ∈ T_h, p_h|_K ∈ RT_{[k]} } , X_h^r = {p_h ∈ H(div; Ω) / ∀K ∈ T_h, p_h|_K ∈ Ψ_k} ,

(2.14)

where Ψ_k is defined as the orthogonal complement in X_k of RT_{[k]} (for the inner product of L^2(K)) Ψ_k(K) = { ψ ∈ X_k / ∫ K ψ ϕ dx = 0, ∀ϕ ∈ RT_{[k]} } . (2.15) We recall here the well known property of Raviart-Thomas elements: ∀p^s_h ∈ X_h^s, divp^s_h ∈ M_h. Thus, as X_h = X_h × X_h, it is straightforward that X_h admits the orthogonal decomposition X_h = X_h^s ⊕ X_h^r,

(2.16) with X_h^s = X_h^s × X_h^s and X_h^r = X_h^r × X_h^r,

(2.17) and ∀τ^s_h ∈ X_h^s, divτ^s_h ∈ M_h. (2.18) Moreover, one can prove easily the fundamental following properties of the space X_h^r (see [9]) (i) ∀η_h ∈ M_h, ∀τ^r_h ∈ X_h^r, ((τ^r_h )_{ij} , η_h) = 0, ∀i, j = 1, 2, (ii) ∀K ∈ T_h, ∀T_j , j = 1, .., 4, ∫ T_j τ^r_h n.q dγ = 0, ∀q ∈ (P_k (T_j ))^2, where T_j are the edges of K, i.e., ∂K = T_1 ∪ T_2 ∪ T_3 ∪ T_4, (iii) ∀w_h ∈ M_h, ∀τ^r_h ∈ X_h^r, (divτ^r_h , w_h) = 0,

(2.19) where property (iii) directly follows from properties (i) and (ii).

Finally, we give another characterization of the space X_h^{sym} defined in (2.12) that follows from Theorem 1: X_h^{sym} = { σ ∈ X^{sym}/ σ_{12} = σ_{12} ∈ Q^{k+1}_h , (σ_{11}, σ_{22}) ∈ X_h } , (2.20)

where Q^{k+1}_h is the space of continuous functions, locally Q_{k+1}:

Q^{k+1}_h = { ϕ ∈ C^0(Ω), ϕ |_K ∈ Q_{k+1}, ∀K ∈ T_h } . (2.21)

2.3. Extension to 3D. We shall only present in this section the lowest order 3D finite element. The extension to higher orders is similar to the 2D case. Let Ω be a bounded domain of IR^3 that can be meshed with cubic elements (K) of edge h > 0. Applying the same approach as in the 2D case, we remark that imposing the symmetry as a strong condition implies the following :

• (σ_{11}, σ_{22}, σ_{33}) ∈ H(div, Ω) since σ_{11} is continuous only in the x_1 direction, σ_{22} in the x_2 and σ_{33} in the x_3 direction, • σ_{12}, σ_{13} and σ_{23} are continuous in two directions. More precisely, if i, j, k denotes a circular permutation of 1, 2, 3 x_i → σ_{jk} (·, x_i) ∈ L^2_{xi} (H^1_{xj ,xk} ). We introduce the approximation spaces X_h^{sym} − M_h defined by (2.9) with

Q = (Q_1)^9, P = (Q_0)^3.

We give in Figure 2.3 a schematic view of this element, via the degrees of freedom.

Fig. 2.3. A schematic view of the lowest order element in 3D.

3. Analysis of the new mixed finite element in the 2D static case. For the study of the time dependent problem, we shall follow the approach of [9] concerning the anisotropic wave equation. It is made of two main steps. One step consists in relating, thanks to energy estimates, error estimates for the evolution problem to the estimation of the difference between the exact solution and its elliptic projection (that has to be cleverly defined). This step is rather standard and delayed to section 4. The second step, which amounts to analyzing the elliptic projection error, directly follows from the analysis of the approximation of the stationary problem associated to the evolution problem (2.10). This is the object of the present section.

In the following, in order to simplify the presentation, we will consider that Ω is a square in such a way that we can consider a regular mesh (T_h) composed by N × N squares elements (K) of edge h = 1/N. However our results can be extended without any difficulty to any general structured mesh.

3.1. The elliptic problem in X^{sym} and its approximation. The stationary problem associated to (2.6) consists in finding (σ, v) ∈ X^{sym} × M such that a(σ, τ)+ b(v, τ) = 0 , ∀τ ∈ X^{sym}, b(w, σ) = −(f, w), ∀w ∈ M, (3.1)

where a(·, ·) and b(·, ·) are defined by (2.7) and satisfy properties (2.8). As a consequence [13], there exists a unique solution (σ, v) in X^{sym} × M of problem (3.1). The corresponding discrete problem consists in finding (σ_h, v_h) ∈ X_h^{sym} × M_h such that a(σ_h, τ_h)+ b(v_h, τ_h) = 0, ∀τ_h ∈ X_h^{sym}, b(w_h, σ_h) = −(f, w_h), ∀w ∈ M_h. (3.2)

The main difficulty in the convergence analysis of problem (3.2) is that the finite element spaces (2.12) do not satisfy the hypotheses of the classical theory [12, 4]. In particular, one can easily prove that the uniform discrete coercivity condition is not satisfied, because div(X_h^{sym}) ⊄ M_h (see [9]). This difficulty was already present for the case of the scalar problem that we analysed in a previous paper [9]: we proposed a modification of the classical theory based on the orthogonal decomposition (2.14). An important point in the proof is that the subspace X_h^s (see section 2.2.3) is a good approximation of space X, in the sense that for all p ∈ X: lim_{h→0} inf_{qsh ∈Xh s} ‖p − q^s_h‖_X = 0. As we have noticed in section 2.2.3 this implies the analogous decomposition (2.16) for space X_h. The difficulty is to find an appropriate decomposition for space X_h^{sym}. Actually a natural candidate for the decomposition would be: X_h^{sym} = (X_h^s ∩ X^{sym}) ⊕ (X_h^r ∩ X^{sym}), but this choice is not satisfactory since X_h^s ∩ X^{sym} is not an approximation space of X^{sym} (numerical locking). We did not succeed in finding a more appropriate choice.

Thus, we develop a different convergence analysis in the L^2 framework for both unknowns σ and v. It is less obvious to obtain estimates of div(σ − σ_h) (see section 5 below). For this, we only use the coercivity of the form a(., .) on the space H | | ∃α > 0 / ∀ τ ∈ H, a(τ, τ) ≥ α |τ|^2_H . (3.3)

We can introduce, as in the case of the continuous problem, the operators B_h : X_h^{sym} → M_h and B^t_h : M_h → X_h^{sym} such that

(B_hτ_h, w_h)_M = ( τ_h, B^t_hw_h ) X = b(w_h, τ_h), ∀(τ_h, w_h) ∈ X_h^{sym} × M_h, and we define

V_h(f) = { τ_h ∈ X_h^{sym} / b(w_h, τ_h) = −(f, w_h), ∀w_h ∈ M_h } , V_h = V_h(0) ≡ KerB_h.

For proving error estimates, we shall use the following lemma, which will be proved in section 3.2:

Lemma 1. One has the discrete uniform inf-sup condition | | | | | | ∃β > 0 / ∀h, ∀w_h ∈ M_h, ∃ τ_h ∈ X_h^{sym}, τ_h ≠ 0 / b(w_h, τ_h) ≥ β ‖w_h‖_M ‖τ_h‖_X . (3.4)

Notation. For any integer m ≥ 0, we introduce the space

H^{m,m+1}(Ω) = {ψ ∈ H^m(Ω), / ∂_2ψ ∈ H^m(Ω)} ,

(3.5)

and similarly for H^{m+1,m}(Ω) and we set |ψ|_{m,m+1} = |ψ|_m + |∂_2ψ|_m , |ψ|_{m+1,m} = |ψ|_m + |∂_1ψ|_m , (3.6)

where |.|_m denotes the semi-norm on H^m(Ω).

As a consequence of (3.3) and of the continuity of the bilinear form a(·, ·) on H × H, we deduce the following result (see [13], Prop. 2.13 and Rem. 2.14):

Theorem 2. Problem (3.2) admits a unique solution (σ_h, v_h) ∈ X_h^{sym} × M_h, which satisfies |σ − σ_h|_H + ‖v − v_h‖_M ≤ C { inf τ_h∈V_h(f ) |σ − τ_h|_H + inf_{wh∈Mh} ‖v − w_h‖_M + + inf_{wh∈Mh} sup_{τh∈Vh} b(v − w_h, τ_h) α |τ_h|_H } . (3.7)

This allows us to establish our convergence theorem:

Theorem 3. Let (σ, v) ∈ X^{sym} × M be the solution of problem (3.1) and (σ_h, v_h) ∈ X_h^{sym} × M_h be the solution of problem (3.2). If (σ_{11}, σ_{22}) ∈ H^{1,0}(Ω) × H^{0,1}(Ω) and σ_{12} ∈ H^1(Ω) then |σ − σ_h|_H + ‖v − v_h‖_M −→ 0 when h → 0. (3.8)

Furthermore, if (σ_{11}, σ_{22}) ∈ H^{k+2,k+1}(Ω) × H^{k+1,k+2}(Ω), σ_{12} ∈ H^{k+2}(Ω), and v ∈ (H^{k+2}(Ω))^2, then, one has the error estimates |σ − σ_h|_H + ‖v − v_h‖_M ≤ Ch^{k+1} ( |σ_{11}|_{k+2,k+1} + |σ_{22}|_{k+1,k+2} + |σ_{12}|_{k+2} + |v|_{k+1} + |∇v|_{k+1} ) . (3.9)

The proof of this theorem uses the following technical lemma, which will be proved in section 3.3:

Lemma 2. For any w ∈ (H^1_0 (Ω))^2, lim_{h→0} inf_{wh∈Mh} sup_{τh∈Vh} b(w − w_h, τ_h) α |τ_h|_H = 0.

(3.10)

Furthermore for all w ∈ (H^1_0 (Ω))^2 ∩ (H^{k+2}(Ω))^2, there exists a w_h ∈ M_h such that sup τ_h∈V_h b(w − w_h, τ_h) α |τ_h|_H ≤ Ch^{k+1} |w|_{k+2,Ω} . (3.11)

Proof of Theorem 3: The proof consists in estimating each term of the right hand side of (3.7).

• Using the inf-sup condition (3.4), we can bound the first term by (see [13]): inf τ_h ∈V_h(f ) |σ − τ_h|_H ≤ inf_{τh∈Vh(f )} ‖σ − τ_h‖_X ≤ C inf_{τh∈Xh sym} ‖σ − τ_h‖_X . Then from specific properties of the Raviart-Thomas approximation space X_h^s on regular meshes, combined with classical approximations properties of Q^{k+1}_h , one gets (see appendix B), if (τ_{11}, τ_{22}) ∈ H^{1,0} × H^{0,1} and τ_{12} ∈ H^1 lim_{h→0} inf τ_h∈X_h^{sym} ‖τ − τ_h‖_X = 0. (3.12)

Furthermore, if (τ_{11}, τ_{22}) ∈ H^{k+2,k+1} × H^{k+1,k+2} and τ_{12} ∈ H^{k+2}, we have inf τ_h ∈X_h^{sym} ‖τ − τ_h‖_X ≤ Ch^{k+1} (|τ_{11}|_{k+2,k+1} + |τ_{22}|_{k+1,k+2} + |τ_{12}|_{k+2}).

(3.13)

• The standard approximation property in M_h gives: lim_{h→0} inf_{wh ∈Mh} ‖v − w_h‖_M = 0, ∀v ∈ M. Furthermore, for all w ∈ (H^{k+1}(Ω))^2, we have inf w_h ∈M_h ‖w − w_h‖_M ≤ C h^{k+1} |w|_{k+1}. (3.14) • Finally the last term is estimated thanks to Lemma 2.

3.2. Proof of Lemma 1. To prove (3.4) we first construct a particular τ ∈ X^{sym} candidate for the continuous inf-sup condition:

Lemma 3. For all v ∈ M there exists a τ ∈ X^{sym} such that (i) τ is diagonal (thus as(τ) = 0), (ii) div τ = v, (iii) ‖τ‖_X ≤ C_1‖v‖_M . Proof. In the case of a rectangular domain Ω it is easy to prove that for all v = (v_1, v_2) ∈ (L^2(Ω))^2(= M), there exists a τ = (τ_1, τ_2) ∈ H(div, Ω)(= X) with

τ_1 = ( τ_{11} 0 ) , τ_2 = ( 0 τ_{22} ) , where τ_1, τ_2 verify divτ_1 = ∂τ_{11} ∂x_1 = v_1 and divτ_2 = ∂τ_{22} ∂x_2 = v_2.

Indeed, we define ~v_1(resp. ~v_2) the extension by zero of v_1(resp. v_2) at the exterior of Ω. We can define then τ_{11} (resp. τ_{22}) as a primitive of ~v_1 (resp. ~v_2)

τ_{11}(x_1, x_2) = ∫_{x1} 0 ~v_1(s, x_2)ds, τ_{22}(x_1, x_2) = ∫_{x1} 0 ~v_2(x_1, s)ds. It is clear then, that τ = (τ_1, τ_2) satisfy (i), (ii) and (iii) of Lemma 3. Then, by using the well known properties of the Raviart-Thomas mixed finite element space, we are able to show the following lemma, that implies immediately Lemma 1.

Lemma 4. For all v_h ∈ M_h, there exists τ_h ∈ X_h^{sym} such that (i) (divτ_h, w_h) = (v_h, w_h), ∀w_h ∈ M_h, (ii) ‖τ_h‖_X ≤ C_1‖v_h‖_M , with C_1 a positive constant independent of h.

Proof. Take v_h any element of M_h. By Lemma 3, we can construct τ^h ∈ X^{sym} such that (a1) τ^h is diagonal ⇒ as(τ^h) = 0, (a2) divτ^h = v_h, (a3) ‖τ^h‖_X ≤ C_1‖v_h‖_M .

(3.15)

Let Π^s_h be the usual interpolation operator on the Raviart-Thomas space X_h^s (see definition (2.17)). It is well known (see [13]) that (b1) (div(τ − Π^s_hτ), w_h) = 0, ∀(τ, w_h) ∈ X × M_h, (b2) ‖Π^s_hτ‖_X ≤ C_2‖τ‖_X , ∀τ ∈ X. (3.16)

Moreover, because of the particular mesh we work with, we have τ is diagonal ⇒ Π^s_hτ is diagonal too and thus Π^s_hτ ∈ X_h^{sym}.

(3.17) Let us now take τ_h = Π^s_hτ^h and check that it satisfies properties (i) and (ii) of Lemma 4. Indeed, (i) is a consequence of (3.15)-(a2) and (3.16)-(b1). (ii) is a consequence of (3.15)-(a3) and (3.16)-(b2).

3.3. Proof of Lemma 2.

Fig. 3.1. Definition of the macro-element - I: for an interior node, II: for a node on the boundary (distinct of a vertex), III: for a vertex.

A macro-element partitioning. To prove Lemma 2, we will use a macroelement technique (c.f [24]). This technique will permit us to obtain a global estimate by simply adding together analogous local estimates. We need to introduce some notations. We define { τ^j , j = 1, N_τ } the basis function of X_h^{sym} (N_τ = dimX_h^{sym}) associated to the degrees of freedom defined in section 2.2.2. It is easy to show that these basis functions satisfy (a) ‖ ‖τ j ‖ ‖_{L∞} = 1, (b) ∃ C > 0, C independent of h, ∀j, ‖ ‖divτ j ‖ ‖_{L2} ≤ C,

(c)

| | | | | | | |

∃ C_1 > 0 and C_2 > 0, C_1 and C_2 independent of h,

∀ τ_h = ∑ j α_j τ_j , C_1 h ∑ j α^2_j 1/2 ≤ |τ_h|_H ≤ C_2 h ∑ j α^2_j 1/2 .

(3.18)

We shall define a macro-element M_e associated to each vertex of the mesh T_h, S_e (1 ≤ e ≤ Ne = (N + 1)^2), as the union of the elements having S_e as a common node, see Figure 3.1. We have obviously: Ω = ⋃ e=1,...,N_e M_e, (3.19)

and the finite overlapping property (that is essential for property (c))

Each element K ∈ T_h is included in at most 4 macro-elements.

(3.20)

For each macro-element M_e (e = 1, ..., N_e), we define the basis functions τ^j , j ∈ J (e) of the macro-element as the τ^j which have a support included in M_e. The number of basis functions in the macro-elements is bounded, the bound depending only on the order of the element:

∃J_k > 0 independent of h such that card(J (e)) ≤ J_k.

(3.21)

One can notice that each basis function belongs to at least one macro-element and at most four macro-elements. That is why we define weighting coefficients λ_{je} for each basis function τ^j , j = 1, ..., N_τ , associated to a degree of freedom located at a node R_j (the nodes are the locations of the degrees of freedom, see section 2.2.2):

• If R_j is a vertex of the mesh, there exists a unique e(j) ∈ 1, .., N_e such that R_j = S_{e(j)}, λ_{jf} = δ_{f e(j)}, f = 1, ..., N_e. • If R_j is located on an edge of the mesh, there exists a unique (e_1(j), e_2(j)) such that R_j ∈ [S_{e1(j)}, S_{e2 (j)}], λ_{jf} = 1 2 δ_{f e1(j)} + 1 2 δ_{f e2 (j)}, f = 1, ..., N_e. • If R_j is an interior node, there exists a unique (e_1(j), e_2(j), e_3(j), e_4(j)) such that R_j belongs to the element of the mesh whose vertices are S_{em (j)}, m = 1, ..., 4 λ_{jf} = 1 4 δ_{f e1 (j)} + 1 4 δ_{f e2(j)} + 1 4 δ_{f e3 (j)} + 1 4 δ_{f e4 (j)}, f = 1, ..., N_e. By construction, one has the property: N_e∑

e=1 λ_{je} = 1, ∀j = 1, .., N_τ . (3.22)

Definition 1. For each macro-element M_e (e = 1, ..., N_e), and for any function w ∈ M, we define the polynomial function w_e as follows: w_e = 0 outside M_e and inside M_e, it is defined as:

• If S_e is an interior node, w_e is the L^2(M_e) projection of w on (P_{k+1}(M_e))^2, the space of functions which are polynomial of degree k + 1

P_{k+1}(M_e) = {p(x_1, x_2) / p(x_1, x_2) = ∑ i+j≤k+1 a_{ij} x^i_1x^j_2 } .

• If S_e is a boundary node, distinct of a vertex, w_e is the L^2(M_e) projection of w on to the subspace (P^t_{k+1}(M_e))^2 of (P_{k+1}(M_e))^2, defined by functions which are polynomial of degree k in the variable tangent to the boundary. For instance, in the case of a vertical boundary (the tangential direction being t = x_2), the polynomial space (P^t_{k+1}(M_e))^2 is defined by :

P^t_{k+1}(M_e) = P^{x2}_{k+1}(M_e) = {p(x_1, x_2) / p(x_1, x_2) = ∑ i + j ≤ k + 1, j ≤ k a_{ij} x^i_1x^j_2 } .

• If S_e is a vertex of the domain, w_e is zero.

We can then prove the following lemmas,

Lemma 5. For all w ∈ H^1_0 (Ω) ∩ (H^{k+2}(Ω))^2, one has ‖w − w_e‖_{0,Me} ≤ Ch^{k+2} |w|_{k+2,Me} . (3.23)

Proof. If S_e is an interior node, the result is standard and can be obtained using Bramble-Hilbert’s lemma.

For a node S_e located on the boundary, one uses the fact that w vanishes on a part of the boundary of M_e. One can first prove (see Appendix A) that for a reference macro-element ^M_e, if ^w ∈ (H^1( ^M_e))^2 ∩ (H^{k+2}( ^M_e))^2, and ^w vanishes on a vertical edge of ^M_e for instance, then there exists a constant C > 0 such that ‖ ^w − ^w_e‖_{0,} ^_{Me} ≤ C | ^w|_{k+2,} ^_{Me} , (3.24)

^w_e being the L^2( ^M_e) projection of ^w onto (P^t_{k+1}( ^M_e))^2. Coming back on the current macro-element M_e gives the adequate power of h in estimate (3.23).

The key point of the analysis is the following nice result, that has been pointed to us by one of the referees of this paper.

Lemma 6. For all w ∈ M, for all macro-element M_e and for every basis function of the macro-element τ^j , j ∈ J (e), one has ∫ M_e (P_{Mh} w_e − w_e) div τ^j dx = 0,

(3.25)

where P_{Mh} : M → M_h denotes the orthogonal projection onto M_h and w_e is defined from w by Definition 1.

Proof. For each e = 1, ..., N_e, and for all j ∈ J (e), we set I = ∫ M_e (P_{Mh} w_e − w_e) div τ^j dx.

For proving this result, one uses the orthogonal decomposition of space X_h given in (2.16), which shows that

div τ^j = div (τ^j )^s + div (τ^j )^r, with (τ^j )^s ∈ X_h^s and (τ^j )^r ∈ X_h^r.

From property (2.18), one deduces that div(τ^j )^s ∈ M_h, therefore, from the definition of P_{Mh} , one has ∫ M_e (P_{Mh} w_e − w_e) div (τ^j )^sdx = 0.

Thus I = ∫ M_e (P_{Mh} w_e − w_e) div (τ^j )^rdx.

One now uses property (2.19)-(iii) which implies ∫ M_e P_{Mh} w_e div (τ^j )^rdx = 0.

Finally, by Green’s formula, we have I = − ∫ M_e w_e div (τ^j )^rdx = ∫ M_e ∇w_e : (τ^j )^rdx − ∫ ∂M_e (τ^j )^rn.w_e dγ. The vector function w_e belongs to (P_{k+1}(M_e))^2, so that ∇w_e belongs to M_h and using (2.19)-(i) the first term of the right hand side vanishes.

The term on the boundary also vanishes, if S_e is an interior node, since (τ^j )^r ∈ H(div, Ω) is supported in M_e. If S_e is a vertex it also vanishes since w_e = 0. For a node S_e on the boundary, distinct of a vertex of Ω, for instance on a vertical boundary, the normal component of (τ^j )^r does not vanish any more on ∂Ω ∩ ∂M_e. However, as w_e ∈ P^{x2}_{k+1}, its restriction to ∂Ω ∩ ∂M_e is a polynomial of degree k in x_2, and property (2.19)-(ii) permits us to conclude.

We can now prove the following lemma which will imply in particular the estimate (3.11) of Lemma 2.

Lemma 7. For all w ∈ (H^1_0 (Ω))^2 ∩ (H^{k+2}(Ω))^2 and for all τ_h ∈ X_h^{sym}, we have b(w − P_{Mh} w, τ_h) ≤ Ch^{k+1} |τ_h|_H |w|_{k+2,Ω} , (3.26) where P_{Mh} is defined as in Lemma 6, and C > 0 is a constant independent of h. Proof. We can decompose τ_h on the basis, τ_h = ∑_{Nτ} j=1 α_j τ^j , which can be written using property (3.22) as:

τ_h = N_τ∑

j=1

N_e∑

e=1 λ_{je}α_j τ^j = N_e∑

e=1

N_τ∑

j=1 λ_{je}α_j τ^j = N_e∑

e=1 ∑ j∈J (e) λ_{je}α_j τ^j . We then obtain b(w − P_{Mh} w, τ_h) = N_e∑

e=1 ∑ j∈J (e) λ_{je}α_j ∫ M_e (w − P_{Mh} w) divτ^j dx. From (3.25) in Lemma 6, this can be written as b(w − P_{Mh} w, τ_h) = N_e∑

e=1 ∑ j∈J (e) λ_{je}α_j ∫ M_e (w − w_e + P_{Mh} (w_e − w)) divτ^j dx

≤ N_e∑

e=1 ∑ j∈J (e) λ_{je} |α_j | (‖w − w_e‖_{0,Me} + ‖P_{Mh} (w − w_e)‖_{0,Me} ) ‖ divτ^j ‖ 0,M_e . Using that P_{Mh} is a projection operator, property (3.18)-(b) of the basis functions and estimate (3.23) of Lemma 5, one deduces that b(w − P_{Mh} w, τ_h) ≤ Ch^{k+2} N_e∑

e=1 ∑ j∈J (e) λ_{je} |α_j | |w|_{k+2,Me}

≤ Ch^{k+2} N_e∑

e=1 ∑ j∈J (e) λ_{je} |α_j |^2 1/2 N_e∑

e=1 ∑ j∈J (e) λ_{je} |w|^2_{k+2,Me} 1/2

≤ Ch^{k+2} N_τ∑

j=1 (_{Ne} ∑ e=1 λ_{je} ) |α_j |^2 1/2 N_e∑

e=1 ∑ j∈J (e) λ_{je} |w|^2_{k+2,Me} 1/2 .

Using properties (3.21) and (3.22) we obtain:

b(w − P_{Mh} w, τ_h) ≤ J_k h^{k+2} N_τ∑

j=1 |α_j |^2 1/2 (_{Ne} ∑ e=1 |w|^2_{k+2,Me} )_{1/2} .

We conclude thanks to the finite overlapping property (3.20) and to inequality (3.18)-(c) b(w − P_{Mh} w, τ_h) ≤ J_k/C_1 h^{k+1} |τ_h|_H |w|_{k+2,Ω} . End of the proof of Lemma 2. It remains to prove (3.10) by the density of (H^1_0 (Ω))^2 ∩ (H^{k+2}(Ω))^2 in (H^1_0 (Ω))^2 : for any w ∈ (H^1_0 (Ω))^2, and for any ε > 0, there exists w_ε ∈ (H^1_0 (Ω))^2 ∩ (H^{k+2}(Ω))^2 such that: |w − w_ε|_1 ≤ ε/2. We then decompose, b(w, τ_h) |τ_h|_H = b(w − w_ε, τ_h) |τ_h|_H + b(w_ε, τ_h) |τ_h|_H . Since w_ε ∈ (H^1_0 (Ω))^2 ∩ (H^{k+2}(Ω))^2 we can apply Lemma 7, thus for all τ_h ∈ V_h (b(P_{Mh} w_ε, τ_h) = 0), we have b(w_ε, τ_h) |τ_h|_H ≤ Ch^{k+1} |w_ε|_{k+2} . For the first term, since w − w_ε ∈ (H^1_0 (Ω))^2, by an integration by parts, one has: b(w − w_ε, τ_h) = −(τ_h, ∇(w − w_ε)) ≤ |τ_h|_H |w − w_ε|_1 , ∀τ_h ∈ X_h^{sym}. Thus, for all τ_h ∈ V_h, b(w, τ_h) |τ_h|_H ≤ |w − w_ε|_1 + Ch^{k+1} |w_ε|_{k+2} ≤ ε/2 + Ch^{k+1} |w_ε|_{k+2} .

Then choosing h_0 such that Ch^{k+1}_0 |w_ε|_{k+2} ≤ ε/2 we get ∀h ≤ h_0, b(w, τ_h) |τ_h|_H ≤ ε, which implies (3.10).

4. Error estimates for the evolution problem. To study the error between the solution (σ, v) of (2.6) and the solution (σ_h, v_h) of (2.10), we follow the same technique as in [9, 16, 19]. We first define an elliptic projection and relate error estimates for the evolution problem to the projection error, thanks to energy techniques.

Remark 1. Although we have constructed the new family of mixed finite elements in order to be able to do mass lumping, we analyze here the error for the discrete problem without mass lumping. Of course, when doing mass lumping, one should add to this error the quadrature error due to the numerical integration (see [27, 5, 26]).

In this section, we shall use the notation ∂_t for the time derivative and introduce the spaces (r and m are integers, and T is positive and fixed)

C^{r,m} = C^r(0, T ; H^m(Ω)), C^{r,(m,m+1)} = C^r(0, T ; H^{m,m+1}(Ω)), C^{r,(m+1,m)} = C^r(0, T ; H^{m+1,m}(Ω)),

(4.1)

and we introduce ‖u‖_Cr,m = sup_{t∈[0,T ]} sup_{q≤r} |∂^q_t u|_m and ‖u‖_Cr,(m,m+1) = sup_{t∈[0,T ]} sup_{q≤r} |∂^q_t u|_{m,m+1} . We shall make on the solution (σ, v) of (2.6) regularity assumptions which are sufficient to obtain the optimal rate of convergence when using elements of order k:

σ_{11} ∈ C^{1,(k+2,k+1)}, σ_{22} ∈ C^{1,(k+1,k+2)}, σ_{12} ∈ C^{1,k+2}, v ∈ (C^{1,k+2})^2.

(4.2)

4.1. The elliptic projection error. Following [19, 16] we introduce (^σ_h(t), ^v_h(t)) ∈ X_h^{sym} × M_h, ^σ_h(0) = 0, and for each t > 0, (∂_t ^σ_h(t), ^v_h(t)) is the unique solution of (cf. Theorem 2) a(∂_t ^σ_h, τ_h)+ b(^v_h, τ_h) = 0, ∀τ_h ∈ X_h^{sym}, b(w_h, ∂_t^σ_h) = b(w_h, ∂_tσ) = (div∂_tσ, w_h), ∀w_h ∈ M_h, (4.3)

so that d dt a(^σ_h, τ_h)+ b(^v_h, τ_h) = 0, ∀τ_h ∈ X_h^{sym}, b(w_h, ^σ_h) = b(w_h, σ), ∀w_h ∈ M_h. (4.4)

As a direct application of the Theorem 3, we can state the following result Lemma 8. We have the following error estimates |(∂_tσ − ∂_t^σ_h)(t)|_H + ‖(v − ^v_h)(t)‖_M ≤ C h^{k+1} (|∂_tσ_{11}(t)|_{k+2,k+1} + |∂_tσ_{22}(t)|_{k+1,k+2} + |∂_tσ_{12}(t)|_{k+2} + |v(t)|_{k+1} + |∇v(t)|_{k+1}).

Lemma 9. Setting C(v, σ) = |σ_{11}|_C1,(k+2,k+1) + |σ_{22}|_C1,(k+1,k+2) + |σ_{12}|_C1,k+2 + |v|_C1,k+1 + |∇v|_C1,k+1 , we have ‖v − ^v_h‖_C0_{(0,T ;M)} ≤ C(v, σ) h^{k+1}, |σ − ^σ_h|_{C(0,T ;H)} ≤ C(v, σ) T h^{k+1}. Remark 2. Obviously, the same estimates hold for ∂^p_t (v − ^v_h) and ∂^p_t (σ − ^σ_h) if one replaces C(v, σ) with C(∂^p_t v, ∂^p_t σ).

4.2. The global error estimates.

Lemma 10. There exists a constant C_1, independent of h such that ∀t ∈ [0, T ] |(^σ_h − σ_h)(t)|_H + ‖(^v_h − v_h)(t)‖_M ≤ C_1 ∫_t 0 ‖∂_t(v − ^v_h)(s)‖_M ds. (4.5)

Proof of Lemma 10. By difference between (2.10) and (4.4) and using the second equation of (2.6) we observe that (i) a(∂_t(^σ_h − σ_h), τ_h) + b(^v_h − v_h, τ_h) = 0, ∀τ_h ∈ X_h^{sym}, (ii) b(w_h, ^σ_h − σ_h) = c(∂_t(v − v_h), w_h), ∀w_h ∈ M_h. (4.6)

Taking τ_h = ^σ_h − σ_h and w_h = ^v_h − v_h, we get a(∂_t(^σ_h − σ_h), ^σ_h − σ_h) = c(∂_t(v_h − v), ^v_h − v_h), or equivalently, setting 2E_h = a(^σ_h − σ_h, ^σ_h − σ_h) + c(^v_h − v_h, ^v_h − v_h), dE_h dt = c(∂_t(^v_h − v), ^v_h − v_h), and Gronwall’s lemma leads to (4.5).

Joining Lemmas 9, 10 and Remark 2, we easily prove our final result.

Theorem 4. Let (σ, v) be the solution of (2.6) and (σ_h, v_h) the solution of the approximate problem (2.10), we have the following error estimates ‖v − v_h‖_C0_{(0,T ;M)} ≤ (C(v, σ) + T C(∂_tv, ∂_tσ)) h^{k+1}, |σ − σ_h|_{C(0,T ;H))} ≤ T (C(v, σ) + C(∂_tv, ∂_tσ)) h^{k+1}.

5. Conclusion. Both for the stationary and the evolution problem, we have obtained the convergence of the solution in the L^2 norms. This result is based on the coerciviness of the bilinear form a(·, ·) on the space H and requires a minimum regularity H^2(Ω) for v, the solution of the continuous problem. Moreover, the results are valid for any order k of the finite element space. The generalization of these results to the three-dimensional case is straightforward.

With another approach (rather technical) presented in [8], one can obtain the convergence of the stress tensor in the H(div) norm. The error estimates obtained for the elliptic problem give the same convergence rate, assuming less regularity for the solution and convergence is obtained with a regularity H^1(Ω) for v. However, the error estimates in C(0, T ; H(div)) require more regularity in time for the solution of the evolution problem (see [8] for more details).

Acknowledgments. The authors would like to thank Franco Brezzi for fruitful discussions, and the referees for their careful reading and helpful suggestions. We acknowledge particularly one of the referees who has pointed out the property of lemma 6, which has simplified a lot our proof of convergence.

Appendix A. Proof of (3.24). Consider a node S_e located on a vertical edge of the boundary and let ^M_e be the reference macro-element. If ^w ∈ (H^1( ^M_e))^2 ∩ (H^{k+2}( ^M_e))^2, and ^w vanishes on Γ_v = ^∂M_e ∩ ∂Ω (a vertical edge of ^M_e), then there exists a constant C > 0 such that ‖ ^w − ^w_e‖_{0,} ^_{Me} ≤ C | ^w|_{k+2,} ^_{Me} , (A.1) ^w_e being the L^2( ^M_e) projection of ^w onto (P^t_{k+1}( ^M_e))^2.

Proof. This result will be obtained by contradiction. We use that: ^w −→ ‖ ^w‖_{0,} ^_{Me} + | ^w|_{k+2,} ^_{Me} , is a norm equivalent to the usual norm in (H^{k+2}( ^M_e))^2.

Assume that (A.1) is not true, then one can construct a sequence ^w^n

(i) ‖ ^w^n − ^w^n_e ‖_{0,} ^_{Me} = 1, (ii) | ^w^n − ^w^n_e |_{k+2,} ^_{Me} ≤ 1 n , (iii) ^w^n |_{Γv} = 0. Define now e^n by e^n = ^w^n − ^w^n_e , this sequence is bounded in (H^{k+2}( ^M_e))^2 and therefore converges e^n ⇀ e in (H^{k+2}( ^M_e))^2 weakly and (H^1( ^M_e))^2 strongly.

Taking the limit of (ii) yields |e|_{k+2,} ^_{Me} = 0, i.e. e ∈ P_{k+1}( ^M_e). We can thus write: e(x_1, x_2) = α_{0,k+1}x^{k+1}_2 + e_1(x_1, x_2), e_1 ∈ P^t_{k+1}( ^M_e).

(A.2) The restriction of e on Γ_v is therefore a polynomial in x_2 of degree k + 1, e |_{Γv} ∈ P_{k+1}(x_2). On the other hand, (iii) shows that e^n |_{Γv} = − ^w^n_e |_{Γv} ∈ P_k(x_2) which implies that e |_{Γv} ∈ P_k(x_2) and thus α_{0,k+1} = 0 and e = e_1 ∈ P^t_{k+1}( ^M_e). From the definition of ^w^n_e , one has:

(e^n, q)_{L2 (} ^_{Me)} = 0, ∀q ∈ P^t_{k+1}( ^M_e) =⇒ (e, q)_{L2 (} ^_{Me)} = 0, ∀q ∈ P^t_{k+1}( ^M_e), and thus e = 0, which is in contradiction with (i). .

A similar proof can be used to prove (3.24) when S_e is a vertex of the domain. Appendix B. Approximation properties (3.12) and (3.13). B.1. On the Raviart-Thomas elements on a rectangular mesh. To get the approximation property (3.12) we use a specific property of the Raviart-Thomas elements on a rectangular mesh, whose proof is easy and left to the reader:

Lemma 11. Let T_h be a regular mesh constituted of rectangular elements K. For any K, if q = (q_1, q_2) ∈ H^{1,0}(Ω) × H^{0,1}(Ω), one can define the local Raviart-Thomas interpolant Π^{RTk}_K = (Π^{RTk}_1 , Π^{RTk}_2 ) as in [13]. Moreover, one has: ( ∂ ∂x_1 Π^{RTk}_1 q, ∂ ∂x_2 Π^{RTk}_2 q ) = ( Π^{Qk}_K ∂q_1 ∂x_1 , Π^{Qk}_K ∂q_2 ∂x_2 ) , (B.1)

where Π^{Qk}_K is the orthogonal projection on Q_k(K).

As a consequence, if Π^s_h = (Π^s_1, Π^s_2) denotes the standard Raviart-Thomas global interpolant [13], one has the following property specific to our regular mesh (the proof is left to the reader):

Lemma 12. If q ∈ H^{1,0}(Ω) × H^{0,1}(Ω) then ( ∂ ∂x_1 Π^s_1q, ∂ ∂x_2 Π^s_2q ) = ( Π^{Qk}_h ∂q_1 ∂x_1 , Π^{Qk}_h ∂q_2 ∂x_2 ) , (B.2)

where Π^{Qk}_h is the orthogonal projection on Q^k_h defined in (2.21).

Using classical estimates for the orthogonal projection on Q^k_h, it is then straightforward to obtain:

Lemma 13. On a rectangular mesh, if q ∈ (H^{1,0}(Ω) × H^{0,1}(Ω)), then ‖q − Π^s_hq‖_L2 + ‖ ‖ ‖ ‖ ∂ ∂x_1 (q_1 − Π^s_1q) ‖ ‖ ‖ ‖_{L2} + ‖ ‖ ‖ ‖ ∂ ∂x_2 (q_2 − Π^s_2q) ‖ ‖ ‖ ‖_{L2} → 0. Furthermore if q ∈ H^{k+2,k+1}(Ω) × H^{k+1,k+2}(Ω) then ‖q − Π^s_hq‖_{L2} ≤ Ch^{k+1} |q|_{k+1} ,

‖∂_1(q_1 − Π^s_1q)‖_L2 + ‖∂_2(q_2 − Π^s_2q)‖_L2 ≤ Ch^{k+1} (| | | | ∂q_1 ∂x_1 | | | |_{k+1} + | | | | ∂q_2 ∂x_2 | | | |_{k+1} ) . (B.3)

B.2. Approximation property for X_h^{sym}. In order to establish approximation properties for the space X_h^{sym}, we will use the characterization (2.20) and the fact that X_h ⊃ X_h^s, where X_h^s is the Raviart-Thomas space (see (2.14)). The idea is then to obtain an approximation of (τ_{11}, τ_{22}) in X_h^s and an approximation of τ_{12} = τ_{21} in Q^{k+1}_h . If we assume that τ ∈ X^{sym} satisfies (τ_{11}, τ_{22}) ∈ H^{1,0} × H^{0,1}, and τ_{12} = τ_{21} ∈ H^1 then observing that ‖τ − τ_h‖_X ≤ ‖ ‖τ_{12} − τ h_{12} ‖ ‖_{H1} + ‖ ‖τ_{11} − τ h_{11} ‖ ‖_{L2} + ‖ ‖τ_{22} − τ h_{22} ‖ ‖_{L2} + ‖ ‖∂_1(τ_{11} − τ h_{11}) ‖ ‖_{L2} + ‖ ‖∂_2(τ_{22} − τ h_{22}) ‖ ‖_{L2} , it is clear from Lemma 13 and from classical approximation results of H^1 with Q^{k+1}_h that if (τ_{11}, τ_{22}) ∈ H^{k+2,k+1} × H^{k+1,k+2} and τ_{12} ∈ H^{k+2} then inf (τ^h_{11},τ^h_{22})∈X_h^s, τ^h_{12}=τ^h_{21} ∈Q^{k+1}_h

‖τ − τ_h‖_X ≤ Ch^{k+1}(|τ_{11}|_Hk+2,k+1 +|τ_{22}|_Hk+1,k+2 +|τ_{12}|_Hk+2 ),

and by standard density arguments that if (τ_{11}, τ_{22}) ∈ H^{1,0} × H^{0,1} and τ_{12} ∈ H^1

lim_{h→0} inf

(τ^h_{11},τ^h_{22})∈X_h^s, τ^h_{12} =τ^h_{21}∈Q^{k+1}_h ‖τ − τ_h‖_X = 0. These results imply (3.12) and (3.13) since X_h^s ⊂ X_h.

REFERENCES

[1] M. Amara and J. Thomas, Equilibrium finite elements for the linear elastic problem, Numer.

Math., 33 (1979), pp. 367–383.

[2] D. N. Arnold, F. Brezzi, and J. Douglas, PEERS: A new mixed finite element for plane elasticity, Japan J. Appl. Math., 1 (1984), pp. 347–367.

[3] B. A. Auld, Acoustic Fields and Elastic Waves in Solids, vol. I et II, Wiley, 1973. [4] I. Babuska, The Finite Element Method with Lagrangian Multipliers, Numer. Math., 20 (1973), pp. 179–192.

[5] G. Baker and V. Dougalis, The effect of quadrature errors on finite element approximations for the second-order hyperbolic equations, SINUM, 13 (1976), pp. 577–598.

[6] E. Bécache, P. Joly, and C. Tsogka, Fictitious domains, mixed finite elements and perfectly matched layers for 2d elastic wave propagation, to appear in J. Comp. Acous. (Tech. Report INRIA 3889, 2000).

[7] , Eléments finis mixtes et condensation de masse en élastodynamique linéaire. (i) construction, C.R. Acad. Sci. Paris, t. 325, Série I (1997), pp. 545–550.

[8] , Mixed finite elements, strong symmetry and mass lumping for elastic waves, Tech.

Report 3717, INRIA, 1999.

[9] , An analysis of new mixed finite elements for the approximation of wave propagation problems, SINUM, 37 (2000), pp. 1053–1084. (Tech. Report INRIA 3445, 1998).

[10] J. Bérenger, A perfectly matched layer for the absorption of electromagnetic waves, Journal of Comp. Physics., 114 (1994), pp. 185–200.

[11] , Three-dimensional perfectly matched layer for the absorption of electromagnetic waves, J. Comput. Phys., 127 (1996), pp. 363–379.

[12] F. Brezzi, On the existence uniqueness and approximation of saddle-point problems arising from Lagrangian multipliers, RAIRO Ser. Rouge, 8 (1974), pp. 129–151.

[13] F. Brezzi and M. Fortin, Mixed and Hybrid Finite Element Methods, Springer-Verlag, New York, 1991.

[14] F. Collino and C. Tsogka, Application of the pml absorbing layer model to the linear elastodynamic problem in anisotropic heteregeneous media, to appear in Geophysics. (Tech. Report INRIA 3471, 1998).

[15] P. Davis and P. Rabinowitz, Methods of Numerical Integration, Academic Press, 1985. [16] T. Geveci, On the application of mixed finite element methods to the wave equations, M^2AN Math. Model. Numer. Anal., 22 (1988), pp. 243–250.

[17] V. Girault and P. Raviart, Finite element methods for Navier-Stokes equations, Theory and Algorithms, Springer-Verlag, Berlin, 1986.

[18] C. Johnson and B. Mercier, Some equilibrium finite element methods for two-dimensional elasticity problems, Numer. Math., 30 (1978), pp. 103–116.

[19] C. G. Makridakis, On mixed finite element methods for linear elastodynamics, Numer. Math., 61 (1992), pp. 235–260.

[20] M. E. Morley, A family of mixed finite elements for linear elasticity, Numer. Math., 55 (1989), pp. 633–666.

[21] J. Nédélec, A new family of mixed finite elements in IR^3, Numer. Math., 50 (1986), pp. 57–81. [22] R. Stenberg, On the construction of optimal mixed finite element methods for the linear elasticity Problem, Numer. Math., 48 (1986), pp. 447–462.

[23] , A family of mixed finite elements for the elasticity problem, Numer. Math., 53 (1988), pp. 513–538.

[24] , A Technique for analysing finite element methods for viscous incompressible flow, Int.

Jour. for Numer. Meth. in Fluids, 11 (1990), pp. 935–948.

[25] , Error analysis of some finite element methods for the Stokes problem, Math. Comp., 54 (1990), pp. 495–508.

[26] V. Thomée, Galerkin finite elements methods for parabolic problems, vol. 1054, Springer- Verlag, Berlin, 1984.

[27] N. Tordjman, Eléments finis d’ordre élevé avec condensation de masse pour l’équation des ondes, PhD thesis, Univ. Paris IX, 1995.